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Readers will learn in the introduction to this volume that mathemati- 
cians owe a huge debt to R.A. Rankin and J.M. Whittaker for their efforts 
in preserving Ramanujan’s “Lost Notebook.” If it were not for them, Ra- 
manujan’s lost notebook likely would have been permanently lost. Rankin was 
born in Garlieston, Scotland, in October 1915 and died in Glasgow in January 
2001. For several years he was professor of Mathematics at the University of 
Glasgow. An account of his life and work has been given by B.C. Berndt, 
W. Kohnen, and K. Ono in [79]. Whittaker was born in March 1905 in Cam- 
bridge and died in Sheffield in January 1984. At his retirement, he was vice- 
chancellor of Sheffield University. A description of Whittaker’s life and work 
has been written by W.K. Hayman [150]. 


Through long lapse of time, 

This knowledge was lost. 

But now, as you are devoted to truth, 
I will reveal the supreme secret. 


Bhagavad Gita, [V.2 & IV.3 


Preface 


This volume is the first of approximately four volumes devoted to the exami- 
nation of all claims made by Srinivasa Ramanujan in The Lost Notebook and 
Other Unpublished Papers. This publication contains Ramanujan’s famous lost 
notebook; copies of unpublished manuscripts in the Oxford library, in partic- 
ular, his famous unpublished manuscript on the partition function and the 
tau-function; fragments of both published and unpublished papers; miscella- 
neous sheets; and Ramanujan’s letters to G.H. Hardy, written from nursing 
homes during Ramanujan’s final two years in England. This volume contains 
accounts of 442 entries (counting multiplicities) made by Ramanujan in the 
aforementioned publication. The present authors have organized these claims 
into eighteen chapters, containing anywhere from two entries in Chapter 13 
to sixty-one entries in Chapter 17. 
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Introduction 


Finding the Lost Notebook 


In the spring of 1976, G.E. Andrews visited Trinity College Library at Cam- 
bridge University. Dr. Lucy Slater had suggested to him that there were ma- 
terials deposited there from the estate of the late G.N. Watson that might 
contain some work on q-series. In one box of materials from Watson’s estate, 
Andrews found several items written by Srinivasa Ramanujan. The most in- 
teresting item in this box was a manuscript of more than one hundred pages 
written on 138 sides in Ramanujan’s distinctive handwriting. The sheets con- 
tained over six hundred mathematical formulas listed consecutively without 
proofs. Although technically not a notebook, and although technically not 
“lost,” as we shall see later, it was natural in view of the fame of Ramanujan’s 
notebooks [227] to name this manuscript Ramanujan’s lost notebook. Almost 
surely, this manuscript, or at least most of it, was written during the last 
year of Ramanujan’s life, after his return to India from England. We do not 
possess a bona fide proof of this claim, but we shall later present considerable 
evidence for it. 

The manuscript contains no introduction or covering letter. In fact, there 
are hardly any words in the manuscript. There are a few marks evidently 
made by a cataloguer, and there are also a few remarks in the handwriting 
of G.H. Hardy. Undoubtedly, the most famous objects examined in the lost 
notebook are the mock theta functions, about which more will be said later. 
Concerning this manuscript, Ms. Rosemary Graham, manuscript cataloguer 
of the Trinity College Library, remarked, “...the notebook and other mate- 
rial was discovered among Watson’s papers by Dr. J.M. Whittaker, who wrote 
the obituary of Professor Watson for the Royal Society. He passed the papers 
to Professor R.A. Rankin of Glasgow University, who, in December 1968, of- 
fered them to Trinity College so that they might join the other Ramanujan 
manuscripts already given to us by Professor Rankin on behalf of Professor 
Watson’s widow.” Since her late husband had been a fellow and scholar at 
Trinity College and had had an abiding, lifelong affection for Trinity Col- 
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lege, Mrs. Watson agreed with Rankin’s suggestion that the library at Trinity 
College would be the best place to preserve her husband’s papers. Since Ra- 
manujan had also been a fellow at Trinity College, Rankin’s suggestion was 
even more appropriate. 

The natural, burning question now is, How did this manuscript of Ramanu- 
jan come into Watson’s possession? We think that the manuscript’s history 
can be traced. 


History of the Lost Notebook 


After Ramanujan died on April 26, 1920, his notebooks and unpublished pa- 
pers were given by his widow, Janaki, to the University of Madras. Also at 
that time, Hardy strongly advocated bringing together all of Ramanujan’s 
manuscripts, both published and unpublished, for publication. On August 30, 
1923, Francis Dewsbury, the registrar at the University of Madras, wrote to 
Hardy informing him that [81, p. 266]: 


I have the honour to advise despatch to-day to your address per reg- 
istered and insured parcel post of the four manuscript note-books 
referred to in my letter No. 6796 of the 2nd idem. 

I also forward a packet of miscellaneous papers which have not been 
copied. It is left to you to decide whether any or all of them should 
find a place in the proposed memorial volume. Kindly preserve them 
for ultimate return to this office. 


(The notebooks were returned to Madras, but Hardy evidently kept all the 
miscellaneous papers.) Although no accurate record of this material exists, the 
amount sent to Hardy was doubtless substantial. It is therefore highly likely 
that this “packet of miscellaneous papers” contained the aforementioned “lost 
notebook.” Rankin, in fact, opines [230], [82, p. 124]: 


It is clear that the long MS represents work of Ramanujan subsequent 
to January 1920 and there can therefore be little doubt that it con- 
stitutes the whole or part of the miscellaneous papers dispatched to 
Hardy from Madras on 30 August 1923. 


Further details can be found in Rankin’s accounts of Ramanujan’s unpublished 
manuscripts [230], [81, pp. 120-123], [82, pp. 117-142]. 

In 1934, Hardy passed on to Watson a considerable amount of his mate- 
rial on Ramanujan. However, it appears that either Watson did not possess 
the “lost” notebook in 1936 and 1937 when he published his papers [289], 
[290] on mock theta functions, or he had not examined it thoroughly. In any 
event, Watson [289, p. 61], [81, p. 330] writes that he believes that Ramanujan 
was unaware of certain third order mock theta functions and their transfor- 
mation formulas. But, in his lost notebook, Ramanujan did indeed examine 
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these functions and their transformation formulas. Watson’s interest in Ra- 
manujan’s mathematics waned in the late 1930s, and Hardy died in 1947. In 
conclusion, sometime between 1934 and 1947 and probably closer to 1947, 
Hardy gave Watson the manuscript we now call the “lost notebook.” More 
will be said in the sequel about further contents of the lost notebook. 

Watson devoted about 10 to 15 years of his research to Ramanujan’s work, 
with over 30 papers having their genesis in Ramanujan’s mathematics, in par- 
ticular, his notebooks and the letters he wrote to Hardy from India. Watson 
was Mason professor of pure mathematics at the University of Birmingham 
for most of his career, retiring in 1951. He died in 1965 at the age of 79. 
Rankin, who succeeded Watson as Mason professor of pure mathematics in 
Birmingham but who had since become professor of mathematics at the Uni- 
versity of Glasgow, was asked to write an obituary of Watson for the London 
Mathematical Society. Rankin writes [230], [82, p. 120]: 


For this purpose I visited Mrs Watson on 12 July 1965 and was shown 
into a fair-sized room devoid of furniture and almost knee-deep in 
manuscripts covering the floor area. In the space of one day I had 
time only to make a somewhat cursory examination, but discovered 
a number of interesting items. Apart from Watson’s projected and 
incomplete revision of Whittaker and Watson’s Modern Analysis in 
five or more volumes, and his monograph on Three decades of mid- 
land railway locomotives, there was a great deal of material relat- 
ing to Ramanujan, including copies of Notebooks 1 and 2, his work 
with B.M. Wilson on the Notebooks and much other material. ... 
In November 19 1965 Dr J.M. Whittaker who had been asked by the 
Royal Society to prepare an obituary notice [293], paid a similar visit 
and unearthed a second batch of Ramanujan material. A further batch 
was given to me in April 1969 by Mrs Watson and her son George. 


A more colorful rendition of Whittaker’s visit with Mrs. Watson was de- 
scribed in a letter of August 15, 1979, to Andrews [81, p. 304]: 


When the Royal Society asked me to write G.N. Watson’s obituary 
memoir I wrote to his widow to ask if I could examine his papers. She 
kindly invited me to lunch and afterwards her son took me upstairs 
to see them. They covered the floor of a fair sized room to a depth 
of about a foot, all jumbled together, and were to be incinerated in 
a few days. One could only make lucky dips and, as Watson never 
threw away anything, the result might be a sheet of mathematics but 
more probably a receipted bill or a draft of his income tax return for 
1923. By an extraordinary stroke of luck one of my dips brought up 
the Ramanujan material which Hardy must have passed on to him 
when he proposed to edit the earlier notebooks. 


(That Watson’s papers “were to be incinerated in a few days” seems fanci- 
ful.) Rankin dispatched Watson’s and Ramanujan’s papers to Trinity College 
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in three batches on November 2, 1965; December 26, 1968; and December 
30, 1969, with the Ramanujan papers being in the second shipment. Rankin 
did not realize the importance of Ramanujan’s papers, and so when he wrote 
Watson’s obituary [229] for the Journal of the London Mathematical Soci- 
ety, he did not mention any of Ramanujan’s manuscripts. Thus, for almost 
eight years, Ramanujan’s “lost notebook” and some fragments of papers by 
Ramanujan lay in the library at Trinity College, known only to a few of the 
library’s cataloguers, Rankin, Mrs. Watson, Whittaker, and perhaps a few 
others. The 138-page manuscript waited there until Andrews found it and 
brought it before the mathematical public in the spring of 1976. It was not 
until the centenary of Ramanujan’s birth on December 22, 1987, that Narosa 
Publishing House in New Delhi published in photocopy form Ramanujan’s 
lost notebook and his other unpublished papers [228]. 


The Origin of the Lost Notebook 


Having detailed the probable history of Ramanujan’s lost notebook, we return 
now to our earlier claim that the lost notebook emanates from the last year of 
Ramanujan’s life. On February 17, 1919, Ramanujan returned to India after 
almost five years in England, the last two being confined to nursing homes. 
Despite the weakening effects of his debilitating illness, Ramanujan continued 
to work on mathematics. Of this intense mathematical activity, up to the 
discovery of the lost notebook, the mathematical community knew only of 
the mock theta functions. These functions were described in Ramanujan’s 
last letter to Hardy, dated January 12, 1920 [226, pp. xxix—-xxx, 354-355], 
[81, pp. 220-223], where he wrote: 


I am extremely sorry for not writing you a single letter up to now 
.... I discovered very interesting functions recently which I call 
“Mock” J-functions. Unlike the “False” J-functions (studied partially 
by Prof. Rogers in his interesting paper) they enter into mathematics 
as beautifully as the ordinary theta functions. I am sending you with 
this letter some examples. 


In this letter, Ramanujan defines four third order mock theta functions, 
ten fifth order functions, and three seventh order functions. He also includes 
three identities satisfied by the third order functions and five identities sat- 
isfied by his first five fifth order functions. He states that the other five fifth 
order functions also satisfy similar identities. In addition to the definitions 
and formulas stated by Ramanujan in his last letter to Hardy, the lost note- 
book contains further discoveries of Ramanujan about mock theta functions. 
In particular, it contains the five identities for the second family of fifth order 
functions that were only mentioned but not stated in the letter. 

We hope that we have made the case for our assertion that the lost note- 
book was composed during the last year of Ramanujan’s life, when, by his 
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own words, he discovered the mock theta functions. In fact, only a fraction 
(perhaps 5%) of the notebook is devoted to the mock theta functions them- 
selves. 


The Content of the Lost Notebook 


The next fundamental question is, What is in Ramanujan’s lost notebook be- 
sides mock theta functions? A majority of the results fall under the purview 
of q-series. These include mock theta functions, theta functions, partial 
theta function expansions, false theta functions, identities connected with the 
Rogers—Fine identity, several results in the theory of partitions, Eisenstein 
series, modular equations, the Rogers-Ramanujan continued fraction, other 
q-continued fractions, asymptotic expansions of q-series and q-continued frac- 
tions, integrals of theta functions, integrals of g-products, and incomplete el- 
liptic integrals. Other continued fractions, other integrals, infinite series iden- 
tities, Dirichlet series, approximations, arithmetic functions, numerical calcu- 
lations, Diophantine equations, and elementary mathematics are some of the 
further topics examined by Ramanujan in his lost notebook. 

The Narosa edition [228] contains further unpublished manuscripts, frag- 
ments of both published and unpublished papers, letters to Hardy written 
from nursing homes, and scattered sheets and fragments. The three most fa- 
mous of these unpublished manuscripts are those on the partition function 
and Ramanujan’s tau function, forty identities for the Rogers-Ramanujan 
functions, and the unpublished remainder of Ramanujan’s published paper 
on highly composite numbers [222], [226, pp. 78-128]. 


This Volume on the Lost Notebook 


This volume is the first of approximately four volumes devoted to providing 
statements, proofs, and discussions of all the claims made by Ramanujan in his 
lost notebook and all his other manuscripts and letters published with the lost 
notebook in [228]. For simplicity, we shall sometimes refer to the entire volume 
[228] as the lost notebook, even though only 138 pages of this work constitute 
what was originally the lost notebook. We have attempted to arrange all this 
disparate material into chapters. Doubtless, we have inadvertently misplaced 
entries. 

With the statement of each entry from Ramanujan’s lost notebook, we 
provide the page number(s) in the lost notebook where the entry can be 
found. Almost all of Ramanujan’s claims are given the designation “Entry,” 
although a few of them have the appellation “Corollary.” Results in this vol- 
ume named theorems, corollaries (except in the aforementioned few cases), 
and lemmas are not due to Ramanujan. We emphasize that Ramanujan’s 
claims always have page numbers from the lost notebook attached to them. 
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However, the format of Chapter 10, in which Ramanujan’s empirical evidence 
for the Rogers-Ramanujan identities is discussed, is different. Here we quote 
Ramanujan from pages 358-361 in the lost notebook and then prove and 
discuss his claims. 

So that readers can more readily find where a certain entry is discussed, we 
place at the conclusion of each volume a Location Guide to where entries can 
be found in that particular volume. Thus, if a reader wants to know whether 
a certain identity on page 172 of the Narosa edition [228] can be found in a 
particular volume, she can turn to this index and determine where in that 
volume identities on page 172 are discussed. 

Following the Location Guide, we provide a Provenance indicating the 
sources from which we have drawn in preparing significant portions of the 
given chapters. We emphasize that in the Provenance we do not list all papers 
in which results from a given chapter are established. For example, the content 
of Chapter 6 has generated dozens of papers. In the chapter itself we have 
attempted to cite all relevant papers known to us, but in the Provenance 
we list only those papers from which we have drawn our exposition. On the 
other hand, almost all chapters contain material previously unpublished. For 
example, except for the combinatorial proofs, none of the material in Chapter 
9 has been previously published. 

We now describe the contents of each of the eighteen chapters constituting 
this first volume. Most, but not all, of the results have been established earlier 
in the literature, often by Andrews; or Berndt, usually in collaboration with 
some of his former or current graduate students; or other mathematicians, 
including the aforementioned students. 

An enormous amount of material in the lost notebook is on the Rogers— 
Ramanujan continued fraction, R(q), clearly one of Ramanujan’s favorite func- 
tions. From (1.1.2) of Chapter 1, we observe that the Rogers-Ramanujan 
continued fraction can be represented as a quotient of theta functions. Hence, 
R(q) lives in the realms of elliptic functions and modular forms, and so the vast 
machineries of these two fruitful fields can be employed to produce a plethora 
of theorems. Chapter 1 focuses on identities, modular equations, and repre- 
sentations for R(q) arising from the theory of theta functions and modular 
equations. Ramanujan evaluated in closed form R(+e~*V"), for certain ratio- 
nal values of n, with many of these values found in his lost notebook. However, 
in several cases, Ramanujan indicated only that he could find certain values 
without explicitly providing them. Chapter 2 is devoted to explicit evaluations 
of R(+e—"V”). Published with the lost notebook is a fragment summarizing 
some of Ramanujan’s findings on the Rogers-Ramanujan continued fraction 
and on his cubic continued fraction; this brief fragment is examined in Chap- 
ter 3. Partition-theoretic implications of the Rogers-Ramanujan continued 
fraction are contained in Chapter 4. Ramanujan obtained several interesting 
series representations for R(q), especially one for R(q), all of which can also 
be found in Chapter 4. Chapter 5 is devoted to finite Rogers-Ramanujan con- 
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tinued fractions and other finite continued fractions of the same sort. Some 
are connected with class invariants. 

After these five chapters on the Rogers-Ramanujan continued fraction, we 
examine other g-continued fractions. Chapter 6 contains some beautiful gen- 
eral theorems followed by many elegant special cases found by Ramanujan. 
Chapter 7 is in a different vein and is devoted to some asymptotic formulas for 
continued fractions. One of Ramanujan’s most engaging continued fractions is 
his continued fraction for (q?;q°)oo/(q;q°)oo, the topic of Chapter 8. In con- 
trast to the Rogers-Ramanujan continued fraction, which arises as a special 
case of general theorems in Chapter 6, this continued fraction does not. One of 
Ramanujan’s most fascinating theorems in the lost notebook is the seemingly 
enigmatic formula (8.1.2) arising out of the theory of (q?;q?)oo/(q;q@?)oo; a 
theory much different from that of R(q). 

The Rogers—Fine identity is one of the most useful theorems in the subject 
of q-series. Although not explicitly given in his notebooks or lost notebook, 
Ramanujan clearly was familiar with it and found many applications for it in 
the lost notebook. More than two dozen identities associated with the Rogers— 
Fine identity are proved in Chapter 9, some by combinatorial means. 

The Rogers-Ramanujan continued fraction is intimately associated with 
the Rogers-Ramanujan identities, which appear at various places in the first 
five chapters. In Chapter 10, we examine a fragment on these identities giving 
empirical evidence for the truth of the identities, and so evidently written 
before Ramanujan found proofs for them. This chapter is followed by a chapter 
on other identities of this sort. 

Although mock theta functions will not be examined until a further vol- 
ume, certain partial fraction expansions, the topic of Chapter 12, have inti- 
mate associations with mock theta functions. 

Chapter 13 is devoted to the study of two of the most enigmatic formulas 
in the lost notebook. Both are product expansions. One is for a function 
prominent in the theory of the Rogers-Ramanujan identities. The other is for 
a quasi-theta function and so can be considered to be an analogue of the Jacobi 
triple product identity. Although some elements of our proofs might reflect 
Ramanujan’s thinking, we are clearly in the dark about what led Ramanujan 
ever to think that such formulas might even exist. 

One of the most intriguing identities in the lost notebook is a formula 
relating a character analogue of the Dedekind eta function, an integral of eta 
functions, and a value of a Dirichlet L-series. This wonderful formula and 
other integrals of theta functions are the subject of Chapter 14. In Chapter 
15, we again examine integrals of eta functions, but these are much different 
and are related to incomplete elliptic integrals of the first kind. As with so 
much of the work in Ramanujan’s lost notebook, there are no other results of 
this kind in the literature. The brief Chapter 16 is devoted to five integrals of 
q-products. 

It is difficult to organize Ramanujan’s modular equations into one chap- 
ter, because they are frequently employed to prove other entries; for example, 
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many new modular equations can be found in Chapter 1. Consigned to Chap- 
ter 17 are discussions of one page in the lost notebook and two fragments 
published with the lost notebook on modular equations. 

The last chapter, Chapter 18, is devoted to two fragments on Lambert 
series, which are also prominent in Chapter 4. 
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1 


The Rogers—Ramanujan Continued Fraction 
and Its Modular Properties 


1.1 Introduction 


The Rogers—Ramanujan continued fraction, defined by 


V5 gq gg 4 


1 +1+1.4+1.¢:’ 


lal <1, (1.1.1) 


first appeared in a paper by L.J. Rogers [234] in 1894. Using the Rogers— 
Ramanujan identities, established for the first time in [234], Rogers proved 
that 


. od 4.5 
(07; 00 (97 @) oo 
Here and in the sequel we employ the customary g-product notation. Thus, 
set (a)9 := (a; q)o := 1, and, for n > 1, let 


n-1 
(@)n = (a;9)n = [] (1 - aq"). (1.1.3) 
k=0 
Furthermore, set 
(a)oo += (a; goo = [](- a9"), lal <1. 
k=0 


If the base q is understood, we use (a), and (a). instead of (a; q)n and (4; q)oo, 
respectively. 

In his first two letters to G.H. Hardy [226, pp. xxvii, xxviii], [81, pp. 29, 
57], Ramanujan communicated several theorems on R(q). He also briefly men- 
tioned the more general continued fraction 


1 aq aq aq 
= 1 1.1.4 
RO Qt isa ke ee | eS (1.1.4) 
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now called the generalized Rogers-Ramanujan continued fraction , and fur- 
ther generalizations. Hardy was intrigued by Ramanujan’s theorems on this 
continued fraction, and on 26 March 1913 (the day on which Paul Erdés was 
born) wrote [81, pp. 77-78]: 


What I should like above all is a definite proof of some of your results 
concerning continued fractions of the type 


x x? x? 


T+a+.t+-3 


and I am quite sure that the wisest thing you can do, in your own 
interests, is to let me have one as soon as possible. 


Later, in another letter, probably written on 24 December 1913, Hardy further 
exhorted [81, p. 87] 


If you will send me your proof written out carefully (so that it is easy 
to follow), I will (assuming that I agree with it—of which I have very 
little doubt) try to get it published for you in England. Write it in the 
form of a paper “On the continued fraction 


x x? x ‘ 


1a ad ae 


giving a full proof of the principal and most remarkable theorem, 
viz. that the fraction can be expressed in finite terms when x = e~"V”, 
when n is rational. 


However, Ramanujan never followed Hardy’s advice. 

In his notebooks [227], Ramanujan offered many beautiful theorems on 
R(q). In particular, see (1.1.10) and (1.1.11) below, K.G. Ramanathan’s pa- 
pers [215]-[218], the Memoir by Andrews, Berndt, L. Jacobsen, and R.L. Lam- 
phere [39], and Berndt’s book [63, Chapter 32]. 

Ramanujan’s lost notebook [228] contains a large number of beautiful, 
surprising, and remarkable results on the Rogers-Ramanujan continued frac- 
tion. In this opening chapter, we prove many theorems arising from modular 
properties of the Rogers-Ramanujan continued fraction. Papers containing 
proofs of results proved in this opening chapter include those by Berndt, S.— 
S. Huang, J. Sohn, and $.H. Son [78], S.-Y. Kang [171], [172], Ramanathan 
[215], Sohn [253], and Son [254]. But as we emphasized in the Introduction, 
succeeding chapters also contain theorems about the Rogers-Ramanujan con- 
tinued fraction. Chapter 2 contains explicit evaluations of R(q) found in the 
lost notebook. Chapter 3 focuses on a fragment on the Rogers-Ramanujan 
continued fraction and the cubic continued fraction, which is not found in 
the lost notebook but was published with the lost notebook. Chapter 4 is de- 
voted to relations connecting R(q) with Lambert series and partitions. Finite 
Rogers—Ramanujan continued fractions are featured in Chapter 5. Chapter 6 
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contains theorems in the lost notebook on generalizations (such as (1.1.4)), 
various analogues, and other g-continued fractions. A survey describing many 
of Ramanujan’s discoveries about the Rogers-Ramanujan continued fraction, 
especially those found in the lost notebook, can be found in [71]. 

We now provide notation that will be used throughout the chapter. Recall 
Ramanujan’s general theta function f(a, b), namely, 


(QS ae Meee, . lable As (1.1.5) 


n=—Co 


The most important special cases of f(a,b) are defined by (in Ramanujan’s 
notation) 


od =fad= So a =-GP GPa = CBM, |g <1, 


n=—0o (4; -q) 
(1.1.6) 
n(nti)/2 — (75d )oo 
¥(q) := f(aa = Soar -Gpe list (1.1.7) 
and 
f(-a) = f(-a-@) = So (-1yrgr@r-D? = (qq, lal <1, 
a (1.1.8) 


where the latter equality is Euler’s pentagonal number theorem. The product 
representations in (1.1.6)—(1.1.8) follow from Jacobi’s triple product identity, 
given in Lemma 1.2.2 below. Lastly, define 


x(—9) := (4; g")oo- (1.1.9) 


Two of the most important formulas for R(q) are given by 


Se eee ee q’!*) (1.1.10) 
R(q) q'!® f(—4) 
and 
1 — 11 — R5(q) = fL=9) (1.1.11) 
R°(q) aff(=aqr) a 


These equalities were found by G.N. Watson [286], [287] in Ramanujan’s note- 
books and proved by him [286] in order to establish claims about the Rogers— 
Ramanujan continued fraction communicated by Ramanujan in the aforemen- 
tioned two letters to Hardy. The proof of (1.1.10) given by Watson [286] is 
identical to the one given by Ramanujan in his unpublished manuscript on 
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the partition and tau functions, which was published with his lost notebook 
(228, pp. 135-177, 238-243]; in particular, see page 238. The manuscript was 
published with proofs and commentary by Berndt and K. Ono [80]. With re- 
vised and more extensive commentary, the manuscript will be reproduced in 
the present authors’ third volume on the lost notebook [38]. Different proofs 
of (1.1.10) and (1.1.11) can be found in Berndt’s book [61, pp. 265-267]. 

We now briefly describe some of the results proved in this chapter. 

Our first theorem is remarkable. Ramanujan found three related identities 
in two variables, two of which contain (1.1.10) and (1.1.11) as special cases. 
Section 1.2 is devoted to Son’s elegant proofs [254]. 

On page 48 in his lost notebook, Ramanujan offers two further formu- 
las akin to (1.1.10) and (1.1.11). These formulas are “between” (1.1.10) and 
(1.1.11) in that they involve R?(q) and R?(q). Statements and proofs of these 
identities can be found in Section 1.3. 

On the other hand, on page 206 in his lost notebook, Ramanujan claims 
that (1.1.10) and (1.1.11) can be refined by factoring each side into two factors 
and then equating appropriate factors on each side, giving four equalities. It 
is amazing that factoring in this way actually leads to identities, which are 
proved in Section 1.4. 

In his first letter to Hardy [226, p. xxvii], [81, p. 29], Ramanujan claimed 
that R°(q) is a particular quotient of quartic polynomials in R(q°). This was 
first proved in print by Rogers [236] in 1920, while Watson [286] gave another 
proof nine years later. At scattered places in his notebooks [227], Ramanu- 
jan also gave modular equations relating R(q) with R(—q), R(q*), R(q?), and 
R(q*). In the publication of his lost notebook [228], these results are conve- 
niently summarized by Ramanujan on page 365; in this book they can be 
found in Chapter 3. Proofs of most of these modular relations can be found in 
the Memoir [39, Entries 6, 20, 21, 24-26, pp. 11, 27, 28, 31-37], and in Berndt’s 
book [63, Chapter 32, Entries 1-6]. Rogers [236] found modular equations re- 
lating R(q) with R(q”), for n = 2, 3, 5, and 11; the latter equation is not 
found in Ramanujan’s work. J. Yi [299] has found a modular equation for 
n = 7, while also devising simpler proofs for degrees 3 and 11. H.H. Chan 
and V. Tan [118] discovered a modular equation of degree 19 and devised 
another proof of Rogers’s modular equation of degree 11. On page 205 in 
his lost notebook [228], Ramanujan offers two modular equations relating the 
Rogers—Ramanujan continued fraction at three arguments. These are proved 
in Section 1.5. The results described in the last three sections were first proved 
in the paper by Berndt, Huang, Sohn, and Son [78]. 

In the next four sections we establish several beautiful identities involv- 
ing the Rogers-Ramanujan continued fraction and some elegant associated 
theta-function identities. These results were first proved by Kang [171]. In Sec- 
tion 1.6 we prove some theta-function identities of degree 5, in other words, 
modular equations of degree 5. In the following Section 1.7, we first estab- 
lish some factorizations, which involve R(q), of the identities in Section 1.6. 
The next theorem also provides factorizations, and these are in the same 
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spirit as the factorizations of (1.1.10) and (1.1.11) in Section 1.4. In the fol- 
lowing Section 1.8, we introduce Ramanujan’s parameters k := R(q)R?(q), 
pw := R(q)R(q*), and v := R?(q'/?)R(q)/R(q?), and prove several elegant 
identities for R(q), y(q), and w(q) in terms of these parameters. Section 1.9 
gives further identities arising from the parameter k. 

In Section 1.10, we prove some formulas for R(q), R(q?), and R(q*), each 
in terms of one of the others, arising from (1.1.11). These proofs are published 
here for the first time and are taken from Sohn’s doctoral thesis [253]. 


1.2 Two-Variable Generalizations of (1.1.10) and (1.1.11) 
On page 207 in his lost notebook [228], Ramanujan listed three identities, 


f(—@l/®, —dq?/*) 


P-Q=14 qi? f(—A10g5, —\}5 qi)’ (1.2.1) 
PQ =] eee —\*9q3) f(—r*q, —)3q’) (1.2.2) 
f2(—AMg, —A4@?) ; 
and 
wy me Ae ys —)?2 A B52 


q F8(—Alg®, —Alqh) 


without specifying the functions P and Q. In this section, the functions P and 
Q@ are determined, and the identities, which are remarkable generalizations of 
(1.1.10) and (1.1.11), are proved. 

We shall need several lemmas. 


Lemma 1.2.1. We have 
f(—1,a) =0 (1.2.4) 


and, if n is an integer, 
f(a,b) = a V2 pn(——1)/2 ¢ (a(ab)”, b(ab)-”) . (1.2.5) 
For proofs of these elementary properties, see [61, p. 34, Entry 18]. 


Lemma 1.2.2 (Jacobi’s Triple Product Identity). If f(a,b) is defined 
by (1.1.5), then 


f(a, b) = (—a; ab) 45(—0; ab) a5 (ab; ab) oo. 
For a proof, see [61, p. 35, Entry 19]. 


Corollary 1.2.1. 
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This follows immediately from Lemma 1.2.2 and (1.1.8). See also [61, p. 44, 
Corollary]. 


Lemma 1.2.3. Let U, = a™(™t)/26-(™—-1)/2 and Vz = aMr—2)/2pnr(r4)/2, 


Then 
oe Va= Tr 
f(Ui,V) = y vos (SB aa J; 


For a proof of Lemma 1.2.3, see [61, p. 48, Entry 31]. 

The next entry is Ramanujan’s version of the quintuple product identity, 
and it is found on page 207 of his lost notebook, the same page as the iden- 
tities for P and Q given above. Although Ramanujan undoubtedly used the 
quintuple product many times in proving results offered in his notebooks, this 
is the only instance where he recorded the quintuple product identity. For a 
proof along the lines that Ramanujan might have used and for references to 
other proofs, see [61, pp. 80-83]. 


Entry 1.2.1 (Quintuple Product Identity; p. 207). For |Axv>| < 1, 


x”, —Ax) f (—Az3) 


f(—r7 a? Aa") haf); 2) - 


(1.2.6) 

To prove (1.2.3), we need instances of the following general product for- 
mula, which is due to Son [254]. Special cases of this lemma can be found in 
Ramanujan’s notebooks [227]; see Berndt’s books [61, pp. 264, 307, 346, 348], 
(62, pp. 142, 145, 188, 192]. 


Lemma 1.2.4. Let |ab| < 1, let p be an odd prime, let j and k be integers 
with (j,k) # (0,0) (mod p), let ¢ := exp(27i/p), and letx = 5,0 <a <p, be 
the solution of 

(j + k)a + j = 0 (mod p) 


when p does not divide 7 +k. Then 


Pp 
[Efe acs) (1.2.7) 
n=1 
fP(as+1s, aP—*—1bP-*) f(a? bP) 
i f(aP(st+) bps, ap(p—s—1) bp(p—s)) : 


a MCL. 
F(ab) 


if j+k#0(modp), 


if j+k=O0(modp). 


Proof. Let 
P 
C=] f(-¢?"a, -¢"0). 
n=1 


By the Jacobi triple product identity, Lemma 1.2.2, 
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a 
C= TT Ca; COP ad) oo (Cb CUE ab) no (GOT M ab; COT" ab) oo 


n=1 
=C1C2Cs, (1.2.8) 
where 
P . . 
Ce | [Caco able 
é=1 
P . 
Co = [Cb Coad) 00, 
é=1 
and 


Pp 
C3:= [[6ot?as; CU+*) ab) 5 
f=1 


First suppose that 7 + k #0 (mod p). Then 


Ci = II (1- a(ab)”)” II (1 — a?(ab)?”) 
Hoe aad Pp) ieataod Pp) 
= II (1- a(ab)Prts)? II (1 — a?(ab)?”) / II (1 — a?(ab)?”) 
n=0 n=0 


n=0 
n=s (mod p) 
(0? 0°) 


(aP(S+D5Ps. a?” bP”) 5, 


= (a°T"d*; aPb?)E, 


Similarly, since p— s — 1 is a solution of (j + k)a +k =0 (mod p), 
(bP; aP BP) oo 
(aP-s-1) pp(P—), gP” pp”) 


>) 


Ca = (a? 1B aP OP 


and since p— 1 is a solution of (j + k)a + (j + k) = 0(modp), 
Cs bP; aP bP) x 
(a?* BP; aP BP” oo 
Hence, by (1.2.8) and the Jacobi triple product identity, Lemma 1.2.2, 


C=C ,C2C3 
= (Geri aP DP ear eb? car bP) ah bP ako") eal 
(a?; aP bP) 5, (b?; aPbP) 45 (a? bP; aP bP) x 
* (aP(s+1) bps; qr? bP”). (aP(P—s— 1) pp(p—s); qP? bP?) (aP? bP? : aP? bP?) 0 
F(—a?, —bP) 
f(—aP(st1) pps, —gp(p—s— 1) pp(p—s))’ 


C3 = (a? bP; aP bP)? 


= f?(—a®* 18°, —a?—*-1pP-*) 
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which, after —a and —b are replaced by a and 8, respectively, establishes 
Lemma 1.2.4 in the case that 7 + k #0 (mod p). 
Second, if 7 +k = 0 (mod p), 


Co 


Cy = II (1 — a?(ab)?”) = (a? aPD?) x. 


n=0 


Similarly, 
Cz = (bP; ab?) x, 


and, by (1.1.8), 
C5 = (ab; ab)?, = f°(—ab). 


Hence, by (1.2.8) and the Jacobi triple product identity, Lemma 1.2.2, we 
deduce that 


f(<a?, bP) 
f(—aror) ° 


and so the proof is complete after (—a, —b) is replaced by (a, 6). 


C= 010203 = f?(—ab)(a?; a?) 90 (bP; a? Boo = f?(—ab) 


We are now ready to give Son’s proofs [254] of the mysterious identities 
on page 207 of the lost notebook [228]. 


Entry 1.2.2 (p. 207). Jf 


fax eng) EAN E ane) 


r= qil5 f(—A10g5, —\15q10) 


(1.2.9) 


and 
_ Af(=AP gt, ~A*% qh) — Maf(—q, —r*q"*) ak 
Q= q— 1/5 f(—A10g5, —A15q10) : ( ae ) 


then (1.2.1), (1.2.2), and (1.2.3) hold. 


Proof. In Lemma 1.2.3, let a = —q/®, b = —Aq?/>, and n = 5, and then 
employ Lemma 1.2.1 to obtain (1.2.1). 
By (1.2.9) and (1.2.10), the identity (1.2.2) is equivalent to the identity, 
Si= f(-A, —r*q°) f(—A7q, —3q’) 
=! F(A? Pg) f(A —\q'°) 
= By ieee ara Ng (neo a’ =} 9®) 
Naf (—rPg*, —A79q"") F(—AP?, —A79q") 

+ Maf(—a, —r°q"*) f(A Gg", -AY G*) 
+ Ma f(—a, 9°") f(-q?, —79q"). (1.2.11) 


Then 
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Co [oe) 


S= DD S- h(u, v), 


U=— CO V=—CO 


where a ea 
h(u, v) = (Serre +5u SMe BY)/2 (SY +3u —u-3v)/2_ 


We now subdivide this sum into five sums according to 
2u+v =k(mod5), O0<k<4. 


Then 
5u = 2(2u + v) + (u— 2v) = 0(mod 5), 


which implies that u— 2v = —2k (mod 5). Write 


S=S94+ $1, + S2+ 534+ S4, 


where S; denotes the sum for 2u+-v = k(mod5),0<k <4. Let 2u+ 
and u — 2v = —5n. Then u = 2m —n, v = m+ 2n, and 
h(u,v) = h(2m — n,m + 2n) 
= (H1) Gm te) bm ton m1) /2 5 Gm? an? ri 7)/2 


Therefore, 


U,v 
2u+v=0 (mod 5) 


= ys; (=1) "O25 gr" 2(-\-F 9-8)? 


5 S- (—1)" (48 q18)”"/2(\-8g-8)”/2 


_ F(-%¢° —rPg ) f(A e? —)1*q)). 
Similarly, 
Sy = —Af(-r*¢4*, —N79q"*) f(A", —A" 9°), 
Sy = — gf (—A8a*, — dq!) f(A g?, -2q"), 
S3 — Maf(-a, —\?5q'4) f(-19q", —r"9), 


17 


(i209) 


v=5m 


(913) 


(1.2.14) 
(1.2.15) 
(1.2.16) 
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and 
Sa = M9? f(—a, Pq") f(-N?, —A°q"?). (1.2.17) 


Substituting (1.2.13)—(1.2.17) in (1.2.12) and then using (1.2.11), we complete 
the proof of (1.2.2). 

In (1.2.1), replace q!/° by ¢"q'/°, where ¢ is a primitive fifth root of unity 
and n = 1,2,3,4,5, and then multiply the five identities. Thus, we find that 


5 
IL ue rae i) = qf°(— sig —15q10) II ee ey): 
7 ri (1.2.18) 


Simplifying the left side of (1.2.18) yields 


PP =O ST =5PQO—5P*Q*. (1.2.19) 


Now in Lemma 1.2.4, let a = —q!/5, b = —Aq?/>, p = 5, j = 1, and k = 2. 
Then s = 3 is a solution of 3x + 1 = 0 (mod5), and so 
Z 52) £5(_)2 342 
n 1/5 Qn \ 2/5 _ fl-4a,—-A°a") f (—A“q, —A°q°) 
T] f(-cra'l8, crag) = A i (12.20) 


n=1 


Using (1.2.19) and (1.2.20) in (1.2.18), we finish the proof of (1.2.3). 


Now we shall show that (1.1.10) and (1.1.11) are special cases of (1.2.1) 
and (1.2.3). 


Proof of (1.1.10) and (1.1.11). Let \ = 1 in (1.2.1) and (1.2.3). Then by 
applying the quintuple product identity, Entry 1.2.1, with (a, \) = (q,q7) and 
(q’,q_'), respectively, we see that by Lemma 1.2.1, Lemma 1.2.2, and (1.1.2), 


_ f(-a",-48) +af(-@,-¢3) —  f(-@,-@) _ 1 
o FP F(—a) = PFF(-g-0) RQ 2) 
and 
g — hat a) — afCa a) _ MP F(-a - a!) =Rq). (1.2.22) 


et) f(-@, -4°) 
Since PQ = 1, (1.2.1) and (1.2.3) reduce to (1.1.10) and (1.1.11), respectively. 


1.3 Hybrids of (1.1.10) and (1.1.11) 


Entry 1.3.1 (p. 48). If f(—q) is defined by (1.1.8), then 
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Co 


DE (1210 + 3)g Ort"? = ( rag] + F(a) PP (—@) (1.31) 
and 
S> (-1)"(10n + Ig Sethe? = (a3 - 3R°(«)) q’!? f3(—q?). (1.3.2) 


Proof. The key to our proofs is Jacobi’s identity [61, p. 39, Entry 24(ii)], 


Co 


P-g = So (iraq vA, (3:3) 


By (1.1.10), 
i * led?) 
(aig 1 RO) = sre 
from which it follows that 
3/5 ¢3/__5 Oo Gl Ba lL. Lae — £3(_ 1/5 
95-0) {5 - (gre +) + (Gara 3) } =F ae 


If we expand the left side of (1.3.4) as a power series in q, we find that the 
exponents of qg in 


5q°/* f3(—q°) (1.3.5) 
are congruent to 2 (mod 1), the exponents in 
3 
-#" 8-0) (gay + BC) (1.3.6) 
are congruent to + (mod 1), and the exponents in 
1 
P09 (gra - 30) (13.7) 
are integers. 
By Jacobi’s identity (1.3.3), 
Por y=) rae” (1.3.8) 
= S- (UP Grigren es 


A S- (SP on igen eae 


n=—CoO 
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Sp; Se (—1)°"+?(5n 4 Rqent? (5n+3)/10 

it > (—1)5*+3 (5k “abs 3) qk+3) 5k+4)/10 
k=—0oo 

Ze ye (—1)°*+4(5k ae. 4) g*+4) 5k+5)/10 | 
k=—0o 


Letting k = —n — 1, we obtain 


Co 


S- (C13 Ghat ogre ae 
k=—0oo 
=— re BS 2)ghtDerth/10 43:9) 
and 
S- (=1)P" 4+ ag Pi Crt) 40 
k=—0oo 
= So (-1(5nt 1gOrtVEOM/19. (1.3.10) 


Therefore, substituting (1.3.9) and (1.3.10) in (1.3.8), we find that 


f(-q!/5) = bE (-1)"(5n + (5n + 1))qnOrtV? (1.3.11) 
=! yt a (5n +1) + (5n+ 2) \qtntenl2 
+g (s SS (1 a(g err? + 2 yt pregyorne 
Since by (1.2.4), 
do (yr @yernn? = 0 
and by (1.3.3), 
Sn yee = Peg), 


we find that by (1.3.11), 
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Co 


Pea) = S- (AV on igtet 


n=—Co 


—g® S~ (-1)"(10n + 3)g6"43)"/2 (3.2) 


+ 5q?/® f3(—q°). 


The powers of q in the first sum on the right side of (1.3.12) are integers, 
the powers of q in the second expression are congruent to 4 (mod 1), and the 
powers of q in the last expression on the right side of (1.3.12) are congruent to 
3 (mod 1). Therefore, from our observations about the powers of g in (1.3.5)- 
(1.3.7) and our observations about the powers of g in (1.3.12), we conclude 
that 


—q3/> f3(—q°) ee fe R°(a)) = —qi/5 s (—1)"(10n + 3)g@"+9)"/2 
R*(q) —, 
and 
: = n n(dn 
CRO ag) = 2 ee 


The identities (1.3.1) and (1.3.2) now follow, respectively, from the last two 
equalities. 


1.4 Factorizations of (1.1.10) and (1.1.11) 


It had been thought that Ramanathan [215] published the first proof of the 

factorization theorems below. However, possibly due to an attempt to be brief, 

the argument for a key step is absent. This important step, an application 

of an addition theorem for theta functions due to Ramanujan and found in 

Ramanujan’s notebooks [227], is perhaps the most difficult part of the proof. 
Throughout this section, we set 


a= ee and B= cy 
Entry 1.4.1 (p. 206). [ft = R(q), then 
1 i ee. 1 
Vi >) aVvt — qi/i0 Fa) II 14 agn/® ne qzn/3’ (1.4.1) 
1 i fy = 1 
vi — Bvt = qi/10 Fa) II 1 Bqr/® qen/3? (1.4.2) 


22 1 Rogers-Ramanujan Continued Fraction — Modular Properties 


5 = co 
(a) = (avi) = as aah I a = pre (1.4.3) 


5 - - 
(=) (avi) _ on fot II ' agi nae (1.4.4) 


It is not difficult to verify that by multiplying (1.4.1) by (1.4.2) we obtain 
(1.1.10), and by multiplying (1.4.3) by (1.4.4) we obtain (1.1.11). Therefore, 
(1.4.1) and (1.4.3) are equivalent to (1.4.2) and (1.4.4), respectively, and so it 
suffices to establish (1.4.1) and (1.4.3). 


Lemma 1.4.1. If ¢ = e?7*/>, then 
f(-@, -¢°) — ag’? f(-¢, -a*) = f(-@?,-Ca')/A-¢?) (1.4.5) 
and 
f(-0?, -°) — Ba"? f(-a, -a*) = F(-¢, -¢4q"”*) /(1 - €). (1.4.6) 
Proof. By Lemma 1.2.3 with n = 5, a = —C?, and b = —¢3q1/9, 
FEC HCP eter == Cle -P) CaP f(-0"; =) 
— Cg?! f(—g?, -1) + Fg®!* f(-a®, -g71) 
= (1—¢?)f(-a?, 9°) — (CP — C*)a'? F(-9, -0%), 
since f(—q°, -1) = 0 and f(—q®, —q-') = —q-!f(—q, —q*) by Lemma 1.2.1, 
with a = —q"!, b = —q°, and n = 1 in (1.2.5). Finally, (1.4.5) follows easily 
by noting that a = —(¢ + ¢—1); and so ¢3 — ¢4 = a(1 — ¢?). 
By Lemma 1.2.3 with n = 5, a = —C, and b = —¢*q!/5, and the observa- 
tions made above, 
fC Or 9 r =o)= Er SO Cr Tr 8) 
— Gq?! f(—¢°, -1) + ¢4q°/? F(-0°, -g7") 
= (1-0) (f(-¢?, -°) - 6a"? f(-¢,-¢")), 


since ¢? + ¢? = —3. This proves (1.4.6). 


Lemma 1.4.2. Let n be a positive integer not divisible by 5, and set ¢ = 
e27!/5 | Then 


4 
II (1 fe acd gr/® 4 (2nd g?n7) a (1 _ gry. 
j=0 


Proof. First, recall that a = —(¢ + ¢~'). Then, 


1.4 Factorizations of (1.1.10) and (1.1.11) 23 


4 4 
Il (1+ acm gr/5 ie C2m5 g2n/5) — Il (1 Cee Ly cn gn/5 ite Gu) 
j=0 j—0 

4 4 
=<]Ja eae 1 qr!) II @ _ Ceaigr) 
4 6 


Since n is not divisible by 5, ¢”/ runs through all the fifth roots of unity when 
j runs through 0, 1, 2, 3, 4. Therefore, the last two products are both equal 
to 


4 
[]e-¢e) =1-0. 


S 
ll 
j=) 


This completes the proof. 


Proof of Entry 1.4.1. Let ¢ denote e?7*/°. By (1.1.2), (1.4.5), and Corollary 
1.2.1, 


re ee A ca = aq’! f(—4, —q") 
Ti gH 7F( @)f(—@, —@) 
= f(-¢?, —Cq nI8y (1 i ¢?) . (1.4.7) 
q'/1\/f(—a)f(-@°) 


By Lemma 1.2.2 and (1.1.8), 


C.-C oP SC ig aCe a ae vie es 
= f(-4@) 
~ (Cg2/8; g1/8).,(C4q1/5; g1/8) 50 


f(=9) 
7 Th, (1 + agr/® + 27/5)” (1.4.8) 


Substituting (1.4.8) in (1.4.7), we complete the proof of (1.4.1). 

It remains to prove (1.4.3). This can be done by using (1.4.1). For each 
j =0,1,2,3,4, we obtain an identity by replacing q!/° with ¢/q!/> in (1.4.1). 
Note that t is then replaced by ¢/t. Multiplying these five identities together, 
we deduce that 


4 1 i 
= fer Tony ES Tl 1+a( (Cig 1/5\n same} 


which can be easily reduced to 
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ie 5 1 [fat 1 
(z) ~ (v4) ~ GP 0) UU aaa age 
(1.4.9) 


Furthermore, the double product in (1.4.9) equals 


4 
1 
ll jae 


j=0 5|n 


4 
1 
= III] 1 + a(Cigi/5)” + (Cigi/5)2n 


j=0 5tn 
2 nan 1 
= Sar (1 + agk + q2k)s ae 14 a(Ciqi/5)n He (Cigi/3)2n 
= {IL (1+ agk + a II (1—q")? 
Jn 1 PP(-@) 
= {I (1 + agk + q?k)5 ! f2(—@) , 


where the penultimate equality follows from Lemma 1.4.2. Therefore, (1.4.9) 
becomes 


L\? 5 1 fla l 
(=) > (avi) ~ gh Ha) Uae 


This completes the proof of Entry 1.4.1. 


Alternatively, Entry 1.4.1 can be proved without the help of (1.1.10) and 
(1.1.11). Indeed, by using (1.4.6) instead of (1.4.5), we can prove (1.4.2) and 
then (1.4.4) in a similar manner. By doing so, we discover a new proof for the 
two remarkable identities (1.1.10) and (1.1.11). 


1.5 Modular Equations 


Recall that R(q) is defined in (1.1.1). Following Ramanujan, set 


u= R(q), u’ = —R(-Q), v= R(q), and w = R(q*). 


(1.5.1) 
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and ; 
uu'y? = — — (iss. 2) 
Proof. First recall that 
> v-w 
WS re (1.5.3) 


This modular equation is found in Ramanujan’s notebooks [227, vol. 2, p. 326]; 
the first proof was given in [39, p. 31, Entry 24(i)] and later reproduced in [63, 
Chapter 32, Entry 1, p. 12]. It is also given in a fragment with the publication 
of his lost notebook [228, p. 365, Entry (10)(a)]. In this book, it can be found 
in Entry 3.2.10 of Chapter 3. Replacing q by q? in (1.5.3), we find that 


2 
2 wav 


ae (1.5.4) 

Rewriting (1.5.3) and (1.5.4) in the forms 
uv? + uv? —vt+u? =0, (1.5.5) 
w+? +wv—w =), (1.5.6) 


respectively, we eliminate the constant terms in this pair of cubic equations in 
v by multiplying (1.5.5) by w and (1.5.6) by u? and then adding the resulting 
equalities. Accordingly, 
v ((uw + u?w?)v? + (ubw + u?)v + w(u?w? — 1)) 
= v(1 + uw) (wwe? + uv + w(uw — 1)) =0. 
Since for 0 <q <1, v(1 + uw) 40, we conclude that 
uw? + uu + w(uw — 1) = 0. (1.5.7) 


A rearrangement of (1.5.7) yields (1.5.1). 
Secondly, replace g by —q in (1.5.3) to deduce that 


12 
-u'y? = ue (1.5.8) 
Rewriting (1.5.3) and (1.5.8) in the forms 
vw =u? (y+ u’), (1.5.9) 
y—u? = —-a'v(v+u"), (1.5.10) 


respectively, we multiply (1.5.9) by u’, multiply (1.5.10) by wu, and add the 
resulting equations to eliminate the cubic term in v. Thus, 


v(utu’) — uu (ut u’) = uu'v?(v? — w?) = u've? (utu')(u—v). 
Since ut+u' £0, for0<q <1, 
v—uu' = uu'v?(u—w’). (1.5.11) 


We now immediately deduce (1.5.2) from (1.5.11). 
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1.6 Theta-Function Identities of Degree 5 
The results in the next four sections were first proved by Kang [171]. 


Entry 1.6.1 (p. 56). With y(q), w(q), and f(—q) defined in (1.1.6), (1.1.7), 
and (1.1.8), respectively, 


Pa _ 4@ , ¥@ -5ab"*(@") 


o Pa) va) <P) — We)’ 

(i) P-7) _ ¥@ , ¥@ -5v"(@) 
f(-) We?) Wa) — ?(")’ 
PR?) _ o@ , 5¥°@)-¥*@) 


a F(a) oa) © PF)” 
P(g) _ o'(-9) , 5e%(-4") - v*(-9) 
af®(-@) — e*(-4°) ge (-a°) — 9? (-@) © 
Proof. Using the identities 


P(-@ = ¢7(-av(@) (1.6.1) 


and 
F(a") = o(-a)4"(a) (1.6.2) 
in [61, p. 39, Entries 24(ii), (iv)], we find that (i) and (ii) reduce to 
g*(-9) _ ¥°(q) — 5qv*(a") 
g(-) -W°(q) - a¥?(@") 
and (iii) and (iv) reduce to 


w(g) _ 9?(-a) — 5y?(-¢") (1.6.4) 


(1.6.3) 


ava?) p*(—4) — *(-4°) ” 
Hence (i)—(iv) are all equivalent identities, because (1.6.3) and (1.6.4) are 


simply rearrangements of each other. Let us prove (1.6.4). 
Rearranging (1.6.4), we see that it suffices to prove that 


b*(q)¢?(—4) — ¥°(a)¥"(—4") — ap?(—a)¥? (a?) + 5ah?(a") p7(—4”) = 0. 
(1.6.5) 
By some further elementary theta-function identities in Ramanujan’s second 
notebook [61, p. 262, Entry 10(iv), (v)], we find that 


y7(q) -— 9° (@) = 4af (ae) f(a") (1.6.6) 


and 


(9 - WP?) =faAl@.@)- (1.6.7) 
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Using (1.6.7), (1.6.6), Jacobi’s triple product identity (Lemma 1.2.2), (1.1.6), 
(1.1.7), and Euler’s identity , 


(-Gd)oo = (1.6.8) 


(459 Joo 
on the left-hand side of (1.6.5), we deduce that 


[¥?(q) — av? (a? )II¥?(—-@) — ¥*(-@°)] 4 
fad f@?.@))(—-4af(-4 -@)f(-7, : 


_{ CGM 75. 52 \ (4 GO )o 7 10. 1052 
7 (GES e ’s) ( 4978, qi), 4 Joo 
+ 4qv*(q")p?(—¢") 


a 
= 


= —49q(¢°39°)2(¢°s 


= —49q(¢°39°)2(¢s ¢ 


which proves (1.6.5). 


In the following theorem, we state identities for y?(q)—5y?(q°) and w?(q)— 
5qw?(q°), analogous to (1.6.6) and (1.6.7), but which do not appear in the lost 
notebook. These identities will be needed in Section 1.7. 


Theorem 1.6.1. If x(q) is defined by (1.1.9), then 


5 
(i) y?(q) — 5y2(q8) = —4f2(-q2) #2, 
x(q) 
(i) P(g) — 5qv2(q°) = P2(-g 
x(-@") 
Proof of (i). From (1.6.4), 
Pep=sr aS Cej=94 *)) a 


Using (1.6.6) and Jacobi’s triple product identity (Lemma 1.2.2) in the first 
and the second equalities below, respectively, we obtain, by (1.1.7), (1.1.8), 
and (1.1.9), 


2-9) — 5y°(-4°) = -4F(-4,-@) f(g", 9?) Peel ew 
(4.4 Joo (greg? 2. 


(a ak Ged" eal rd es 
Pg as (q;97)2 
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_ 2 2 (Gea es 
sede (45.9 oo 


I 


The identity (i) now follows by replacing g by —q above. 


Proof of (ii). The proof is similar to that for (i) but uses (1.6.3) and (1.6.7) 
instead of (1.6.4) and (1.6.6). 


Entry 1.6.2 (p. 50). We have 


(i) 16qf*(—¢7) f?(—¢°°) =(y?(@) — ¥7(4°))(8¢7(4") — ¥7(a)) 
and 
(ii) f?(-@Of?(—@?) =(0? (a) — ab? (#?)) (eb? (@) — 5a? (q°)). 


Proof. These follow immediately from (1.6.6), (1.6.7), and Theorem 1.6.1 by 
using (1.1.8), (1.1.9), Lemma 1.2.2, and (1.6.8). 


1.7 Refinements of the Previous Identities 


On the same page of the lost notebook as Entry 1.6.1, Ramanujan gives fac- 
torizations of (1.6.6) and (1.6.7), which we state in the following entry. 


Entry 1.7.1 (p. 56). Recalling that R(q) is defined in (1.1.1), we have 


(i) 9(q) + 9(4°) = 29"? f(a, )R (4°), 

(ii) (4) — (a?) = 29"! f(a, a") R(q"), 

(ii) oP?) tava) =7 OFC, AR), 

(iv) -¥(@?) —av(q) = a F(a, a) RQ), 

(v) v( 2) 5. 10) _ f(-¢"°) 
v q)+qv(q") 


Proof. By (1.6.6), (i) and (ii) are equivalent, and so are (iii) and (iv) by 
(1.6.7). Also, the right hand side of (v) is a rearrangement of that of (iii) by 
(1.1.2) and Lemma 1.2.2. 

Assume that (i) is true. Replacing g by —q in (i) and subtracting the result 
from (i), we find that 


(¢(@) — ¢(-a)) + (v(a") — e(-4*)) = 204° R-1(q*) (F(a,.¢°) — F(-4, -@°)) - 
With the use of [61, p. 40, Entry 25 (ii)] 
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y(q) — y(—4) = 4avb(q°) (1.7.1) 


and the definition of f(a, 6) in (1.1.5), the equation above can be rewritten in 
the form 


sa 2 
Aqu(q®) +4g(q?) =4PPR*(q*) YO Pn HP", 


n=—Cco 


We now deduce (iii) from the equation above by dividing both sides by 4q and 
then replacing q by q'/*. So it suffices to prove (i). 
By (1.1.6) and Jacobi’s triple product identity, Lemma 1.2.2, 


(Ce ee Cee 


y(—4) + o(-9") = 


(-GQ)oo  (—4°3¢" oo 
(-G.9)00 (45 @ )oo 
soe Gis (- P54 )o0 } 
de {, (—95 9" )oo(—4"; 9°) 00 (—9° "Joo (— 45 Foo =| 
Vera TGs lasla sO Ved 
emer (CH “?, q) 
ite {1 f(-a-@)f 5} 
= he {a a-€)f(-@, as faa)f (¢ 
(=4: @) co f(-4, Aifca q’) 


Appealing to a further entry in Ramanujan’s second notebook [61, p. 45, Entry 
29(i)], we find that 


Sp Odes FSG) 
aa) f(-a,-a)f(-¢?, -@) ca 


Using Jacobi’s triple product identity, Lemma 1.2.2, and Euler’s identity 
(1.6.8), we find that (1.7.2) takes the form 


~(—q) + 9(- 


8. 
pla) + o(-2) = 2f(-g.-0) {8 


which is equivalent to (i) with g replaced by —gq, by (1.1.2). 


On page 56 in his lost notebook, Ramanujan factored the identities in The- 
orem 1.6.1, as he did in Entry 1.7.1 for (1.6.6) and (1.6.7). The factorizations 
are given below in Entry 1.7.2 with a misprint corrected. 


Entry 1.7.2 (p. 56). Ifa= Laws and 3 = 14 v5, then 


30 1 Rogers-Ramanujan Continued Fraction — Modular Properties 


(1+ v5) f(—a’) 
II (iepagt 92") II (agg), 


n odd n even 
(1— v5) f(-¢’) 
II (1 —ag” + q’") II (1+ Bq" +2"): 


(i) 9(q) + V59(q°) = 


(ii) 9(q) — V5¢(q°) = 


n even n odd 
iii *) + qv5y(q"°) = f(a) 
NE) PN) I] @t+ea" +4") [] G- 6a" +07") 
n odd n odd 
iy 2) 4/5 10) _ f(-4) : 
(iv) w(a?) — av54(q"") I] G—oa" +o") T[ +50" +0") 
n odd n odd 


Proof of (i). Let ¢ = exp(2mi/5). Then ¢ + ¢* = —a and (24+ ¢3 = —£. 
Hence, 


1 — ag” +g?” = (1+ ¢q")(1 + C49"), (1.7.3) 
1— Bq? +9?" = (1+ C7q")(1 + Ca”). (1.7.4) 
Since 8 — a = V5, by (1.1.6), 
=~ 5 (q: q) (q; ae 
Oe a (=4; Doo Pos 
CHES er ae a Ge 
(=; Doo ae dH — 


(—Cai d)oo( C74 doo C454) a ae! meee 


2 
feeneey the right side of (1.7.5) becomes 


_ (Gx (1+ OG oe (67s g)00(6745 @oo(6"45 @)o0 
1 
1 +) 


(aa) CLE Qt 2)(C a) co (C7: Doo (C245 Doo (C40: doo 

Gage ok GDF ool—C a: doal-C Da =) 

ado MCMC Ca) + (C4 CHO + MFR, Ca F(-C2, -C8a) 
(—9; d) 00 cae fe sen) 


~ (G0 IGOEDIC,. Ca) — f(-6, Ca) F(-¢ 


? Cg ) 
(=45 Doo TIGRE 
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by Jacobi’s triple product identity, Lemma 1.2.2, and the fact a+ = 1. From 
(61, p. 45, Entry 29 (ii)] and Lemma 1.2.2, we see that 


(aes 2CCECUHGC Ee) 
(-Gao f(¢,¢*a)f(C?, Ca) 
G3 )00(973.97) (—6 7) o0(— OG Poe (—€745 9? )o0(—6407; Joo 


9(—q) + V5y(-¢°) = 


( C34 

(=43 9) 00(G9)o — (—€5 2) 00(— 673 D00(— C7 GP) c0(— 674; Boo 
@ (PIP Joo (=C0"s Poo (= CG G")oo(= C74 Poo (=C80" Poe 

(1+ ¢7) (—C4; 9) 00(—€7G Doo(-—CG Doo(-—C7G Doo 

Since ¢/(1+ ¢7) = (€+¢7') 1 = (¢+¢4)! = -1/a, we find that 
o(-q) + V5¢(—¢") 
_ 2 (ae Jas 
& (=C9; 4*)o0(=—67 97.97) 00(— C7 475 oo (= 674; 7) 00 


= (1+ v5) f(-q’) 
(—€9; ¢7)00(— 6745 7 )o0(—€7 07} 97) 00(—€7 95 4) 00 
[] @-e9" +") J] @- 8a" +07") ai 


n odd n even 


by (1.7.3) and (1.7.4). We complete the proof of (i) by replacing g by —q on 
both sides. 


Proof of (ii). By Euler’s identity (1.6.8), 


(—9 39 oo (G3 doo 1 


(=G 97 )oo (GG? )oo (C45 9) 00 (674; — a) 00 (C743 — 9) 00 (6445 —G)o0 | 
(1.7.7) 
Using (1.7.6) with ¢ replaced by —gq, (1.7.7), (1.7.3), and (1.7.4), we deduce 
from Theorem 1.6.1(i) and (1.1.9) that 


5 2 G ?; es 1 
(a) — V5e(q°) = —4f?(-¢”) Cas (aea| 
ay CGO eH C Pid lola Ca ae Ca les 
SNE (64; —@) 00 (674; —@) 00 (674; —@) 00 (679; —@) 00 
- (1 — v5) f(-¢”) 
COP OEG) Meee amr ar lc 
= (1 — v5) f(-¢") 
I] G@-ea" +e") J] G+ 6a" +2") 


n even n odd 
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Proof of (iii). Using (1.7.1) and subtracting (1.7.6) from (i) yields 


4qp(q*) + 4V5q°W(q"’) = (v(@) — o(-4)) + V5(e(9°) - 9(-4°)) 
= rt 
(= C7075 7 )o0(-—C7 975 Goo 
1 1 
Cs a Jes C GP )o (- ae es) 
dee 


23(¢ 
 (=€7 07527 )oo Ce CU x 
. (cs bine? Veal oe *Vo0 — (645. 9? oo (649; T=) 
(679°; @*)00(¢7 97; 9" )oo 
28 (Agee She <2) 
(SC ard") asl 67a" pa") (ere aay er 
by Jacobi’s triple product identity, Lemma 1.2.2. Thus using Jacobi’s triple 


product identity in the second equality below, we deduce from [61, p. 46, 
Entry 30 (iii)] that 


4qv(q°) + 4V5q? v(q"") 
_ 29 ( acaf(C?,C2a*) ) 
SOO loss Poo MOP les COe Ves 


_ 4BCq(—C?; goo Ge Glee CR ee 
(=O P53 P)oo(- C0? 4 x(a Tee (CP a a 
PG 1a rol eo 80 (G8 és 
ere PaO Da CA Pah Pa 


=e Poca’ 


since €+ ¢4 = —a and a@ = —1. Dividing both sides by 4q, replacing q by 
q'/4, and using (1.7.3) and (1.7.4), we deduce that 


2 10, (= 67975 @7)c0(— 6797; 47) 00(97 97) 06 
Te ee = (C9397) 00(—674; @)00(—C7 45 @) 00 (6445 97 Joo 
(a; 


=. aa 
© (6434) 00(— C7; 4” o0(— 645 97) 00 (C445 4) 00 
= f(-) 
I] @+eq" +0") [J G- 6a" +") 
n odd n odd 


which proves (iii). 
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Proof of (iv). The proof of (iv) is similar to that of (ii). Use Theorem 
1.6.1(ii) with q replaced by q?, (1.1.9), (iii), (1.7.3), and (1.7.4) to find that 


2 10 2 2 (973") 00 1 
v(q ) -qv5w(q )=f"(-4 \q. gy. zecens) 
= f(-92) q )oo(—C7G; 4 )oo(— C74 9") 00 (67; 9) 00 
PCa a olde a ead a ls 

= f(-) 
(—C45 97) 00 (674 47) 00 (C75 4”) 00 (— 670; 4”) oo 

7 f(-?) 
I] @-ea" +0") [J] G+ 6a" 4+") 
n odd n odd 


as desired. 


1.8 Identities Involving the Parameter k = R(q)R?(q’) 


Recall again that R(q) denotes the Rogers-Ramanujan continued fraction. In 
his notebooks [227, p. 362], Ramanujan introduced the parameter 


k = R(qg)R?(7’) 


and asserted that 


R°(q)=k eS) and = R°(q?) = k? (=) (1.8.1) 


For proofs of (1.8.1), see [39, Entry 24] or [63, pp. 12-14, Entry 1(i)]. See also 
Entry 2.6.2 in Chapter 2. To prove the several identities involving k stated by 
Ramanujan in his lost notebook, we need the following relations between the 
Rogers—Ramanujan continued fraction and theta functions. 


Entry 1.8.1 (p. 26). Let w := w(q) := R(q)R(q*) and v := v(q) = 
R?(q'/?) R(q)/R(q?). Then 


(i) o(q) _1l+ph 
gq) law 

(ii) vq) _ itv 
Vw(@) 1-v 


Only the first identity is in the lost notebook; the second is its analogue, 
but it is not found in Ramanujan’s work. 
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Proof of (i). From Entry 1.7.1(i), (ii) and (1.1.2), we have 


5. OP D= 0) _ 2af G9) i (Go 
'  g(g)+9(a?) = 2f (a4) Cx ae a" Te 
(=e a (=—Cse ale ie ele a og ae as 


q 
=q 
a F)o0(— 0s gang gana aaa A Oia a 


where we have used Jacobi’s triple product identity, Lemma 1.2.2, in the last 
equality above. For convenience, define 


n 
(@ij03).tyGni des = | [aisa)es: 


k=1 
Then, from above 
gu ACES G5 F Joo (=9° = 95g o0(= 9", P34" )o0(= 4°, 9° goo 
(age ax (= a — Vig ool asd ool—P TO )ee 
- (Gor xa it Joo (4 P oo(=9°s Goold )oo(T i doe 
(P0730 oo (—¢ Pa (075 Jal ia” \eolasg cs 


Multiplying both the numerator and denominator above by (q;q)oo, we find 
that 


Ga Got 5 Foo (49141 G5 P)ool= P= 01 )oo (77,9759 )o0 
(P0732 oo (44°14, 15 Foo (— aa @ josl@ sd 80”) 6 
= Ge (45 9 )oo(q"; @)oo(g"5 g"°)20(9°s g")00(G7 T' o0(G* 4") 
(@ ya 3@"" Jeu la" ra" Jos Te De (rd ala a ela rg ose ya. bs 
2g Ge Hala Pe dded oa it ee 
PP elie as (Fie lala a 
G Gea? xs (a Piet (Ese xs (q"* Sie es 
Cave nCgr ere Cine Gg yg og ss 
= R(q)R(q*) 
Sg: 


Using the last equality above and the definition of S, after some very elemen- 
tary algebra, we easily deduce (i). 


Proof of (ii). Similarly, using Lemma 1.2.2 in the second equality below, we 
deduce from Entry 1.7.1(iii), (iv) and (1.1.2) that 


va’) -— aba") _ fda) (GP )o.(95 0) 
vg) +av(q°) f(a’, 4") (a Pela?) 
q 
q 


_ GP (TP Yo 1 oo(=9°; 1") 20 
(PsP ool P5V Yoo (=F T)00(— 4": G00 
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Gp ae) see ae Vee ig 
i Cavercarwrnce Bg Nexto ea 
_ R@R@) 


=v(q). 
This last equality is equivalent to (ii) with q replaced by q?. 


Entry 1.8.2 (p. 56). If k < V/5— 2, then 
yp? (—q) _ 1-4k—- k? 


(i) y*(—q°) > = k2 : 
(i) ye) _1tk—k 
qye(g) 


Proof. The condition k < \/5—2 is set in order to ensure that 1—4k—k? > 0. 
By (1.8.1) and (1.1.11), we find that 


fo(-—@) 1 fi+ky’ ie ae 
Petras (a) 
_ (l+k—k?)(1 — 4k — k?)? 
7 k(1 — k?)? 


LTE (SRR 
- k 1—k? 


If we set K = (1+k-—k?)/k, the last equality above can be written in the 


form 
f§(-q) _ ,. (K-5\" 
eral =K (53) (1.8.2) 
On the other hand, by (1.6.1) and (1.6.3), 
f(-g) — W@) ot(-d — @) (¥?(@) — 5ab?(a")\ 
(8) Wa) ee) Wa) (Fonww) oy 


Let A = w?(q)/(qw?(q°)). Then (1.8.3) may be rewritten as 
6/_ = 2 
ta) =a(3 >) . (1.8.4) 
af? (-@) A-1 
So, from (1.8.2) and (1.8.4), we conclude that \ = K, and so we have proved 
both (i) and (ii), because 


(1.8.5) 


—5 —5  1-4k-k* 
1 1 


es 
~ K- 1-k? 
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In the following two entries, with some minor errors of Ramanujan cor- 


rected, we express R(q!/?) and R(q*) in terms of k. 


Set « = R(q'/?), u= R(q), v = R(q?), and w = R(q*). Then k = wv?. 


Entry 1.8.3 (p. 56). If k < V/5— 2, then 


k1/10(4 4s ky (1 -. k) 1/5 
VR + V1 +R 
Proof. Entry 1.8.1(ii) and Entry 1.8.2(ii) imply that 


1+k—-k uta7u 
ko 2 


VU-xXu 


R(q'/?) 


Solving this equality for x? using the quadratic formula, we obtain 
g y g 


>  uv(1+2k— k?) + QuvV/k(1 + k — k?) 
uC = , 
(1 — k?)u? 


Using (1.8.1), we deduce that 


gine pvot(L+ kk?) +k} +2 k(1 +k — k?) 
(1+ k)?/5(1 — k)8/ 


Thus, 
p= kite Y1lt+tk—k2tvk 


(1+) (1—k)4/>" 


since k < 1. But 


u= RQ) = | 


gi>  q F 


for small values of g. Hence, 
x = R(q'/*) ~ g/1°(1 — fa) 


and 
k = we? x q(1— 4) 


for small values of g. Thus, by (1.8.6) and (1.8.9), we find that 


(1.8.6) 


(1.8.7) 


(1.8.8) 


(1.8.9) 


c= R(q'/?) ~ ki/10(4 3h Vk) ~ ged = gy hs Vall _ q)'/?) 


for small values of g. Therefore, we conclude, by (1.8.6) and (1.8.8) that 


,1/10 V1+k—-k?-Vk kM 4 84/51 — kb) 
C= = : 


(+k a—Ke | tk Rive 


which completes the proof. 
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Entry 1.8.4 (p. 56). We have 


ieee 2K4/5 
+ (/1 — k2 + /1 — 4k — k?) 
In the lost notebook, the factor ((1 — k)/(1 + k))1/1° is missing. 


Proof. Recall from (1.5.1) that 


w— uv 


2 
wWw+u 


= uw. (1.8.10) 


Since k = uv”, solving (1.8.10) for w yields 


goes ce RP — dude ee 


By (1.8.1), the equality (1.8.11) becomes 


monae (1—k){1+ 1 —4k(1 — k?2)-1} 
DRA Ry ee) ee 
— L£1—4k(1 — k2)-1 
~ 2kV5(1 — k)78/5(1 +k) 2? 
_ V1l—k+ V/A —k) —4k 
= 2kV5(1 a k)~ 1/10 (q ik x) 1/10 
(1- Rye 94/5 


= , (1.8.12) 
(L+k)/° \/] —k2 = V1 — 4k — ki? 


Since both R(q*) and k approach 0 as q does, we have to take the positive 
sign in the denominator on the far right side of (1.8.12). This completes the 
proof. 


Entry 1.8.5 (p. 53). If k < V/5— 2, then 


k (1+k-k\° 

(i) = (A) = 4(—-4;9) 3s; 
a kV 1+k—-F 

(ii) (3) ape i 


Let A(r) denote the discriminant function defined by 
A(r) = 4(43.4)25; 


where gq = e€ and Im 7 > 0. Using the definition of A, we can easily see 
that the identities in Entry 1.8.5 are representations of certain quotients of 
A’s in terms of k, namely, 


2TiT 
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k ee 
1k Ad 4-8} AL) 


and 


k \? 1+k-k _ A(107) 
tay Peake Abr. 
respectively, where g = e?™*7 and Im rt > 0. 
Proof. Let k, = k(—q). Then Entry 1.8.2(i) implies that 
eg) _,_ _4he 
275) 2° 
g(a) 1—k, 


Thus, from Ramanujan’s notebooks [61, p. 288, Entry 14(ii)], when /a and 
/6 denote moduli in a modular equation of degree 5, 


2 5 
4a(1—a) = zene (Sa) (1.8.13) 


~ 1-k? \1—4k,/(1 — 2) 
om RON 2 Oh Ae) 
00-8 (—a) (ais) O88 
Simplifying (1.8.13) and (1.8.14), we arrive at 
2\5 
eal a) = ip (Es) (1.8.15) 
= 1 ke \° (1+k—k2 
-=5A(1 - 8) = (3) (Es). (1.8.16) 


Using the equality 


8 
(a) = att ~a), 


easily derived from results in Ramanujan’s notebooks [61, p. 122, Entry 10(i); 
p. 123, Entry 11(ii)], the fact that 


x(q) = ae (1.8.17) 


which is also found in the notebooks [61, p. 39, Entry 24(iii)], (1.1.9), and 
Euler’s identity (1.6.8), we find that 


8 
aol -aj=q (2) = ox(q) ™ = a(as—a)3 (1.8.18) 
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and, similarly, 
1 
7g Olt - 8) = P@i-@)- (1.8.19) 


Therefore, combining (1.8.15) and (1.8.18) yields (i), and combining (1.8.16) 
and (1.8.19) creates (ii) with q replaced by —q in both cases. 


In a similar way, we can derive an analogue to the entry above for 
R(q)R(q*). This result is not found in the lost notebook. 


Theorem 1.8.1. /f 4 = R(q)R(q*), as in Entry 1.8.1, and q = e?™"", where 
Im tT > 0, then 


lu (icine) q ___ A(2r) 
(1—p)? \1+2u+ p? Gages Arr 
( ll ae _  @ _ __ A(10r) 
(l—p)?J 14+2utp? — (—g?;q'°)28 ACS +57)’ 
Proof. By Entry 1.8.1(i), 
e@) 1, 4 
y*(q°) (1p)? 


The remainder of the proof is similar to that for Entry 1.8.5. 


1.9 Other Representations of Theta Functions Involving 
R(q) 


The identities in the following two entries are not related to the parameter k. 
However, we use properties of & proved in the previous section to prove these 
theorems. The identities in Entry 1.9.1 are modified and completed forms of 
Ramanujan’s incomplete statements on page 209 in the lost notebook. 


Entry 1.9.1 (p. 209). We have 


4/8 
PIE) 224 2 sce (1.9.1) 
y(—9°) 
where for \1 = y(—q)/y(—-4@*), 
al 
Uv, = (1.9.2) 
* RG) 
Are yee sd (1.9.3) 
=? 2 R?(q’) - 
Masa] eas 


eye R(q) (1.9.4) 
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and 
Vi = (1. + 1) R(q’) (1.9.5) 
eT tea PE DAE ko 
= 5 R?(q’) (1.9.6) 
(AP = 3) = 4/4 = 202 45 
oes see Bs, (1.9.7) 
2 R(q) 


Moreover, U;V, = r? —1 and 
OPEV? So OES Hoy a 100g — (1.9.8) 


Proof. We begin with a result from Ramanujan’s notebooks [61, p. 265, Entry 
11(i)], namely, 
g(-¢*) = 9(-g) 4 Po +49, (1.9.9) 


where pi!/> = —2q'/5 f(—q?, —q7) and v\/> = 2q4/5 f(—¢, —q®). Dividing both 
sides of (1.9.9) by y(—q°) yields 


o(-a!*) _ 2a fa? a") | 2a"! F(-a, -9°) 
y(-4@) y(-4@) y(-4@) 
Hence, there exist functions U; and V; such that 
das 
p( a ey ay 
y(—q") 
and moreover, we have shown that 
1/5 dg f(a mar 
er ie, q') (1.9.10) 
y(—q") y(—q") 


and 
vil ag*/® F(—g, —¢°) 


Vi= (1.9.11) 
(—4”) (—4”) 
Utilizing Entry 1.7.1(ii) in (1.9.10), we find that 
U, = RU qt) 2 — 9(—-@") are t 
(—4’) R(q’)’ 
and this completes the proof of (1.9.2). 
Next, Entry 1.8.2(i) implies that 
1 — 4k — k? 
oi ney (1.9.12) 


1—k? 
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and solving (1.9.12) for k, we deduce that 


ets 2—4/AP —2AT +5 


v-1 


(1.9.13) 


To resolve the sign ambiguity in deducing (1.9.13), we used the facts that k 
and A, approach 0 and 1, respectively, as g approaches 0. Now applying Entry 
1.8.4 and (1.9.12) to (1.9.2), we find that 


(1+ k)1/10 (v1 a Ride K?) 


Uy = (Ar — 1) 2K4/5(1 = yi 
a ay (1+ k)/194/1 — k? 
= (A; = 1) 


2k4/5 (1 _ pee 
(1+ k)8/5(1 — k)?/> 
2K4/5 


= ee) ( ae 


= ee (1.9.14) 


= (Aj - 1) 


where the last equality above is deduced from (1.8.1). Using (1.9.12), we now 
easily deduce (1.9.3) from (1.9.14). Furthermore, we find that 


Sea GE = Ne eG 
U, = R(q)k7' 5 ‘ (1.9.15) 
by (1.9.3) and the definition of k. Hence, by (1.9.13), (1.9.4) immediately 
follows from (1.9.15). 


For the formulas for V,, first apply Entry 1.7.1(i) to (1.9.11). Then we find 
that 


-a + 9(-¢ 
vy = Rg PO FECT) _ a, + RCW) 
o(-@) 
which proves (1.9.5). Therefore, upon multiplying (1.9.2) and (1.9.5), we find 
that 


UV, = r3 = 1. (1.9.16) 


Dividing (1.9.3) and (1.9.4) by A? — 1 and using (1.9.16), we obtain (1.9.6) 
and (1.9.7), respectively. So it remains to prove (1.9.8). By (1.9.10), (1.9.11), 
and a formula for 4 + v found in Ramanujan’s notebooks [61, p. 265, Entry 
11(i)], namely, 


2 a AZ ( Ad 
Brv= ae {p*(q) — 47(q)v7(4°) + 11y*(@°)}, 
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we find that 

pty 

y’(—q°) 

= (y*(—a) — 4¢7(—@)y?(—9°) + 11y*(—-¢°)) 


= {ecg ece)} fer q) — 49° (a) e"( vit uee)} 
"(—-4") g*(-g 


UP+V? = 


= (A? —1)(At — 447 +11) 
= (A? — 1)((2 = 1)? — 207 + 10) 
= (A? = 1)? — 247(A2 = 1) + 10(A7 — 1). 


Entry 1.9.2 (p. 209). We have 


1/5 
cde ) i ie Ve (1.9.17) 
qq?) 
where for 2 = v(q)//ab(a"), 
Mat 
Uz = Re?) (1.9.18) 
Me Tea Ae = O25 
ae: > * — R2(q) (1.9.19) 
M34 4/A$ -— 22 +5 
aes = * — R(q?) (1.9.20) 
and 
Vo = (2 +: 1)R(q/?) (1.9.21) 
MB 1 4/ Ag = 222 +5 
mee —— i (1.9.22) 
2 R*(q) 
(AZ — 3) + 4/A$ — 202 +5 
ena eae) 7 (1.9.23) 
2 R(T) 
Moreover, U2V2 = Ne —1 and 
Us + Ve = (AG = 1)? = 24207 = 1) +. 10002 — 1). (1.9.24) 


Proof. We only sketch the proofs of the identities in this entry, since they are 
similar to the proofs of the identities of Entry 1.9.1. 
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Use the identity [61, p. 265, Entry 11(ii)] 


gu?) = Pu?) +? +0, (1.9.25) 
where pl/5 = q'/40 f(q?, q3) and 1/5 = q9/*° f(q, q*), to prove that 
1/5 
ave =1+U2+Va, 
qq") 
where 44 4 
je ia) ae ee BiCeD (1.9.26) 
g’'°w(q’) gq’ W(@) 


To obtain (1.9.18) and (1.9.21), we apply Entries 1.7.1(iv), (iii), with q re- 
placed by q!/?, to the equalities of (1.9.26), respectively. 
Next, 
1+k—k* 
k o] 
which follows from Entry 1.8.2(ii). Solving (1.9.27) for k, we find that 


(1 — A3) + 4/A$ — 243 +5 
k= ‘ 
2 
since k > 0 for q > 0. Utilize Entry 1.8.3, (1.9.27), (1.8.1), and (1.9.28), in the 


given order, to obtain (1.9.19) from (1.9.18). From (1.8.1), we easily deduce 
that 


= (1.9.27) 


(1.9.28) 


7 »1l-k 
R@=RO TE 
Equality (1.9.20) is deduced from (1.9.19) by applying (1.9.29) and (1.9.28). 
Upon multiplying (1.9.18) and (1.9.21), we see that UzV2 = \3—1. Therefore, 
(1.9.22) and (1.9.23) follow from (1.9.19) and (1.9.20), respectively. Lastly, 
(1.9.24) is another form of an identity from Ramanujan’s notebooks [61, p. 265, 
Entry 11(ii)]. 


(1.9.29) 


Entry 1.9.3 (p. 53). [fu = R(q) and v = R(q?), then 


w(qi*) 1a? UE ae 
3/5,;(,3) oe 
PPu@) woe 
Proof. We find from (1.9.20) and (1.9.23) in Entry 1.9.2 that 


1/5 
a AC a ee a (1.9.30) 


g(a?) 


1—-k 44-3 4+4/A$- 242 +5 
: a: (1.9.31) 


By (1.9.28), 
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—(A3 — 3) + 4/A$ — 243 +5 
ipo? siamese (1.9.32) 


2 
Since k = uv”, from (1.9.20) and (1.9.31) we find that 


and 


1—-k 1— uw? 
Us = v= “ ’ 
k wu 


and also, by (1.9.23) and (1.9.32), we find that 


y,-Ltk _liw? 


UV UV 


Using the last two equalities in (1.9.30), we complete the proof. 


1.10 Explicit Formulas Arising from (1.1.11) 


In this last section of the chapter, we prove two formulas for R(q), one in 
terms of R(q?), the other in terms of R(q*), found on page 205 in the lost 
notebook. These formulas were stated without proof in [78] and proved for 
the first time by Sohn [253]. 


Entry 1.10.1 (p. 205). Let w = exp(27i/3), u = R(q), and v = R(q’). If 


FAS@) 1 
R= — 11 —w°, 1.10.1 
Vara) Vib ee 
then 
1/3 1/3 
—3y = wt+w (u® + 18u + 3iuv3 R) +w? (u° +18u — 3iuv3 R) : 
(1.10.2) 
If 
Pa 1 
= = 11 5 1.10. 
- gP(=e") e Be aa 
then 


are: 1/3 
1 (5 oe =n) (1.10.4) 
VU 
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Entry 1.10.2 (p. 205). Let w = exp(27i/3), u = R(q), and v = R(q°). If 


/3 
; f?(—¢@°) 1 5 : 
R:= aF2(—q") =e ll—-v ; (1.10.5) 
then 
1 1 8+4R 1 8+ 4Rw 1 8+ 4Rw? 
a v3 \3 v +4 v +4 a] ee 
If 
/3 
; f?(—@) 1 5 , 
R:= G5 F2—@8) sath ll-wu ; (1.10.7) 
then 


4y = u? — V/u8 + u(8 + 4R) + V/u8 + u(8 + 4Rw) + us + u(8 + 4Rw?), 
(1.10.8) 


Lemma 1.10.1. If R is defined by (1.10.5), then 


‘E 8+ 4Rw 12 8+4Rw? 
v8 v ~~ V v6 v 
2 16 4 1 4 1 4Rw? 
_ ,— 4 MB an ( : as ~) ( : eee ) (1.10.9) 
\e UV Vv UV V VU UV UV UV 


2 16 4R i BY i. - 8\-74R 16R? 
OM 6. og) Rae AN Ee ty ge sue 
\e UV Vv V UV UV UV Vv VU 


(1.10.10) 


2 16 4R (2 [1 4k 8 8(1—-R+2°) 
+ 3 FA ? 
ve Vu v Vv vV1— 8v® — 4Rv® 
(1.10.11) 


Proof. To prove the first equality, we use the property Va + vb = 


Va+b+2Vab. Next, (1.10.10) is just a rewritten form of (1.10.9). Thirdly, 
we can verify (after a long and tedious calculation) that 


uv? V v6 v v v1 — 8v® — 4Rv® 


i, «By? 1 8\/4R\ 16R? 
ve oy ve oy v v2 


2 
E 1 4k 8 an 
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In a neighborhood of the origin, the dominant term on each side is 4/v!”, and 
so upon taking the square root of each side, we find that 


2/1 4R 8 8(1 — R+ 2v°) 
v3 V v® v Vv vV1—8v? — 4Rv® 


which proves (1.10.11). 


Lemma 1.10.2. Let a, b, c, and d be any real numbers, and let w denote a 
primitive cube root of unity. If /a+ bw = c+di, then Va+t bw? = c— di. 


Proof. Let w = exp(27i/3). Then 


bb bY 3i 
Vat bu = Oi VB ot di 


So 
b 
ares = — d? +4 2cdi. 


ar ae ie 


b 
Hence oe —d = 2cd. Now 


c—di= Vc? — d* — 2cdi = ay = Vat bw’, 


which proves the second equality. The proof is similar if w = exp(477/3). 


Lemma 1.10.3. Let a, b, c, and d be any real numbers and assume that we 
consider only principal arguments. If a+ bi = c+ di, then Va— bi = c—di. 


Proof. Let Wa+bi = c+ di. Then 
a+bi= (c+ di)? = c3 — 3cd? + (3c7d — d*) i. 


Hence a = c? — 3cd? and 6 = 3c?d — d?. Therefore 


a—bi=c —3cd? — (8e7d—d?) i= (c—di)®. 


Since we consider only the principal argument, Wa — bi = c—di, which proves 
the lemma. 


Proof of Entry 1.10.2. To prove (1.10.6) and (1.10.8), we use Ramanujan’s 
modular equation relating u = R(q) and v = R(q°), namely, 


(v — u®)(1+ uv?) = 3u?v?, (1.10.12) 
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which is found on page 321 in Ramanujan’s second notebook [227]; see [39, 
p. 27, Entry 20] and [63, p. 17, Entry 3]. It is also on page 365 in the publication 
of his lost notebook [228]; see Entry 3.2.11 in Chapter 3 of this book. The 
only two proofs in the literature are due to Rogers [236] and Yi [299]. Observe 
that (1.10.12) is quartic in each of u and v. We thus use Ferrari’s method 
(277, pp. 94-96] to solve for each of u and v. From (1.10.12), 


veut + u? + 8u2u? — v4u— uv = 0, (1.10.13) 


uv’ — uty? — 3u20? + — v3 = 0. (1.10.14) 


Considering (1.10.13) as a quartic equation in u, we rewrite it in the form 


1 1 
44 ee eae = 0, (1.10.15) 


vs v v 


First, we briefly explain Ferrari’s method. To solve the quartic equation 
c++ pet qe? +re+s=0, (1.10.16) 
we first determine a, b, and & such that 
z+ pa? + qa? +rx+s+ (ax +b)? = (a2 + sf + k) ; (1.10.17) 
The determination of a, b, and k is accomplished by equating the coefficients 


of like powers of x in the first and second members of (1.10.17). This leads to 
the relations 


a+q = ok + 2, 
Sails: oc (1.10.18) 
P+s = k?. 
Hence, 
(kp — r)? = 4a7b? = 4 (2% + i - a) (k? — 8), 
or 
Be 5h + (er —4s)k + «(4s — ps — 7?) =0. (1.10.19) 


We find k by solving the equation (1.10.19), and then determining a and b by 
substituting this value k in (1.10.18). Note that it is not necessary to find all 
the roots of (1.10.19), since any one will suffice. Now upon adding (az + b)? 
to both sides of (1.10.16), an equation is obtained in which both members are 
perfect squares. More precisely, 


(«? + 52 + k) = (ax +b)’. 


Therefore, 
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2.2 = 2,P _ 
ae +5ttk=ax+b or x +5tt+k=—az— 6, (1.10.20) 


and the four roots of (1.10.16) can be found by solving the quadratic equations 
(1.10.20). From (1.10.20), 


w+ (b-a)r+k-b=0 or a+ (E+a)etk+b=0. 


The solutions are, respectively, 


—p+ 2a+ \/p? — 4pa + 4a? — 16k + 16d 
4 


and 


—p—2a+ ./p? + 4pa + 4a? — 16k — 16d 
i 
Therefore, the solutions of (1.10.15) have the forms, 


4u, = —p+2a+ Jp 4a? — 16k — 4pa + 168, 
du, =—p+2a— /p? + 4a? — 16k — 4pat 1 
ug = —pt 2a — y/p? + 4a — 16k — dpa + 168, (1.10.21) 
4ug = —p—2a+ y/p? + 4a? — 16k + 4pa — 16b, 
4u, = —p— 2a— /p? + 4a? — 16k + 4pa — 16b. 


Now we solve the quartic equation (1.10.15) by using the same steps as ex- 
plained above. In (1.10.16), 


p=—z, G=-, rTr=-v, and s=—-—. (1.10.22) 


1 aes ae 
= k3 3 52 | a ( + ) =o. (1.10.23) 


To solve the cubic equation (1.10.23), we use Cardan’s formulas, i.e., if 
x +ca?+dx+f=0, (1.10.24) 


then (1.10.24) has the three roots, 


0, =-4ce+ WA+ VB, 
0, = —tet+twVA+u?VB, (1.10.25) 
03 =—-he+uw*VA+wVB, 


where w = exp(277/3), 
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2 3 2 3 
g g ih g g fh 
A= d B= 1.10.26 
5 Vg Pog? 38 2 4° 97? ( ) 
with : 3 , 
C 2c c 
—f-—+— ad p=d-—. 1.10.27 
g9=f- z+ 57 an 3 ( ) 
Thus, from (1.10.23), in the notation (1.10.24), 
3 3 tf 1. 1 , 
2 = a ee i ee 1.10.2 
c By d iy? and =f s(-3+4 *) (1.10.28) 
Then from (1.10.27), 
i ey oss | 
h=0 and g=—(-[+—-v’}. (1.10.29) 
8 ve V8 


Thus, from (1.10.26), A = 0 and B = ~g. Therefore, from (1.10.25) and 
(1.10.29), 


c % dened . 71 us 
ky =--+?7B= 2 
: 3 20 2 ( v3 7 v8 i ) j 
i. Pil cste Gt us 
is & = + w2Y/B = m w(-S+a (1.10.30) 
/3 
Cag de i. <A ti. = ey 
So hae = 
ks 3 = Qu 5+ ( 3 78 ‘ 


Now we can take k to be either k,,k2, or k3. Take k = k,. Recalling the 
definition of R in (1.10.5), we have, by (1.10.30), 


1 R 
Ska SoS. 1.10.31 
k=ky 5a OG (1.10.31) 


Now determine a and 6 by using (1.10.18). From the first equation of (1.10.18), 
(1.10.31), and (1.10.22), 


2 1 R 1/1 3 1 R 
7 a 4 Z Qu _2v 4 \ ve vy Av® y 


Choose 


a= Se (1.10.32) 
(We can choose a to be either positive or negative, but once the sign of a is 
determined, the sign of b should satisfy (1.10.18).) From the second equation 
of (1.10.18), (1.10.31), (1.10.22), and (1.10.32), 
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_ 1— R+2v> 
QuV1 — 8v® — 4Rv? 


Now return to (1.10.21). By (1.10.32), (1.10.22), (1.10.31), and (1.10.33), 


(1.10.33) 


asa ee, (1.10.34) 


216 | 4k 
p’ + 4a” — 16k = mer (1.10.35) 
U 


4 8(1— R+2v° 
4pa — 16b = - aa = Peay (1.10.36) 
vv 1 — 8v® — 4Rv° 


Hence, from (1.10.21), (1.10.22), (1.10.34), (1.10.35), and (1.10.36), 


1 1 4 
4uy = + 8 a 


2 16 4R 2/1 8 4R  8(1—R+2v°) 
+ + ’ 
v& ov v vVve vy ov oy V/T = 805 — 4 Rv 


4ug => + 


2 16 4R 2/1 8 4R  8(1—R+2v°) 
+ + ; 
v& ov vu vVv vy ov yV/T = 805 —4Rv® 


ee 1 8 AR 
v3 ve ov v 
2 16 4R 2/1 8 4R  8(1—-R+2v°) 
+ cee 
ve ov vu wVv vioov v1 — 8v® — 4Rv5 
1 1 8 4R 
oa 3 ve ov v 


2 16 4R 2/1 8 4R  8(1—-R+2°) 
+ : 
ve oy Vv ve Vve  y Uv uv 1 — 8v® — 4Rv? 


After applying Lemma 1.10.1 above, we find that 
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4 _ 1 1 8 4R rs 1 8+ 4Rw i 1 8+ 4Ruw? 
ee vw Vue vu v vy v yo v , 
4 = 1 1 8 4R 1 8+ 4Rw / 1 8+ 4Ruw? 
3S vw Vue vu v vy v “ V y6 v ; 
4 _ 1 1 8 4R " 1 8+ 4Rw i 1 8+ 4Ruw? 
oS ys ve oy v ye v “V6 v , 
4 - 1 1 8 4R 1 8+ 4Rw / 1 8+ 4Ruw? 
a ys ve oy v vy v yo , 


v 
(1.10.37) 

Now consider the discriminant of the quartic equation (1.10.15). By 
(1.10.30) and (1.10.5), 


1 
ky = au = a 
v 
kg = = — —w?, (1.10.38) 
ny R 
3 Oy Qu” 
Hence, after a long calculation, we see that the discriminant D is given by 
27: R° 
D = 64(k, — k2)?(ky — k3)?(k2 — kg)? = — a 


a negative real number. Therefore, we know that there are two distinct real 
roots and two conjugate complex roots. Hence, from (1.10.37), after applying 


1 8+4R 
Lemma 1.10.2 with 4/— — =" = 5 +iy , we find that 
Vv Vv 
i... Jae. _ aR 
4u, =-=4+ ; + 2ty, 
Vv VU Vv Vv 
1 1 8 4R 
Hig: et ee Vie, 
v ye ov iv 1.10.39 
1 [384k ( ) 
4u30 = z 5 + 2a, 
Vv U Vv U 
1 18 4R 
4u, = = 7 2a: 
Vv U Vv Vv 


Now it is obvious that u; and uz are the conjugate imaginary roots and uz 
and u, are the two real roots. Thus, one of u3 and wy, is the solution. Now 
observe that as q — OT, 


R 
u=O('), v=O(g"?), R=O(q""), and —=O(G"*). 


Therefore, as q > 0*, we find that u > 0*,v — 07, and R/v > +oco. 
Hence, if w = exp(27i/3), then 1/v® — (8 +4Rw)/v, is in the fourth quadrant. 
Therefore, if we take the principal argument, i.e., —7 <0 < 7, then 
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lies in the fourth quadrant, but 1/v® is the dominant term, and so as g > 07, 
x — +00 and y > 07. Now u > 0, but from (1.10.39), the expression for 4u4 
approaches —oo as q > 0+. Hence ug is not a solution. Therefore u3 must be 
the correct solution, as Ramanujan claimed. 

Now we establish the second part of Entry 1.10.2. To prove (1.10.8), write 
(1.10.14) as 


vt — uv? — 3uv? + 2 — uv? =0. (1.10.40) 
U 


Observe that (1.10.40) can be obtained by replacing u by v, and v by —1/u 
in (1.10.15). Hence, from (1.10.37), if R is defined by (1.10.7), we find that 
the four roots of (1.10.40) are 


dv, =u? + uo + 8ut 4uR + uo + 4u(2 + Rw) — V/uS + 4u(2 + Rw?), 
Avg = ue + V/uS + 8u+ 4uR— /uS + 4u(2 + Rw) + uo + 4u(2 + Rw?), 
4u3 = u? — V/u8 + 8u+ 4uR + v/uo + 4u(2+ Rw) + v/uo + 4u(2+ Rw?), 
dog = u? — V/u8 + 8u + 4uR — /u® + 4u(2 + Rw) — uo + 4u(2 + Rw). 


Using (1.10.38), replacing u by v, and v by —1/u, we find the discriminant D 
of (1.10.40) to be 


D = 64(ky — k)?(ki — k3)*(ko — kg)? = —27u°R®, 


a negative real number. Therefore, we know that there are two distinct real 
roots and two conjugate imaginary roots. If we apply Lemma 1.10.2 with 
uo + 4u(2 + Rw) = x + iy, then the roots above take the shapes 


4y, = ut Vuo + 8u + 4uR + iy, 

4vp = u3 u® + 8u + 4uR — 2iy, (1.10.41) 
4v3. = u3 u® + 8u+ 4uR + 22, e 
4ug = ud — Jue + 8u + 4uR — 2x. 


Therefore, from (1.10.41), vg and v4 are the real roots and v; and v2 are the 
conjugate imaginary roots. So one of v3, v4 is a solution. Once again, observe 
that as q > OT, 


u=O(9"*), v=O0@""), R=O(@"*), and uR=O0(q"7"). 


Thus, as gq > OT, we find that u > 0+, v > OF, and uR — +00. Hence if w = 
exp(27i/3), then u® + 8u+ 4uRw is a value in the second quadrant as q > 0°. 
Therefore, if we consider the principal argument, then /u® + 8u+4uRw = 
x +iy is a value in the first quadrant. So as g > 07, we see that x — +00 and 
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y — too. (actually V3x ~ y.) Now v > 0, but in (1.10.41) the expression 
for 4v4 approaches —oo as q — 0*. So v4 is not a solution. Therefore v3 is 
the desired solution. Ramanujan actually claimed that v4 is the solution. If 
we consider the argument 7 < @ < 37, then his claim is correct. 


Proof of Entry 1.10.1. To prove (1.10.2) and (1.10.4), we use Ramanujan’s 
modular equation relating u = R(q) and v = R(q’), given in (1.5.3). Rewrite 
(1.5.3) in the forms 

uv? + uv? —v+u? =0, (1.10.42) 

vu tu +u'u—v=0. (1.10.43) 
Note that (1.10.42) is cubic in v and (1.10.43) is cubic in u. To prove (1.10.2), 
we use Cardan’s method [277, pp. 84-86] to solve for u in terms of v, and we 
similarly employ Cardan’s method to prove (1.10.4). Considering (1.10.42) as 
a cubic equation in v, we rewrite it in the form 


1 
ve + u2v? — -vt+u=0, (1.10.44) 
U 


and we rewrite (1.10.25) as 


36, =c+ OTA + Y~97B, 
—302 =c+wW-27A4+ w? ¥—-27B, (1.10.45) 
—303 =c+w2W—-27A + wW-27B. 


By (1.10.26), 
27 279? 27 279? 
7A = > + + (3h)? and —27B= ~ ay + + (3h)3. 
(1.10.46) 
The coefficients of (1.10.44) are, in the notation (1.10.24), 
1 
c= u?, d=-—-, and 0: (1.10.47) 
u 
By (1.10.27) and (1.10.47), 
3 
3h = 3d— ce? = —— — ul (1.10.48) 
and 
27g 27f =9ed | gg 2ATFf—Med+ 2c?  27u+9ut2u® 
a go 5 = 5 =wu + 18u. 
(1.10.49) 


Hence by (1.10.46), (1.10.48), (1.10.49), and (1.10.1), 


3 3 
-27A = u® + 18u— io + 18u)? + (-2 - uw) 
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3 a 
= ue + 18u — af + 18u)? + (; + uw) 


27 
= u® +180 if 3 — 297u? — 27u7 
U 


‘Gal 
= u® + 18u — iu3V3 —-ll-u 
UU 


= u° + 18u — iu8V3R. 
Similarly, by (1.10.46), (1.10.48), (1.10.49), and (1.10.1), 


—27B = u® + 18u + iu3V3R. 
Therefore, from (1.10.45) and the calculations above, we find that 


30, =u? + V/uS + 18u — iu3V3R+ */uS + 18u + iu3V3R, 

309 = u2 +wr/uo + 18u — iuBV3R + w2 */us + 18u iu3V/3R, 

—303 = u2 +w?i/u® + 18u — iu8V3R + wr/us + 18u + iudV3R. 
(1.10.50) 


Hence, after applying Lemma 1.10.3 with Vub +18u 4+ iuB/3R = «+ iy, by 
(1.10.50), we find that 


—3v, = u? + 2a, 
—3u, = uw? — 24+ V3y, 
—303 =u? — 2 — VBy. 
Observe that as g > OT, 
“= O(q'/*), ec O(@*), R= Og /?), and uR= O(q7 3/29). 


If w = exp(27i/3), then u > 0T, v > OT, R > +00, and uR > +00 as 
q — 0+. Consequently, u® + 18u + 13\/3uR tends to a value on the positive 
imaginary axis. Hence, Vub + 18u+ iu3V3R = x+y lies in the first quadrant 
when we consider the principal argument. Therefore, as q > 0*, we find that 
x —» +00 and y — +oo. (actually x ~ V/3y.) Now the expression for —3v, 
approaches +oo, and the expression for —3v3 approaches —oo. Hence v2 is the 
correct solution. But Ramanujan claimed that v; is the correct answer. If we 
consider the argument 37 < 6 < 5a instead of the principal argument, then 
his claim is correct. 
To prove (1.10.4), we rewrite (1.10.43) as 


1 1 
w+ Su? + vu-- =0. (1.10.51) 
U U 


Observe that (1.10.51) can be obtained by replacing v by u and u by —1/v in 
(1.10.44). Hence, from (1.10.50), with R defined by (1.10.3), we find that the 
roots of (1.10.51) are given by 
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1 'E 18 OEE ls 18 3(w—w?)R 


3u, = 5 
1 ee v8 ov v v§ ov v 
a= 1 +w9f J oe CEL 18 3(w = wR 
v2 ve oy v ve ov Vv 
1 1 1 —w? 1 1 —w?)R 
ae aa 8  3(w wR if 8 3(w—w*) 
v? v§ ov v ve ev Vv 
If we apply Lemma 1.10.3 with 
3/1 18 3(w—w)R . 
6 le = UT ty, 
v v v 
then the roots above assume the shapes 
1 
—3uy = =) + 22, 
v 
1 
3u2 = oe V3y, 
v 
1 
—3u3 = 7) —a2+V3y. 
Observe that as q — 07, 
1 R 
==0¢°%), R=O0q"), and —=O(¢-""). 
v v 


If w = exp(27i/3), then as g + 0*, we see that u > 0*,v > 0*, R > +00, 
and R/v + +00. So 
1 18) 3(w —w?)R 


T 
ye v v 


lies in the first quadrant. Hence, 


E 13 3(w —w?)R 


v6 v Vv 


=ax2+ty 


resides in the first quadrant when we consider the principal argument. Now 
1/v° is the dominant term, and so as q > 0+, we find that « — +00 and 
y — 0*. The expression for —3u, approaches +oo. Hence, —3u is not a 
solution. Next, we verify that 1/v? — x — 0* as q — 0*. Now —3u3 > 07, 
and the right side of —3u3 approaches 0+ as q > 0*. Hence ug is the proper 
solution, as Ramanujan claimed. 


2 


Explicit Evaluations of the Rogers-Ramanujan 
Continued Fraction 


2.1 Introduction 


Recall that for |g| < 1, the Rogers-Ramanujan continued fraction R(q) is 
defined by 


1/5 2 3 
__ 4 q q q 
Sar ne at) 
Also define 
S(q) := —R(-q). (2.1.2) 


In this chapter, we concentrate on explicit evaluations of the Rogers-Raman- 
ujan continued fraction. In particular, we establish the evaluations on pages 
46, 204, and 210 in the lost notebook. On page 210, Ramanujan recorded a 
table of arguments and values for R(q), but most of the values were, in fact, 
omitted by Ramanujan. Evidently, Ramanujan knew that he could indeed 
find these values, but perhaps because of his terminal illness and the desire 
to discover further theorems, he did not work out the details. 
We note at the outset that two evaluations are elementary, namely, 


_ wa says 


R(1) = 5 


Ramanujan and I. Schur independently proved that R(q) converges at primi- 
tive nth roots of unity if n is not a multiple of 5; if n is a multiple of 5, they 
proved that R(q) diverges. Furthermore, in the cases of convergence, they 
explicitly evaluated R(q). See [63, pp. 35-36] for details and references. 

In his first letter to Hardy [226, p. xxvii], [81, p. 29], Ramanujan gave the 
first nonelementary evaluations of R(q), namely, 


Re) S44 2 ive am (2.1.3) 


and 
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Sle) =41 : ssa ie Hs (2.1.4) 


In his second letter letter to Hardy [226, p. xxviii], [81, p. 57], Ramanujan 
further asserted that 


R(e72"¥®) = V5 Vo+ i 


5/2 2 
i: ion (4-4) ai 


In both letters, Ramanujan claimed [226, p. xxvii], [81, pp. 29, 57], “It is always 
possible to find exactly the value of R(e~"V”).” All of the evaluations that we 
establish in this chapter are of this form or of the form $(e~7V”). Moreover, we 
shall provide a meaning for Ramanujan’s statement about R(e~7V”). Much 
of the content of this chapter can be found in a paper by Berndt, H.H. Chan, 
and L.-C. Zhang [73]. 

The first attempt to find a “uniform” method for evaluating R(q) was made 
by K.G. Ramanathan [218]. By studying the ideal class groups of imaginary 
quadratic fields with the property that each genus contains a single class, Ra- 
manathan was able to compute R(e~?*V”) and S(e~"¥”) for several rational 
numbers n using Kronecker’s limit formula. This method is quite limited in its 
applications, and not all of the values claimed by Ramanujan can be verified 
in this manner. Furthermore, Ramanujan probably did not know Kronecker’s 
limit formula, and so used different methods. 

In this chapter we present two closely related methods for explicitly de- 
termining values of the Rogers-Ramanujan continued fraction. The first uses 
modular equations, more precisely, eta-function identities discovered by Ra- 
manujan, and was first used by Berndt and Chan [67], [63, pp. 20-30] to 
establish some particular values of R(q) found in Ramanujan’s first notebook. 
The second method, which is found in the paper by Berndt, Chan, and Zhang 
[73], also uses Ramanujan’s eta-function identities, but goes further in of- 
fering general formulas for evaluating R(e~?™V”) and S(e~7V”) in terms of 
class invariants. Modular equations, in particular eta-function identities, were 
systematically employed by J. Yi [297], [298] not only to prove many of the 
evaluations found in the lost notebook but also to establish many new values 
for R(q) as well. We think that the theorems of the aforementioned authors 
provide meaning to the general claim made by Ramanujan in each of his first 
two letters to Hardy; if the requisite class invariants are known, then the 
values of R(e~?™V”) and S(e~7Y”) can be explicitly determined. 

Generally, as illustrated in (2.1.3) and (2.1.4), if we can evaluate R(e~?7V"), 
then we can also evaluate S(e~*V"), and conversely. There is another sense 
in which values come in pairs. If a, 3 > 0 and a = 7”, then, in his second 
letter to Hardy, Ramanujan [226, p. xxviii], [81, p. 57] claimed that 


(: JB +R) ( + V5 +R) _d+v5 (2.1.5) 


2 2 2 
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Thus, if we know the value of R(e~?%) for a certain number a, then by using 
(2.1.5) we can also determine R(e~2*’/“). 

We do not know Ramanujan’s methods for evaluating R(q) and S(q). How- 
ever, we conjecture that he indeed did use modular equations, in particular, 
eta-function identities. In his lost notebook, Ramanujan actually states some 
general formulas for R(q) and R(q?), which, in principal, can be used to ex- 
plicitly evaluate R(e~?™V”) and S(e~*V"). However, these formulas appear 
cumbersome to apply in most evaluations. In Section 2.5, we establish some 
requisite theta-function identities from the lost notebook, and in Section 2.6, 
we prove these general formulas. Proofs of these theorems were first published 
by S.-Y. Kang [172]. 


2.2 Explicit Evaluations Using Eta-Function Identities 


In this section we show how Ramanujan’s eta-function identities can be used to 
explicitly evaluate R(q) and S(q), defined, respectively, in (2.1.1) and (2.1.2). 


Entry 2.2.1 (p. 46). We have 


ae —(3 + V5) + 1/6(5 + V5) pax 


7 : 


The first proof of (2.2.1) was given by Ramanathan [220], who used Kro- 
necker’s limit formula. The proof we give here is due to Chan [112]. J. Yi [298, 
Corollary 3.18] has also found an elegant proof. 

We need to first recall some definitions. Let 


f(-) =(GQ0, lal <1, (2.2.2) 
where a 
(a; Q)oo = [[a — aq”), lq| <1. 
n=0 


The function f satisfies the well-known transformation formula [61, p. 43, 
Chapter 16, Entry 27(iv)] 


1 
e 72/24 F(e-™2) = wee Re z>0. (2.2.3) 


One of the most fundamental and useful properties of the Rogers-Raman- 
ujan continued fraction is the following equation for R(q), which is due to 
Ramanujan and recorded by him in Chapter 19 of his second notebook [227], 
(61, p. 84, equation (39.1)]. An especially simple and short proof has been 
given by M.D. Hirschhorn [158]. 
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Lemma 2.2.1. For |q| < 1, 


1 thee) 
Ria) R(q)-1= 5 F(—4°) (2.2.4) 
If we rewrite (2.2.4) in terms of S(q), we find that 
1 ae) 
iq 79 +3 = Sra (2.2.5) 


We also need the following modular equation of Ramanujan [62, p. 221, 
Chapter 25, Entry 62]. 


Lemma 2.2.2. Let 


5 
= 2D) and Q:= a 


(PQ)? 4 For = (2) (Z) 15, (2.2.6) 


Proof of Entry 2.2.1. Let q = e~7/¥® in Lemma 2.2.2. By (2.2.3), we deduce 
that 


Then 


iC aces) 
P= e~7/12V3 f(e-Vv3r) — 3i/4. (2.2.7) 
Similarly, 
Lone GEN) AB af) 
Q= e—5n/12V3 F(¢ —5V3n) sea fle —5V3m) (2.2.8) 
If we let 
V3n/5 
on = 0 OT (2.2.9) 


then, by (2.2.7)-(2.2.9), 


PQ= rED and e = a (2.2.10) 


Substituting (2.2.10) into Lemma 2.2.2, we find that 


eB -(B) (Bs 


which may be rewritten in the form 
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B v5\" B 5\° B V5 
(b-99-G-9 G9 
v5 B v5 B v5 B 


which implies that 
B VW : 
—-—]}-1] =0. 2.2.11 


Solving (2.2.11), we deduce that 


pee seu (2.2.12) 
From (2.2.5) it follows that 
—V/3n/5 
i ae (e-¥3")41= ev3n/s fle) (2.2.13) 
S(e-v37) f(e- Pen) 


By (2.2.9) and (2.2.12), we conclude that the right-hand side of (2.2.13) equals 
(5 + /5)/2. Solving the quadratic equation (2.2.13), we obtain (2.2.1). This 
completes the proof. 


For the next four evaluations, we shall employ another fundamental result 
about R(q) from Chapter 19 of Ramanujan’s second notebook [61, pp. 270- 
271]. (In particular, see equation (12.13) on page 270 and the definitions of yu 
and v given on page 271.) 


Lemma 2.2.3. For |q| < 1, 


as _ ps oe f°(—4) 
Bq) 11 — R°(q) = af8(<a8) (2.2.14) 


Rewriting (2.2.14) in terms of Sq), we find that 


i ayy f(a) 
(a) +11-—S°(q) = af): (2.2.15) 


Our next proof employs another eta-function identity of Ramanujan [62, 
p. 236, Entry 71). 


Lemma 2.2.4. Let 


(PQ)+5+ ops = (2) +s (Z)'+s (Z)- (2). (2.2.16) 
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Entry 2.2.2 (pp. 204, 210). We have 


S(e77/¥38) = (sv5 —7+ 4/35(5 — 25) a ; 


Proof of Entry 2.2.2. Setting 


oe Hea) 
Qu i= 1 = a (2.2.17) 


and solving (2.2.15) for S(q), we readily find that 


S(q) = (u+ ue + eae (2.2.18) 


where we took the positive root of the quadratic equation in $°(q), because 
S(q) > 0. If q = e~*/¥°, we thus see from (2.2.15) that it suffices to determine 


oe ay Sit): 


To determine the quotient above, we employ Lemma 2.2.4 with q = 
e-*/V35_ Then 


P= et /(4V35) fon and = Q =e /(4V38) ie mT) 
fleo*V7) Ke). 


Setting z = 35 and then z = \/7/5 in the transformation formula (2.2.3), 
we find that, respectively, 


(2.2.19) 


fle — 735) — (35) 1/4 el? /(12V'35) F(~ BINS) (2.2.20) 
and 
FTV Gia eR ie Ive): (2.2.21) 


Then, by (2.2.19)-(2.2.21), 


Oe) eons) FEV 80) 
~ (5/7)'/4er/ (1238) f(e- 75/7) (35) ~“M/4el77/(12V35) f(e—7/ V35) 
=a (2.2.22) 
and 
° ariel) 2 
: “irsaass |e 29°95 
= v3(« f(e-*/V35) vb (2.2.23) 


Substituting (2.2.22) and (2.2.23) into (2.2.16), we deduce that 
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19 = (V5A?)® + 5(V5.A?)? + 5(V5A?)-? — (V5A?)-3. 


Setting 2 = /5.A? — (/5A?)~!, we can rewrite the foregoing equation in the 
form 
19 = 2° + 3x+5x? + 10, 


or 


(x —1)(2 +3)? =0. 


It is not difficult to see that x is positive. Thus, x = 1 is the only viable root. 
Solving the resulting equation 


(V5A?)? — (v5A?) —1=0, 


we find that 
Gao V5 
10 
Hence, with g = eWt/V35 it follows that 
-3 
Ag) _ (5+v5\ (2.2.24) 
af°(q?) 10 
Thus, by (2.2.17), 
Qu =11 ( = i 11 2 14+ 10V5 
_— _ — _ —- = . 
5+ 75 5+ 2/5 


Using this value for u in (2.2.18), we conclude that 


1/5 
S(e77/V) = (sv5- 7+4/ (5V5 — 7)2 + i) 


which, upon simplification, yields Entry 2.2.2. 


Entry 2.2.3 (p. 210). We have 


1/ 
S(e-7V 7/9) = (-svs —7+4+4/35(5+ 25) : (2.2.25) 


Proof. We shall provide only a sketch of the proof, since the details are very 
similar to those in the proof of Entry 2.2.2. 


Let ¢q = e-*V/®, Then from (2.2.15), (2.2.17), and (2.2.18), we see that 
it suffices to evaluate 


avpre 
few =) 


However, from (2.2.20), (2.2.21), and (2.2.24), 
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oiB fle) = pe upyant e) = 125 ( 10 ie 
Se) fen) 5+ V5 


Thus, by (2.2.17), 


1 
Qu = 11 — 125 = —14—10V5. 
(5) 


The remainder of the proof follows in exactly the same way as before. 


Ramanathan [218] employed more recondite ideas to establish Entries 2.2.2 
and 2.2.3, although only Entry 2.2.3 is explicitly stated by him. Yi’s elegant 
proof [298, Corollary 4.3] of these two entries employs eta-function identities. 


Entry 2.2.4 (p. 210). We have 


1/5 
S(e-7/V3) = SEO)” (2.2.26) 


4 


Proof. To prove Entry 2.2.4, by (2.2.15), it suffices to determine 


"AG nel 
Set g= eo t/V15 | so that 
P = e"/(12v18) fle B) ae) Q = bt /(12V15) feo ia 
f(e-™v3/5) fev) 


By (2.2.3), with z = V15 and then z = \/3/5, we find that, respectively, 


f(e-™¥1) = (15)—1/4el4n/(24v15) ¢(e—7/ VT) (2.2.27) 
id flen™V3/5) = (5/3) '/4e728/(24VI8) f(g /-V5/3), (2.2.28) 
It follows that upon simplification, 
PQ = v3 (2.2.29) 
and 5 
2 ~vi(. —n/( vo | =: VBA? (2.2.30) 


Employing (2.2.29) and (2.2.30) in (2.2.6), we deduce that 
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1 
5 V5 AS — =1 
5/5 AG 


Solving for A®, we find that 
dP) ex TES 


= Ae = 2.2.31 
uC) 108 wa 
since A® > 0. Using this value in (2.2.17), we deduce that 
10/5 3 55 
2u = 11 = 
1+75 2 2 
and 
‘ 150 — 30/5 
uo+1l= : 
16 


Using these calculations in (2.2.18), we complete the proof. 


Entry 2.2.5 (p. 210). We have 


1/5 
S(e-*V 3/5) — pyar? sa oe £9) (2.2.32) 


Proof. By (2.2.15), we need to calculate 


orv35 foe tv) 
pote eee) 


A brief calculation with the use of (2.2.27) and (2.2.28) shows that 


afl (-"% Ey =e ey) 
e€ “_______“ = 125e Sa, 

f9(e-*V15) f8(e-7/V15) 
Hence, from (2.2.17) and (2.2.31), 


ph Ve 23. dvd 
v5 2 2? 


and the remainder of the proof is exactly the same as that for Entry 2.2.4. 


2u = 11 


By using Kronecker’s limit formula, Ramanathan [218] established both 
Entries 2.2.4 and 2.2.5. These entries were also proved by Yi [298, Corollary 
4.12], who used eta-function identities. Entry 2.2.5 was also elegantly estab- 
lished by N.D. Baruah [52], who used explicit values of theta functions. 

Entries 2.2.4 and 2.2.5 are not explicitly stated on page 210 of the lost 
notebook [228]; Ramanujan merely implies that he is able to calculate the 
values of these two continued fractions. 
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2.3 General Formulas for Evaluating R(e~?"V”) and 
S(e-7v”) 


In this section, we derive some general formulas for evaluating the Rogers— 
Ramanujan continued fraction. The key relations that we shall use are (2.2.4), 
(2.2.5), (2.2.14), and (2.2.15). In the next section, we shall then use these 
formulas to complete the table on page 210 of the lost notebook. The contents 
of these two sections are derived from a paper by Berndt, Chan, and Zhang 
[73]. 

For the theory in this section and Section 2.5, we need to define two theta 
functions, the function x, and the important class invariants G,, and gy, upon 
which our theory rests. Recall from Chapter 1 that the theta functions y and 
w are defined by 


= St gh a Gee 
9(q) = 29 = Ge (2.3.1) 
and 2 ae 
= k(k+1)/2 _ \U 5 Joo 
vq) : D4 aa. (2.3.2) 


(The product representations for y and w are consequences of the Jacobi 
triple product identity, Lemma 1.2.2 in Chapter 1.) Ramanujan’s function x 
is defined by 

x(—4) = (45.4")oo- (2.3.3) 


If q = e7*V”, where n is a rational number, then Ramanujan’s class invariants 
(or the Ramanujan—Weber class invariants) , G, and g,, are defined by 


Gy i= Ose RA yee) and gn := SNe ae TWP), 
(2.3.4) 


For Ramanujan’s extensive contributions to class invariants, see [63, Chapter 
34]. If 


Aas eto) 


2Fi (5,53 15a) 


a= ex ( T 
2°92) 


where 2/; denotes the ordinary hypergeometric function, then [61, p. 124, 
Entries 12(v), (vi)] 


x(q) = 2% *{a(1—a)/q}-/™ and x(q) = 2/81 — a)! (a/q) 
(2.3.5) 
It follows from (2.3.4) and (2.3.5) that 
Gn = {4Qn(1—an)}- "4 = and ~—s gn, = 27 /12(1-a,)/ ar 1/4. (2.3.6) 


In view of (2.2.4) and (2.2.5), in order to compute R(e~?7v”) and 
S(e-7v”), it suffices to evaluate 
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Ara evils i eee (2.3.7) 
and 
Ay := le, (2.3.8) 
respectively. 
Theorem 2.3.1. Let 
V:= oe (2.3.9) 


and 


OSs, fea (2.3.10) 
Gn /25 


(i) If A is defined by (2.3.7), then 


ce ELI yeu? Ua aeen v5 (2.3.11) 
J5V A J5 V-V-}l 
and 
A V5U U+U71 V5 
+ —— =(U+uU"') 2.3.12 
V5U A ( ) ( V5 U+U-1 ( ) 
(ii) Jf A, is defined by (2.3.8), then 
AV V5 jaf VV. v5 
a _ 2.3.1 
Ge ua ae ee (2.3.13) 
Proof. Let 
ra Ce rg ea ee 
qi ee ( eg a (2.3.14) 
SP Sst lp) 
and ing 
pep ( on? hea) (2.3.15) 
oFi(Sy 31 By 


so that ( is of degree 25 over a. Then [61, p. 291, Entries 15(i), (ii)] 


2)" (8) (BEER) (SEB) ve 


a l-a a(1l— a) a(1— a) 
(2.3.16) 


and 
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eu | (| = ee , (ou = a: 

B : 1-8 Bl — B) B(1 — B) — /mm"’ 
(2.3.17) 

where Vmm! = y(q'/*) /y(q°). From (2.3.16) and (2.3.17), we deduce that, 


respectively, 


(Gia)? lh Bye 
(a(l—a))/8 


= vinmis (BUSBY, 2 (A= 8)" (2.3.18) 


and 


(Gila) 6)" 
(@(1 — B))8 


= —— ! ea | ee ee (2.3.19) 


Eliminating (3(1 —a))'/8 + (a(1— 8))/8 from (2.3.18) and (2.3.19), we arrive 
at 


vam (8) 828)" 


3sfseoy(.% alaa)\"..f ae)" 
“(Siza) (vert Gace) +2Gr=m) }: 
From (2.3.5), we have 

gy (gl/®) = 24/6{a(1 — a)} “0 (2.3.21) 


and 


q °/*4y(q?) = 2/8 {(1 — By}. (2.3.22) 


Hence, we can rewrite (2.3.20) as 


1/5 5 2 1/5 
2/524 /5) ( x(q") ) fe vexe) es 


pa’) \x(ql/5) 
_ -1y5_Xx(q") as CG) (x(g’®)\" , a5 x(a) 
=q x(qi/5) (% v(qi/>) ( x(@) ) +4q x(qi/®) +2]. (2.3.23) 


From the product representations of f(—q), y(q), and x(q) given in (2.2.2), 
(2.3.1), and (2.3.3), we deduce that 
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pte") _ _9/5 9(q"/*) ( x(q’) (2.3.24) 


fq) 4 y(q°) \x(ql/5) 


Substituting (2.3.24) into (2.3.23), and setting q = e~7¥”, we deduce that 


AAV BATE, (2.3.25) 


by (2.3.4), (2.3.7), and (2.3.9). Rearranging (2.3.25), we obtain (2.3.11). 
To prove (2.3.12), we first replace q by —gq in (2.3.23) and (2.3.24). Next, 
set ¢=e-"V". By (2.3.4), (2.3.7), and (2.3.10), we see that 


A-U?4+2==5A 107 +0*—2U". (2.3.26) 


Rearranging (2.3.26), we deduce (2.3.12). 
In order to prove (2.3.13), we first observe that from (2.3.7)—(2.3.9), 


—1/n/5 _ pp 2nV/n/5 
Ay = ervns dle ) = anys F( € ) 


ay ee 5 
fle-brvn) F(cenlomyay Y =AV~*. (2.3.27) 


Substituting (2.3.27) into (2.3.11), we arrive at (2.3.13). This completes the 
proof of Theorem 2.3.1. 


Proposition 2.3.1. Let A and A, be defined by (2.3.7) and (2.3.8), respec- 
tively. Then 


(i) if 2c = A+1, then R(e~2"V") = V2 + 1-c, 
(ii) if 2c = A, — 1, then S(e~*V”) = V2 + 1-c. 


Proof. Solve the quadratic equations (2.2.4) and (2.2.5). This proves the 
proposition. 


We now return to the fundamental relations (2.2.14) and (2.2.15). We see 
that in order to compute R(e~2"V”) and S(e~*V"), it suffices to evaluate 


—e72t/n 
1 pamynye F(-e*¥") 
A’ :=e f(aenlon Jn (2.3.28) 
and Va 
At =e a (2.3.29) 
respectively. 
Theorem 2.3.2. Let G 
Vi= a (2.3.30) 
and 
pn (2.3.31) 
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(i) If A’ is defined by (2.3.28), then 


A’? V5V' 1 
V5Vvi AP V5 


(v’> —v'-8) (2.3.32) 


and ' J 
A’ SU Ad 7 
Jeu + a a ees ay (2.3.33) 


(ii) If Ai, is defined by (2.3.29), then 


APY V5 1 


= S_ yl), 2.3.34 
eo eV? ek Vise) (2.3.34) 
Proof. Let 
Fie gio) 
gq = exp T 2.3.35 
( oPi(hy 3 ie) 
and (G.2 
Fi(4,4:1:1— ) 
5 2 1\9oi 974 
q = exp T ; 2.3.36 
( ane reese) 
so that 6 is of degree 5 over a. Then [61, pp. 281-282, Entry 13(xii)] 
_B 1/4 1-8 1/4 a(1 — 8) 1/4 
m= (2 + i= Sa) (2.3.37) 
and 
Oa (eee) (2.3.38) 
m B L-8 B(1 — B) _ 


where m = y?(q)/p?(q°). From (2.3.37) and (2.3.38), we find that 


0 (ms (2828 


1/ 
= (6(1 — B))/4 (: + (a — 5 ) . (2.3.39) 


m B(1 — B) 
Using (2.2.2), (2.3.21) (with q'/° replaced by q), (2.3.22), and the resulting 
equality F 
f(-¢) _ ¥(@) (2) 
Fa) ~ la) e@ ) ne 


we can rewrite (2.3.39) in the form 


(AR) ea a (4) (xa) aes (x8). 
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Next, set q = e~*V”. By (2.3.41), (2.3.4), (2.3.28), and (2.3.30), we find that 


/ 
a(t aya, (2.3.42) 


Rearranging, we deduce (2.3.32). 
To prove (2.3.33), we simply replace q by —q in (2.3.41) and set g = e~7V”. 

By (2.3.4), (2.3.28), and (2.3.31), we deduce that 
Al2 U' 


U' +54 


=U 43, (2.3.43) 


which gives (2.3.33) after rearrangement. 
Finally, we observe that by (2.3.28), (2.3.29), (2.3.30), and (2.3.4), 
A’ 
= vr 
Substituting (2.3.44) into (2.3.32), we deduce (2.3.34). This completes the 
proof of Theorem 2.3.2. 


At (2.3.44) 


Proposition 2.3.2. Let A’ and A‘, be defined by (2.3.28) and (2.3.29), re- 
spectively. Then 


(i) if 2c = A'S 411, then R5(e-2"V") = Ve? +1 —c, 
(ii) if 2c = Ai® — 11, then S®(e-*V”) = Vc? +1—c. 


Proof. Solve the quadratic equations (2.2.14) and (2.2.15). 


2.4 Page 210 of Ramanujan’s Lost Notebook 


On page 210 of his lost notebook [228], Ramanujan defined S(q) and con- 


structed a table of values for S(e-™V7/5) and S(e~*/¥®") for odd integers n 
between 1 and 15. The table is incomplete, and only three of the fourteen val- 
ues are actually given, namely, for S(e~*/V®), S(e~*/V85), and S(e77V 7/5). 
In this section we complete the table using Theorem 2.3.2 and some results 
proved in [74]. 

On page 364 in his lost notebook, Ramanujan offered a reciprocity theorem 
for R°(e~?¢) like that given in (2.1.5). A proof is given in Entry 3.2.9 of 
Chapter 3. Ramanathan [215] proved an analogue for S(q). If n is any positive 
number, then 


(S ) + stein} eS) + ea) 
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-wvs (44) (2.4.1) 


2 


In view of (2.4.1), it suffices to evaluate either S(e~"V"/*) or S(e77/¥"). 
We choose to compute the former. 


Entry 2.4.1 (p. 210). We have 


95 (e-7/¥8) = (aya 5V5 — 11 


2 2 


Proof. Let n = 1/5 in (2.3.30). Then, since Gn = Gy /n, 


ye 


= =1. 
Gis 


By Theorem 2.3.2(ii), we have 


Ai? = V5. (2.4.2) 


We complete the proof upon substituting (2.4.2) into Proposition 2.3.2(ii). 


Entry 2.4.1 was first proved by Ramanathan [217]. After the proof of 
Berndt, Chan, and Zhang [73], a third proof was found by Yi [298]. A fourth 
proof was given by Baruah [52]. 


Second Proof of Entry 2.2.5. Let n = 3/5 in Theorem 2.3.2(ii). From We- 
ber’s table [291, p. 721] or from [63, p. 190], we have 


Gis peas ee se + V5)i/3, 


Using one of Ramanujan’s modular equations of degree 5 (61, p. 282, Entry 
13(xiv)], we deduce that 


G3/5 = Sas = Bae 


Hence, 
1/3 
1 
yi = ( v8+ (2.4.3) 
V5—1 
and 
V3—y'3 = VJ. (2.4.4) 


Substituting (2.4.3) and (2.4.4) into (2.3.34) and solving for A}, we deduce 
that 


aie — 2 +5v5 
aioe ae 


We may now complete the proof using Proposition 2.3.2(ii). 
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Note that for n = 5, the value of S(e~) is given by (2.1.4). 


We cannot deduce the value of S°(e~*V/*) from Theorem 2.3.2, since 
we do not have a simple expression for G'35/G'7/5. However, recall that we 
established its value in Entry 2.2.3. 


Entry 2.4.2 (p. 210). Let a= 2V15 and b=3V/5—1. If 


b 
7 eed ea 
a—b 


then 


S(e~7V9/5) = /2+1—c. 


Proof. Let n = 9/5 in Theorem 2.3.2(ii). From [73, Theorem 1], we deduce 


that 
he (vray (2.4.5) 
Hence, 
Sis cpp 2 I Nn (2.4.6) 


— V5-V3 V5 + V3 
Substituting (2.4.5) and (2.4.6) into Theorem 2.3.2(ii), we find that 


2/15 —1 
ais. 2V15 + 3V5— 1, ig 
2/15 —-3/5+1 


after some simplification. Thus, by Proposition 2.3.2(ii), we deduce Entry 
2.4.2. 


Entry 2.4.3 (p. 210). Jf 


ap — V3v5+7- v3Vv5 Ls 
* Ig./5 97 — 4/95/5 +19 


and 2c = A‘® — 11, then 


S(e-TV 1/5) — /e2+1-c. 


Proof. It is known that [63, p. 192] 


Gss = 2'/4(/5 + 2)1/6 ae ee ah, (2.4.7) 


Using (2.4.7) along with one of Ramanujan’s modular equations of degree 5 
(61, p. 282, Entry 13(xiv)], we find that 
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Girys = 2'/4(v5 + 2) aa ie = (2.4.8) 


Recall that V’ is defined by (2.3.30). Hence, by (2.3.30) with n = 11/5, (2.4.7), 
and (2.4.8), 


y’ 


_VT4+V54+VV5-1 ay ae | oe 


= Ra : : (2.4.9) 


and 


3V5—1 


Vv! _ yu an 
2 


(2.4.10) 


Now, by (2.4.10), we have 


= (vV’-v'-!) ((V’- v4)? +3) 


1 3V/5—1)\ 3V5+5 
aE | 5 5 (2.4.11) 
_  /19+9V5 
= 


Substituting (2.4.9) and (2.4.11) into Theorem 2.3.2(ii) and simplifying, we 
deduce Entry 2.4.3. 


1 


a: (ys i v’-) _ 


Entry 2.4.4 (p. 210). Jf 


ae VV¥65+7~ VV65-1 V5 
* J V65+9- /Je5+7 2 


and 2c = A‘® — 11, then 
S(e7*V B/) — /e2+1-c. 


Proof. From [74] or from [63, p. 192], 


-1 
Vi= a = Ee i + eo (2.4.12) 


Using calculations similar to those in the proof of Entry 2.4.3, we deduce 
Entry 2.4.4. 
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To complete Ramanujan’s table mentioned in the beginning of this section, 
it remains to evaluate S(e~*Y?). We determined S(e~*¥*) in Entry 2.2.1, but 
we cannot deduce the value from Theorem 2.3.2(ii), because we do not know 
the requisite class invariants. 

It is likely that Ramanujan has a misprint in his very last entry on page 
210, for he asks for the value of S$ (e-7V3/25) The previously listed unrecorded 
value is for S(e~7/ v5) which would imply that the companion value is for 
S(e~"V), The value of S(e~*¥3/>) can indeed be determined by using the 
value of S(e~"¥*) from Entry 2.2.1 along with a famous modular equation 
connecting R(q°) with R(q) found in Entry 14 on page 365 of Ramanujan’s 
lost notebook [228], or in his second notebook [61, pp. 19-20]. We do not 
record the value here, because it is not particularly elegant. 

Berndt, Chan, and Zhang [73] also determined the values of S(e-7V 29/5), 
S(e-*V41/5), S(e-7V53/5), and S(e~™V 101/5), Chan and V. Tan [118] deter- 
mined $(e~"V!!) and S(e~*Y!9) using modular equations satisfied by R(q) 
and R(q”) for n = 11 and 19, respectively. Yi [298], also using modular equa- 
tions, determined values, among others, for R(e~*), R(e~7/?), R(e~?7/°), 
R(e~2*/5), R(eW27V 7/8), R(e-2"/V38), S(e—*/5), and S(e~V3"/9), 

S.-Y. Kang [172] has recorded a table of all known values of the Rogers— 
Ramanujan continued fraction up until the time her paper was written in 
1999. 

The most extensive computations of R(e~™V") and S(e~*V”) were made 
by Yi [297] in her doctoral dissertation; see also her paper [298]. She not only 
found different proofs for most of the evaluations in the lost notebook, but 
she also explicitly determined many new values as well, as we indicated above. 
Her proofs rest on a systematic exploitation of eta-function identities, several 
of which are originally due to her. 

Baruah [52] has also found several values for R(e~"V") and S(e~7V"); his 
proofs are somewhat different from those cited above, in that he primarily 
used values of theta functions. K.R. Vasuki and M.S. Mahadeva Naika [280] 
used values of quotients of eta functions to determine several values of R(q) 
and S(q). 

Observant readers will have noticed that the values of R(q) and S(q) that 
we have established in this chapter are units. Indeed, Berndt, Chan, and Zhang 
[73] have proved that for any rational number n, R(e~7V”) and S(e~"V”) are 
units. 
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Entry 2.5.1 (p. 46). Let 


= ee and 8, := 81(q) := =) s Q'S A) 


ty := ti(q) 
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Then 

PEO Gite a er) 2 Bi” ip a 

O wae a §) Gace 2 © THe) 
(iv) a=5 (Cl + #8) + /(1 + t8)? 2017) 


Instead of (iv), Ramanujan actually stated 


1 
= 5 (y/1 + 2v5e9 + ef + V1 - 2v5e +f) 


(2.5.2) 


with a slight misprint. But in applications, it is more convenient to use the 


equality in (iv) instead of (2.5.2). 


Proof of (i). Set t = t; and s = s, throughout the proof. By (2.3.3), we 


have ’ 
1/6 (Gi )oo 
(30° Jos 
Using the definition of f(—q) in (2.2.2), Euler’s identity, 


t=q 


(—439)co = Ge 


(2.3.1), and (2.5.3), we deduce that 
f(=9) (4 Doe 


q'/®6 f(—q®) —q¥/6(q°sg®) co 
(G5) doe 9720” ote Pa es 


~ Gdn Po F/G eR) 


» Ha) Xe) 3 


v(—¢®) gi/6x(—g) it’ 


which completes the proof of (i). 


(2.5.3) 


(2.5.4) 


Proof of (ii). Using in turn (2.2.2), Euler’s identity (2.5.4), (2.3.1), and 


(2.5.3), we find that 


Gel! ee ae 
q 


q'/3 f(—gi0) —_gt/3(q10; 
(O20) es. (050s (Crd es hd es 
5 


Ves. aes G07 os. Ag as 
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Proof of (iii). Applying (2.3.2), Euler’s identity (2.5.4), (2.3.1), and (2.5.3), 


we have 


QGP? Joo (93. )oo 
lO). ON Add ae (Os glee 
(Odes (Ps Plo Gi Gig) ss 
 (=G aco (FF P)oo (G5 A) 00(45 4? )o0 


x (FP oo (P39!) ce 
hg Cra gl Pod Cae a 
_ g(-a) (39°93, _ 8 


v(—q®) q/2(q;97)8, 


Proof of (iv). In the sequel, set 
__ f(-9) f-@’) 
q!° f(—-4°) q'! f(-q"°) 


Recall another eta-function identity of Ramanujan [62, p. 206, Entry 53], 


5 Py’ (Q1\" 
PiQi4 = . 
PiQi Qi Pi 
Since P,; = s/t and Q = s/t? by (i) and (ii), respectively, the equation above 
can be simplified to 


and Q1 := Qi(q) := (2.5.5) 


s*— (1+ t%)s? + 52° = 0. 


Thus (iv) follows immediately from the equation above by an application of 
the quadratic formula. 


Theorem 2.5.1. Let 


1/5 x(-q'/°) 


aes and 82 = 89(q) := 


tg := te(q) = q 


Then 


f(-@/*) _ 82 (i) f(-@"*) 8 (iti wg?) _ 82 
ql® f(-q) ta’ g/® f(—q'9) #3’ 


(i) 


P/Pw(q) #3 
1 = 2ty — 243 + 13 + V/1 — 4te — 1023 — 408 + £8 
= ; 


(iv) S82 
Proof. Set t = tg and s = s2 throughout the proof. From (2.3.3), we find that 


1/5 (q 
(Pee Nes 


Mpeg) ss 


t=q (2.5.6) 
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The proofs of (i), (ii), and (iii) are similar to those of Entry 2.5.1(i), (ii), 
and (iii), respectively. 
To prove (iv), set 
_ 1/5 _ 2/5 
dee): AC 2 ) and = Qo:= eis ae z 2: & O58) 
a f(-@) Cay) 


Then by another eta-function identity of Ramanujan [62, p. 212, Entry 58], 
we find that 


‘man (B) ~*(8) ~«(&) +B) 
PeQo+ poe = ($2) 4 P, 4 Oo - oasis (2.5.8) 


Since P, = s/t and Q2 = s/t? from (i) and (ii), respectively, we find that 


P, = P2(q) = 


2 3 
s t 1 1 2.43 
B 18 3 = B 43 4t’ +t. (2.5.9) 


Multiply both sides of (2.5.9) by st? to deduce that 
s* — (1 — 4t — 42° + 48) 5? + 254° = 0, (2.5.10) 


The solutions of this equation in s are given by 


1 —2¢ — 222 4 42 + \/1 — 4¢ — 1023 — 425 + £6 
= 
2 


and 


—142t+ 22? — 2+ /1 — 4¢ — 10¢3 — 425 + £6 
s= 5) : 
But since ¢t and s approach 0 and 1, respectively, as q approaches 0, the 
appropriate solution for s is 


_ 1-2t- 22 +28 + V1 — 4t — 1083 — 425 + 26 
= ; 


Ss 


This completes the proof. 


Theorem 2.5.1 is analogous to Entry 2.5.1, but it evidently was not stated 
anywhere by Ramanujan. We shall use Theorem 2.5.1 to prove one of Ra- 
manujan’s formulas in the next section. 

Kang [172] showed that Entry 2.5.1 and Theorem 2.5.1 can be utilized to 
give alternative proofs of the main theorems in Section 2.3. She also showed 
that these theorems easily lead to the explicit evaluations of certain quotients 
of theta functions. 
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2.6 Ramanujan’s General Explicit Formulas for the 
Rogers—Ramanujan Continued Fraction 


Entry 2.6.1 (p. 208). Let tz be given in Theorem 2.5.1. Then 


(i) R= (14284) vee 


~ Aty 2 


Stall le be) (1+) — 2to(V5 +1) 


+,| (1 ay (1 ty =) DELS Lh 


(i) RW) ( (3 ) 1 i 


~ ae 


=, (43) (140% — 2to(V5 + 1) 


x (- (034) vee 


2 


eal eh) (: 1) + 2te(/5 — 1) 


Proof of (i). Set t = te throughout the proof. From (2.2.4) and Theorem 
2.5.1(i), (iv), we have 


bead R(q) =< Lotta ae tet + V1 = dt — 1088 — 45 +28 
R(q) aaa 2 


which is equivalent to 


1 Le ae aa 0 Ap ae 
an 7 RQ) = 5 


(2.6.1) 


Motivated by the fact that R(q) is a unit when q = e~7V” [73], let us assume 
that R(q) can be written as a product of two expressions of the form 
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R(q) = (Va+1— Va)(vb- Vb— 1). (2.6.2) 
Then i 
Rp 7 R=? (vab+ Vat )(b— D) (2.6.3) 


From (2.6.1) and (2.6.3), we may set 


= 1 — 2t? + t?)? 
a = cae ere (2.6.4) 
and 
1 —4t — 10¢° — 4¢° + +6 
/(a+1)(b—1) = / ae : (2.6.5) 


Solving (2.6.4) and (2.6.5) yields 
a= (4) (=) ( iS) (2.6.6) 
b= (4) (=) (: oe) ; (2.6.7) 

6 


Hence (i) follows from (2.6.2), (2.6.6), and (2.6.7). 


and 


Proof of (ii). The proof of the formula for R(q?) is similar to that for R(q). 
By (2.2.4) and Theorem 2.5.1(ii), (iv), 


1-24 8 4+ V1 — 4t — 1083 — 445 + £6 


RG ~ R(q’) ap (2.6.8) 
As before, let 
R(?’) = (Va+1—- Va)(vb- Vb=1). (2.6.9) 
Then 
1 en. — 
Ray RY) =2 (vab + Vath D) (2.6.10) 
From (2.6.8) and (2.6.10), we may set 
— [24+ t?)? 
Vab = a (2.6.11) 


and 


16¢t* 


J/(a+1)(6-1) = ieee eet (2.6.12) 
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Then solving (2.6.11) and (2.6.12), we deduce that 


a= (44) (=) (1+) (2.6.13) 
b= (43) (=) (: oe) ; (2.6.14) 


We complete the proof by utilizing (2.6.13) and (2.6.14) in (2.6.9). 


Kang used Entry 2.6.1 to determine R(e~?") and S(e~%), but even for 
these two simple values, the computations are quite laborious. Thus, it does 
not appear that this theorem is very useful for finding explicit values. 

In his notebooks [227, p. 362], Ramanujan introduced a parameter n and 
recorded some beautiful modular equations involving n [39, Entry 24], [63, 
Entry 1, pp. 12-13]. Ramanujan returns to this parameter in the lost notebook 
but uses k instead of n. The parameter k is defined by 


k = R(q)R?(q’). (2.6.15) 


In the next entry, we give Ramanujan’s formulas for k and (1 — k)/(1 +k) 
in terms of the function y. See Section 1.8 of Chapter 1 for many further 
identities involving k. 

Entry 2.6.2 (p. 208). Let t; be given in Entry 2.5.1, and let k be defined by 
(2.6.15). Then 


_ 2/5 1/5 
Rg) = (=*) and = R(g?) = (=) . (2.6.16) 


and 


1+k 

Furthermore, 
6 
i Fain Mae ed 
aS ‘ : 2 
6 
-—1 
x 1—¢§ (4 1—t$ (2.6.17) 

and 


6 
(43) 44/128 |. (2.6.18) 
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Proof. For brevity, we set t = t; throughout the proof. Equalities (2.6.16) are 
the identities of Ramanujan to which we alluded above and were first proved 
by Andrews, Berndt, Jacobsen, and Lamphere [39, Entry 24], [63, Entry 1, 
pp. 12-13]. So it suffices to prove (2.6.17) and (2.6.18). 

Utilizing (2.6.16) in Lemma 2.2.3, we see that 


f8(-q) 1 (1+k\? ee pi 2 
af*(-q?) k\1-k 1+k 
(Lt RR) (1-4 - BY? 
= k; 1— k? 
Hence, by Entry 2.5.1(i), 
s§ (1 +k—k\ (1-4k— BY? 
ie <- k 1—k? 
2 
*= (See) (Sate) (SS) 
1+k—k?/ \1—-4k-F? y(—q?)/ 


But from another entry of the lost notebook [228, p. 56], established in Entry 
1.8.2 of Chapter 1, 


or 


y?(—q) — 1-4k—- k? 


y?(—q’) 1-k? 


we obtain , 
foie eee cee (2.6.19) 
(1—k*)(1+k—k?) 


Rearranging (2.6.19), we find that 


t®k* + (1 — t8)ko + (4 — 2t5)k? — (1 -— 2%) + #8 =0, 


which can be expressed as 


1 1 
t® ( t) (1 —t°) ( k) +4=0. (2.6.20) 
k k 
By the quadratic formula, 
1 (1 — #8) + Vt}? — 1818 +1 
i. k=2 : 2.6.21 
i ( 4t® ( ) 


As in the proof of Entry 2.6.1, let 
k=(Va+1— Va)(vb- Vo—1). (2.6.22) 


Then 
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7 ~k=2(vab+ V(a+DO=D), 


Comparing this with (2.6.21), we may set 


ape (ae 


16t!? 


and 


Ga DG) — Ree tor eo 


16¢1? 
Hence we can conclude that 
3 
Ph) TSC 
a= ( 5 as (2.6.23) 
and ; 
Pea ag 
b= ( 5 ier (2.6.24) 


Formula (2.6.17) now follows from (2.6.22), (2.6.23), and (2.6.24). 
We can establish (2.6.18) in a similar way. Let u = (1 — k)/(1 +k). Sub- 
stituting k = (1 — w)/(1 + wu) in (2.6.20), we find that 


AP 17) (t-u)+ (4-2) <0, 


and hence, by the quadratic formula, 


1-—¢6 t12 —18t6 +1 
1 una(! Ji ; H2iag ) (2.6.25) 
U 


Proceeding as in the proof above, if we set 
u=(Vat+1—Va)(vb- Vb—1), (2.6.26) 


then 


+ w= 2(vab+ Vat io). 


By (2.6.25), we then see that we may take 


- (1-7)? 
vab= 4/5 


and 
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tl? — 18 +1 
J(at+1(b—-1) = a, 


Solving these identities, we deduce that 


and 


We complete the proof of (2.6.18) by substituting these values into (2.6.26). 


Second Proof of (2.6.17). We recall from Entry 1.8.5 in Chapter 1 two iden- 
tities from the lost notebook [228, p. 53]. If k < V5 — 2, then 


k 1+k—k?\° 
2 (GES) = 4(-G9)ce (2.6.27) 
and : : 
k \° 1+k—-k 
(=z) jae PD Yoo (2.6.28) 


Divide (2.6.28) by (2.6.27) to deduce that 


4 24 
( k(1 — 4k — k?) ) = (ae e=) 
(1—k)\(1+k—k*) (—43 @) co , 
Taking fourth roots of both sides yields (2.6.19). The remainder of the proof 
is the same as above. 


3 


A Fragment on the Rogers—Ramanujan and 
Cubic Continued Fractions 


3.1 Introduction 


Published with Ramanujan’s lost notebook [228, pp. 363-366] is a fragment 
entitled “Additional Results.” This fragment comprises a summary of some of 
Ramanujan’s theorems on the Rogers-Ramanujan and cubic continued frac- 
tions. Most likely, these results were compiled before Ramanujan left India in 
March 1914, or shortly after he arrived in Cambridge. Most of the theorems 
can be found in Ramanujan’s notebooks, but four of them have evidently not 
been proved in print before. On the last page, after stating several theorems on 
the cubic continued fraction, Ramanujan wrote, “...and many results analo- 
gous to the previous continued fraction.” Evidently, Ramanujan implied that 
there exists a theory for the cubic continued fraction that parallels that for 
the Rogers-Ramanujan continued fraction. Motivated by Ramanujan’s decla- 
ration, H.H. Chan [112] developed a beautiful theory for the cubic continued 
fraction. 

In this chapter we shall state all of the theorems contained in this fragment, 
provide citations to the literature where proofs of the known theorems can be 
found, give proofs for the aforementioned new theorems, relate most of Chan’s 
paper [112], and describe some explicit evaluations of the cubic continued 
fraction from a paper by Berndt, Chan, and L.-C. Zhang [72]. Many further 
evaluations of the cubic continued fraction can be found in J. Yi’s doctoral 
dissertation [297, Chapter 6]. 

We shall shorten the statements of Ramanujan’s claims by introducing 
notation and employing summation notation. Define three versions of the 
Rogers—Ramanujan continued fraction by 


q ¢ 4 
1 +1+14+1+¢-’ 


lal <1, (3.1.1) 


F(q) :=q/°R(q), and = C(q) := 1/F(q). (3402) 
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The famous Rogers-Ramanujan functions G(q) and H(q) are defined by 


2 


a n CO n(n+1) 
qd q 
G(q) := and H(q):= ——-, 3.1.3 
. (GQ)n 4 (GO)n ne 
where, as customary, 
n—-1 
a ee — agk Pee ene oe 
(4; )n i= Ie aq*) and (4; q)o0 = lim (a;q)n, [gl <1. 
The closely related functions G1(q) and H;(q) are defined by 
a n? ied n(n+2) 
q q 
Gi(q) := ae and Ay(q) := po 3.1.4 
ty » (5 04)n ug) d (an oe 


We shall follow Ramanujan’s lead and define 


f(-4@) += (95) o0- (3.1.5) 
The cubic continued fraction G'(q) is defined by 


1/3 2 2 4 3 6 
_ 4 gh: org .. ca ekg 
Cy a a ge a ee: lee 8) 


The notation in (3.1.6) conflicts with that in (3.1.3), but there should be no 
cause for confusion in the sequel. The notation (3.1.3) is used in the first two 
sections of this chapter, while the notation (3.1.6) is used only in the last two 
sections of the chapter. 


3.2 The Rogers-Ramanujan Continued Fraction 


Entry 3.2.1 (p. 363). With Gi(q) and H,(q) defined by (3.1.4) and F(q) 
defined by (3.1.2), 
Gi(q) 


Ai (q) 


With the use of the Rogers-Ramanujan functions G(q) and H(q) and the 
identities given in the next two entries, Entry 3.2.1 translates into a very fa- 
mous theorem initially proved by L.J. Rogers [234]. It is found in Ramanujan’s 
notebooks as Entry 38(iii) in Chapter 16 [227], [61, p. 79]. There now exist 
many proofs of Entry 3.2.1; for references see [61, pp. 30-31, 79]. 

We next offer the Rogers-Ramanujan identities in two forms. In the first 
entry, which is not found in this fragment but which is found nearby on page 
347, they are presented as they usually are written. The formulations in the 
second entry are found in the fragment. 


= F(q). 
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Entry 3.2.2 (Rogers-Ramanujan Identities; p. 347). If G(q) and H(q) 
are defined by (3.1.3), then 


1 1 
e@) = ae! NY (P70? es (GP 2a Jew 


(45 4 )oo( 94; 9) 
Entry 3.2.3 (p. 363). With Gi(q) and Hi(q) defined by (3.1.4), 


(O07 Ves 
(975 G?)00(935 9° Joo 


ft 2 NORE VSS an - 
il) = (Gra loa latsg? 3 aS aa) 


When he recorded these identities, Ramanujan did not possess proofs, 
since he prefaces their statements with the words [228, p. 363], “I have found 
empirically that.” Rogers [234] proved that 


Gig) =(73)0G(q) and =A (q) = (47 g") wo H(q). (3.2.1) 


Fortunately, Ramanujan preserved his empirical thoughts, and an account of 
them is the subject of Chapter 10 of this volume. The history of these famous 
identities is now well known; see, for example, Hardy’s book [148, pp. 90-99], 
Andrews’s text [21, Chapter 7], or Berndt’s book [61, pp. 77-79]. Many proofs 
of the identities now exist; a description and classification of all known proofs 
up to 1989 can be found in Andrews’s paper [30]. It is interesting that only 
in this fragment did Ramanujan express Entries 3.2.1 and 3.2.3 in terms of 
G,(q) and H,(q). Elsewhere, Ramanujan expressed versions of Entries 3.2.1 
and 3.2.3 in terms of G(q) and H(q). Clearly, Ramanujan had also discovered 
(3.2.1). 


Entry 3.2.4 (p. 363). If C(q) is defined by (3.1.2), then 


547 C(a) = (1 = re) C(q). 


f(-4@°) 


This result is equivalent to Entry 9(v) in Chapter 19 of Ramanujan’s sec- 
ond notebook [227], [61, p. 258], and a proof can be found in [61, pp. 260-261]. 

The next two entries appear to be new. We are grateful to Chan for sup- 
plying the following proofs. 


Entry 3.2.5 (p. 363). If 
v:= R(q°), (3.2.2) 


1 f°(—-@°) at 29 nq” 25nq?5” 
a(e | 3) jeg Ger oe 


To prove Entry 3.2.5, we need two lemmas. 


then 
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Lemma 3.2.1. Let f(—q) be defined by (3.1.5). Then 


oe nq” oe nq?” 
a gar "ei 25n 
n=1 
ee 
ae 


Lemma 3.2.1 is the same as Entry 7(iii) in Chapter 21 of Ramanujan’s 
second notebook [227], [61, p. 475]. 


ion { #2(—a) + 2af (a) F(-) +522 f2(—@5)}”. 


Lemma 3.2.2. Let v be defined by (3.2.2). Then 


1 f(=9) 
q\—ut ) =¢q4 
( v Lae) 
Lemma 3.2.2 is a famous formula for R(q°) due to Ramanujan in his note- 


books; see [61, p. 267, equation (11.5)]. The first proof was given by Watson 
[286]. 


Proof of Entry 3.2.5. By Lemmas 3.2.2 and 3.2.1, 


AN PEOY of at IV ye) ee 
( (» | :) f(-4) (« ( | 7) +4) f?(—q) 
20) 4 FF), FM -08) 
F2(-a) fF (-a) F(—a®) © F2(—@?*) 
imac) ng” iced 25n 25n ‘i 
= (14 > S| : 


This completes the proof of Entry 3.2.5. 


Entry 3.2.6 (p. 364). [fv := R(q), then 


ae as ia —— ( ng” 5g?” 
“(5 +o] eh =1463) ("5 rr). 


We shall again need two lemmas. 


Lemma 3.2.3. We have 


5nqe” 
1 
Cer 7) 


= Fp Age (Pa) + 22a F(a?) + 12507 F(-@)}" 
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Lemma 3.2.3 is recorded in Entry 4(i) in Chapter 21 of Ramanujan’s second 
notebook [61, p. 463]. Like Lemma 3.2.2, Lemma 3.2.4 is another famous result 
of Ramanujan found in his notebooks [61, p. 267, equation (11.6)]. See also 
(1.1.11) in Chapter 1 and Lemma 2.2.3 in Chapter 2. 


Lemma 3.2.4. If v := R(q), then 


1 We 
: (= -**) es ay 


Proof of Entry 3.2.6. By Lemmas 3.2.4 and 3.2.3, 


taser) f(—a) \* 9) £18(—4°) 

(at) Fay) = (ut 6 ) 4?) Pa) 
= FD 5 anata F(-0) 

ee Gea} (—4q ») 

P(-4a) 


SS 2 
ng” 5nqe” 
={1+6 : 


+ 125q 


Entry 3.2.6 now easily follows. 


Entry 3.2.7 (p. 364). If 


_ f(-@ 
2u:= 11+ af(—@) 
and I 2!) 
2u:= 1+ @5f(—9) a)” 
then 


\ Vue+l—-u=Vv?4+1-v= RQ). 


Entry 3.2.7 is identical to Entry 11 (iii) in Chapter 19 of Ramanujan’s 
second notebook [61, pp. 265-266]. (Ramanujan inadvertently wrote f(—q) 
for f(—q°) in the definition of v.) 


Entry 3.2.8 (p. 364). If 


fe — Ao 
Qu:= 114+ 125¢ (3.2.3) 

~ f-a*) 
Qu :=14+5q-4 (3.2.4) 


f(-@) ’ 


90 3 A Fragment on the Rogers-Ramanujan and Cubic Continued Fractions 


then 
V5 7 M 
Vn) Val u i VE=) (yVarFI v) 
= evs + R(q’). (3.2.5) 


Proof of Entry 3.2.8. We shall use ideas that we employed in proving the 
results in Section 12 of Chapter 19 in the second notebook [61, p. 270]. Replace 
q by Q in (3.2.3)—(3.2.5) and suppose that the positive variables g and Q satisfy 
the equality 

5 log(1/Q) log(1/q) = 41°. (3.2.6) 
Then, using the transformation formula for f(—q), we showed that [61, p. 270, 
equation (12.9)| 


f-9) gue f(-@) 


ges a) oO) 
Hence, condition (3.2.3) (with g replaced by Q) translates into the equality 
f°(-9) 
2u = 114+ ——=. 3.2.7 
g(a) eon 


Again, using the transformation formula for f(—q), we also showed that [61, 
p. 270, equation (12.10)] 


fod). f(-9) 
q'/* f(—9°) f(-Q) © 
Hence, (3.2.4) takes the equivalent form 


f(-a¥®) 
PF) 


Now let g = e~?* and Q® = e~?8, where a, > 0. Then, by (3.2.6), 
a = 7. Under these conditions on a and 73, in his second letter to Hardy, 
Ramanujan [226, p. xxviii], [81, p. 57] claimed that 


( +75 +Re™)) ( + V5 | rie) = any (3.2.9) 


Qu = (3.2.8) 


2 2 


which was first proved in print by Watson [287]. This result is also recorded as 
Entry 39(i) in Chapter 16 of Ramanujan’s second notebook; see [61, pp. 84-85] 
for another proof and further references. Thus, from (3.2.9), 


5+ 75 
DEN FR 5) 7 v5 
2 14+ 75 V5—1 
a 2 


R(e~24) 


R(e~2¢) 1+ 
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In view of Entry 3.2.7 and the fact that e~?° = Q°, we have completed the 
proof of Entry 3.2.8. 


Entry 3.2.9 (p. 364). If a3 = 77/5, then 


5 5 
(44) + Re) (42) + Re?) 


= ovs (444) . (3.2.10) 


Observe that Entry 3.2.9 is an analogue of (3.2.9). Ramanathan first no- 
ticed (3.2.10) in the lost notebook. 


Proof. We shall use Lemma 3.2.4 twice. Thus, with a and (@ as given in Entry 
3.2.9, 


(spear O11) (sagen UE) 1) 


f® apo ee f6 __ 4-28 
~ capi alain . (3.2.11) 


Recall the transformation formula for f(—q) [61, p. 43]. If ab = 7?, then 
el af (ee bf (—e-**). (3.2.12) 


Applying (3.2.12) twice in (3.2.11), the first with a = a, b = 5G, and the 
second with a = G, b = 5a, we find that 


1 1 
ee a R®(e~?8) — 11) = 125. 
Ges ae ) ae ed 
(3.2.13) 
For brevity, set 4 = R°(e~?*) and B = R°(e~?°). Then (3.2.13) takes the 


form 


(A? + 11A —1)(B? + 11B —1) = 125AB. (3.2.14) 
By a straightforward calculation and (3.2.14), we find that 


(45+3 A+ B)-1) = (A? + 11A—1)(B? + 11B - 1) 


125 125 125 
=125AB+ A? + B? AB 


4 4 2 
_ 125 
7ilAr B)?. 
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As q > 0+,A,B — 0. Thus, taking the square root of each side above, we 
deduce that 
5V5 


Age 5 (A+ B)—1=~7¥9(4 4B). (3.2.15) 
Hence, by (3.2.15), 


(Sy 4s (SH) +5 


= (Ga + 55) 4 A) (5a 5v5) + B) 


123 55 1 
aah 7 V5 + 5(11 +5v5)(A+ B)+ AB 
123 55 
= zt+—zVv5+1 
2 2 8 
5 
5+1 
= (43 
2 
This completes the proof. 
Entry 3.2.10 (p. 365). Jf 
es ee q ie q ¢ q? 
, ; oder ake oe. ale Fe 
and 5 2 4 6 
Giles ys y Q q q q 
; +1 +1.4+1.4°°° 
then 
2 
ca re 
@) Sw, 
(b) UV7(U2+V)+U? -V+10UV(UV —-U+V +1) =0, 
pag \ spit 
where t < J/5 — 2. 
Entry 3.2.11 (p. 365). Jf 
ae g® ¢ @ @ 
1 +414+14+1+ 
and 
ee gi @  @ 
1 +1+ 141 4+:°°’ 
then 
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Entry 3.2.12 (p. 365). Jf 


cae q ¢ 4g 
T+i+1+1+- 
ane 1/5 2 3 
yentes 30: a, 8 
1 jane | ils coud 
then 
uv(u — v)* — u?v2(u — v)? + 2u3u3 + (u— v)(1 + u®v®) = 0. (3.2.16) 
Entry 3.2.13 (p. 365). Jf 
ie ge ge og? 8 
PsP dose oP oe 
and 4 4 12 
rene: a ae ae 
es se rk 
then 


(u® + v°)(uv — 1) + uv? + wy = 5u?v2 (uu — 1)?. 


Entry 3.2.14 (p. 365). Let 


ee a ty gre “ge 
1 +1+1+1+ 
and 5 10 15 
ae Gg q 
1+1+1+14 
Then 
5 1-2v+4v? —3v3 + v4 


~ 8 T 4 Bu + du? + 203 + oF 


The last five entries provide modular equations satisfied by the Rogers— 
Ramanujan continued fraction. All of them can be found at scattered places 
in Ramanujan’s notebooks [227]. See Berndt’s book [63, pp. 12-20] for proofs 
and references, or the introduction of Chapter 1 of this book for references. 

Except for Entries 3.2.10(b), (c), the last five entries are also recorded by 
Ramanujan in a one-page fragment with the lost notebook [228, p. 348). 

We close this section with an entry not found in the fragment, but it is 
found nearby on page 347. Also, it is given in Entry 11(iii) of Chapter 19 in 
Ramanujan’s second notebook [227], [61, pp. 265-266]. 
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Entry 3.2.15 (p. 347). If 


(qsa)& 
Dj GT 
a(q°; 9°) 8 
ane 1/5. 41/5 
= (ga? Joo 
aa ela eo ee 
then 


/ ft) 4.5 
| Vitp1—u= Veta t v= gl Ee 


C5 Pola Pleo 


3.3 The Theory of Ramanujan’s Cubic Continued 
Fraction 


In the next entry, which is devoted to several results on the cubic continued 
fraction, Ramanujan prefaces his statements by writing, “I have also found 
empirically the following result.” Maybe Ramanujan had a different meaning 
for “empirical” than we have, for it would seem that in order to write down 
these entries, he would necessarily have had proofs. We remind readers of the 
definitions of Ramanujan’s theta functions: 


[oe is foe) 
ed:= >> @ and Pg => grVP, (qi <1. (3.3.1) 
n=0 


Entry 3.3.1 (p. 366). If 


qgi/3 q+¢@ go eg q° + 6 


a a ee ee 
then 
(G5 @ Joo 
) Cram 
1 ¥(qi/3) 
(b) v —_q?/3ap(q3) 
_ sf YQ) 
qv4(@) 
_gl/3 
Sin ea) 
(©) _ y(—q) 
; y*(-¢9) 
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Pea”) 
3 f'?(—q) 


a ae oy 


1 
(d) — +47 =3+ 
UV 


In the first part of (b), Ramanujan mistakenly wrote w(q) for w(q?). Parts 
(a) and (b) are contained in Entry 1(i), and the first part of (c) is part of 
Entry 1(ii) in Chapter 20 of the second notebook [61, p. 345]. The second 
part of (c) was derived in the course of proving other results in Entry 1; see 
(61, p. 347]. Both parts of (d) are found in Entry 1(iv) of Chapter 20 [61, 
p. 345]. 

At the end of the fragment, Ramanujan claims, “and many results analo- 
gous to the previous continued fraction.” He then closes with the explicit value 
of one particular cubic continued fraction. In the remainder of this section we 
present Chan’s [112] theory of the cubic continued fraction. 

As usual, set 

x(—9) = (459? )oo- (3.3.2) 


Theorem 3.3.1. Let G(q) be defined by (3.1.6), which is the same as v in 
Entry 3.3.1. Then 


and 
1— G(q’) + G?(q’) 
3 


(3.3.5) 


Proof. We first prove (3.3.3). Let v := G(q) and u := G(—q). From Entry 
3.3.1(a) and (3.3.2), G(q) and G(—q) have the representations 


ee 


We shall employ some of Ramanujan’s modular equations of degree 3. When 
2 has degree 3 over a, it follows from [61, p. 124, Entries 12(v), (vi)] that 


(1 — 2 lia Og bi 9-1/3 (GL — p))/8 


_ 9-1/3 _ 
v=2 (1 _ B)1/4q1/24 and LS (a(1 = a)) 1/24? 
from which we observe that 
1— B)3\ 8 1/3\ V8 
= (S B) ) and vu? = (2) : (3.3.7) 
v —a Qa 


Furthermore [61, p. 230, Entry 5(i)], we find that 
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l= (f — ay" ee (3.3.8) 


l-a a 


Hence, using (3.3.7) in (3.3.8), we deduce that 
seas Quu? = 1. 
v 


Simplifying, we obtain (3.3.3). 
We next prove (3.3.4). Recall that y is defined in (3.3.2). From the iden- 
tities given in (3.3.6), we find that 


- —g) = ql8 XOX) _ aja XI") _ ay 
G(gG(-q) =4 Seaway em G(q@). (3.3.9) 


If we multiply (3.3.3) by G(q) and invoke (3.3.9), we obtain (3.3.4). 


Lastly, we prove (3.3.5). Let w := G(q?) and v := G(q), as in the proof of 
(3.3.3). From Entries 3.3.1(c), (c), and (d), respectively, 


y(—q°) 1 


Sail = Tate" (3.3.10) 
4( 
28 = 1-80’, (3.3.11) 
and 
3/_,1/3 1 12(_ te 


where f(—q) and y(q) are defined in (3.1.5) and (3.3.1), respectively. Using 
(3.3.10)—(3.3.12), with q replaced by gq? and v replaced by w, we obtain 


y(-@) 
oq) 12’ (3.3.13) 
Pa) 2. iis 
y4(—q9) = 1 8w",, (3.3.14) 
and : 
LOD ob ay = (21 LCP 
a af?(-—q9) ww aU ad + Gf2(—@) . (3.3.15) 
To prove (3.3.5), we also require the identity [61, p. 345, Entry 1(iv)] 
PPD yg)" 
1+ 90755 = (14270 (3.3.16) 


We first establish an identity that relates v and w. Now, from the second 
equality of (3.3.12), we find that 
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a ((4+40%) -27) = pa. (3.3.17) 


By (8.3.16) and (3.3.15), we deduce that 


“(((de4e-3) YP 


~ (1+ 6w + 4w3)3 — (1 — 3w + 4w3)3 


Hence, by (3.3.17) and (3.3.18), we deduce that 


lee ail : (1 — 3w + 4w?)8 
—|(—+4y?) -27)= (8.319 
= ((++ ’) 7) (edn 0 -spaeye 


From Entry 24(iii) in Chapter 16 of Ramanujan’s second notebook [61, p. 39], 


x(-q) = act (3.3.20) 


Using (3.3.6) and (3.3.20), we deduce that 


peg EOD IPE aaa 4p MO) 


f(—@) ¢3(—¢3) fee) gg?) 


Thus, 


pp P)OGe) eG) Iw), (3.3.21) 
v e*(—@) v(-a) F(-a) f4(-4") 
By (3.3.21), (3.3.14), (3.3.13), the first equality of (3.3.15), and the second 
equality of (3.3.12), we find that 


1 -1 
7 = ql (: + 2u +41” («(4 +4w? — 3)) 
UV WwW 
1 3 1/3 
x a((2 + wv?) ~ 27) 


. 3 1/3 
_ (1+ 2w + 4?) (C 40°) Bs 27) . (3.3.22) 
U 


1+ 4w? — 3w 
Finally, we cube both sides of (3.3.22) and use (3.3.19) to arrive at 


) 
g_ (1+ 6w + 4w?) — (1 — 3w + 4w3)? (3.3.23) 
ae (3(1 + 2w + 4w2))3 nm 


Simplifying the right-hand side of (3.3.23), we deduce (3.3.5). 
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C. Adiga, T. Kim, M.S. Mahadeva Naika and H.S. Madhusudhan [4] gave a 
simpler proof of (3.3.5) by eliminating w(q), #(q?), and #(q°) among the iden- 
tities in Entries 1(i) and 1(ii) of Chapter 20 in Ramanujan’s second notebook 
(61, p. 345]. They also showed that 


where 


This is similar to the triplication formula satisfied by the cubic singular mod- 
ulus [117]. 

N.D. Baruah [53] has also given an alternative proof of (3.3.5). He has 
also established modular equations connecting G(q) with G(q°) and G(q‘), 
respectively. Further modular equations for G(q) have been found by Ma- 
hadeva Naika [191]. 


Theorem 3.3.2. If a3 =1, then 


(46442) + ae) - 3) (46%(<2) + Ge-*B ~ 3) = 27, (3.3.24) 


and 


(1 a ae-)) (1 es ae*)) = > (3.3.26) 


Proof. We first prove (3.3.24). From the first equality of (3.3.12), we observe 
that 


(46%(e2") + aes = 3) (46%) + aE - 3) 


PP(- menar Sy PE —2n6/3) 
= are STARTS FS me tB (3.3.27) 


From the transformation formula (3.2.12) with a = 7a/3 and b = 378, we 
deduce that 


3 3/2 
pr aes pe (ae Pres) 4 (=) a OVE Rise Oy (3.3.28) 
a 


where a = 1. Similarly, we find that 
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3\3/2 
eA ae 28s) = (5 aha ad On aka (3.3.29) 
Bp 


Using (3.3.28) and (3.3.29), we can rewrite the right-hand side of (3.3.27) as 


7 


e727a/3 e727 8/3 B 


eT /12 6-30 8/4 (:)" e7 8/12 6—3ra/4 es 
a 


as required. This completes the proof of (3.3.24). 
We next prove (3.3.25). Using (3.3.10), we have 


eo 7/3 e~ 78/3 
(2-26-20) (1 20(-6 1) = ey Seay 
eta?) ple ea) 


e— 37/8) v(e —8n/a)’ 


oe (3.3.30) 
p( 


since a3 = 1. Recall the transformation formula for y(q) [61, p. 43, Entry 


27(i)], namely, 


1 
lem) = tyler), Ree>0 3.81 


If we set z = 3/3 and z = a/3, respectively, in (3.3.31), then 


y(e74/3) = [sole and y(e7/3) = | Sote-*/, (3.3.32) 


Using (3.3.32) and the condition af = 1, we find from (3.3.30) that 


(1- 261-2") (1-26(-e=9) =f 3/3 ee os, 


as required. 
Lastly, we establish (3.3.26). Recall from Entry 3.3.1(b) that 


1 vq’) 
14 = ; 3.3.33 
Gq) 'd(q°) oy 
We shall need the transformation formula for 7(q) [61, p. 43, Entry 27(ii)], 
namely, 


1 


e 77/8 i(e-7) = eee), Re z>0. (3.3.34) 
If we let ¢ = e~¥2*® in (3.3.33) and invoke (3.3.34), we find that 
1 —V2ra/3 _ p-3V 20/0 
ie oe ne ) (3.3.35) 


G(e- V2") e~ V2ma/3y)(e—3V2na) yp(—e7 V2"/3@) 
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On the other hand, by (3.3.10) with g = e~V¥2*/%, we deduce that 


y(—e3V2"/2) _ 1 = 1 
y(—e-V2"/3e) 1 — 9G(e-V2"/0) 1 — 2G(e-V278)’ 


(3.3.36) 


since a3 = 1. Combining (3.3.35) and (3.3.36), we conclude our proof of 
(3.3.26) after some simplifications. 


Adiga, Kim, Mahadeva Naika, and Madhusudhan [4] have obtained three 
additional reciprocity theorems for G(q) on repeated applications of the theta 
function transformation in Entry 27(ii) of Chapter 16 in Ramanujan’s second 
notebook [61, p. 43]. 


3.4 Explicit Evaluations of G(q) 


We first use Theorem 3.3.2 to easily deduce some specific values for the cubic 
continued fraction. Secondly, we employ one of Ramanujan’s modular equa- 
tions to determine G(—e~V°”). Thirdly, we present a general method from 
[72] for evaluating G(+gq). Fourthly, we use this method to establish the one 
specific value of G(q) recorded by Ramanujan at the conclusion of this frag- 
ment. 


Theorem 3.4.1. We have 


@(-e7) = (3.4.1) 
oferty = AVC ) t V6V3) (3.4.2) 
Get) = + es 6V3 (3.4.3) 

Glen V2") = can (3.4.4) 

G3(e-V2"/3) = — (3.4.5) 


Proof. We first establish (3.4.1). If a = 6 = 1 in (3.3.25), then 
(1 — 2G(-e7"))? = 8, 


and this proves (3.4.1), since G(—e~”) < 0. 
Set « = G(e~"). Then, from (3.3.3), 


IG? (—e"" )a? +a + G(—e-*) = 0. 


Using (3.4.1) and solving for 7, we deduce (3.4.2). 
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Using (3.3.9), (3.4.1), and (3.4.2), we deduce that 


-(1 V 
Glen) = ~G(-e-m) Gen") = SEE) VEVS, 
and so (3.4.3) is established. 
For simplicity, let A := G(e~V2"). If we set a = 8 = 1 in (3.3.26), then 
we obtain F 
A+1)?=<. 
(Ati) = 3 
Solving for A yields (3.4.4). 
We substitute (3.4.4) into the right side of (3.3.5) to obtain (3.4.5). 


Theorem 3.4.2. We have 


(3.4.6) 


To prove (3.4.6), we require the following identity of Ramanujan. 


Lemma 3.4.1. Let 


Then 


2 2 
P P 
PQ+ s = 2 + 32 + 3 : 
PQ P P Q Q 
For a proof of Lemma 3.4.1, see [62, p. 235, Entry 67]. 


Proof of Theorem 3.4.2. Let q = e~*/¥® and invoke (3.3.31) to deduce that 


P= y(ew*/V5) Be 51/4 
=~ = 
ple-ver) 
and 
ie Ge) BNE Ge ON) 
ple Aven). a8 ple svar) 
If we let 5 
—V51/3 
= phe (3.4.7) 
ye avin) 
then a 
5 P 3 
PQ=4/-C d =~ =—. A, 
Q i: an Q- 6 (3.4.8) 


Substituting (3.4.8) into Lemma 3.4.1, we deduce that 
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which may be rewritten as 


G2) MOG) 


Bo © 3B c/\B 6 a oe 
Since fe 4B 
3 
(atc) *o 
we conclude that ae 
C 3 
V5 = (s - 2) +3. (3.4.9) 


Solving the quadratic equation (3.4.9), we find that 


C= mee We zy (3.4.10) 


From (3.3.10), we know that 


—V5n/3 
LOGE Vt ee 
y(e3v5r) 


Thus, (3.4.6) follows from (3.4.7), (3.4.10), and (3.4.11). 


A completely different proof of (3.4.10) can be found in [61, p. 210, 
eq. (23.5)]. 

A very general method for calculating explicit values of G(q) was given by 
Berndt, Chan, and Zhang in [72]. We now present this method and illustrate 
it with another proof of Theorem 3.4.2 and a proof of Ramanujan’s last claim 
in this fragment. Further evaluations of G(q) may be found in [72]. 

We need to define Ramanujan’s class invariants G, and g,. If q = 
exp(—7./n), where n is any positive rational number, define 


Gy 2 Ve VAG) and. ~-gg2= 2-/"q **x(—@),. (8.4.12) 


(3.4.11) 


where x(q) is defined by (3.3.2). The following two theorems were proved in 
[72]; see also [63, pp. 205-208, Theorems 3.1, 3.2]. The latter theorem is found 
in Ramanujan’s first notebook [227, p. 318). 


Theorem 3.4.3. Let 
p=G,+G,". (3.4.13) 
Then, forn > 1, 


Gon = Gn (p+ VP i" (3.4.14) 
1/3 
a a/ (B? — 1)(p? —4) ~~ V (p? — 1)(p? — 4) 
2 2 


x 
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Theorem 3.4.4. Let 
P=9n- In (3.4.15) 
Then, forn > 0, 


gon = Gn (p+ af pe 1) oe (3.4.16) 
1/3 
| EOS , fas VRS} 
2 2 


Theorem 3.4.5. Let G(q) be defined by (3.1.6), and let p be defined by 
(3.4.13). Then 


G(-e7*V™) = ea 
Dra =e 


. (je V (p? — 1)(p? — 4) eat TE) 
5} 2 


Proof. Recall from Entry 3.3.1(a) that 


G(q) = phe. (3.4.17) 


where x is defined in (3.3.2). For g = —e~"V”, we find that by (3.4.17) and 
(3.4.12), 


G(—e-VF) = — en rvns ME") 
x3(e-37 Vn) 
1 Ga Dog Gay? 
eae ow (=) (3.4.18) 


If 


Fore pad Ve aie =) 
2 d 


then, from (3.4.14) and (3.4.18), we find that 


G(-e 8) = - 6,7 y/p— VoF=1 (Vale) +1 - Vale). (4.19) 


But an easy calculation from (3.4.13) yields 


-1/2 
Jpo4 
(em (Fs) (3.4.20) 


Substituting (3.4.20) into (3.4.19), we complete the proof. 
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Second Proof of (3.4.1). Let n = 1. Then, trivially, G; = 1 and p = 2. Thus, 
by Theorem 3.4.5, 


Second Proof of Theorem 3.4.2. Let n = 5. From Weber’s treatise [291, 
p. 721] or from Berndt’s book [63, p. 189], 


1/4 
a= (54) 


2 


It easily follows that p = V5, and so 
aa as (4x (V3 \3)- 4 


Theorem 3.4.6. Let G(q) be defined by (3.1.6), and let p be given by (3.4.15). 
Then 


—T,/n Pp +1—p 
Ge") = \/Y¥E = 
a we aed 


\z +4+ ./(p? + 1)(p? + 4) \z +2+ ./(p? + 1)(p? + 4) 
2 2 


Proof. Arguing as in the proof of Theorem 3.4.5, we deduce from (3.4.17) 
and (3.4.12) that 


eee 1 Gn Loe GRY 
Gle eo ant = Jun ( ie (3.4.21) 


re p2 +24 ./(p? + 1)(p? + 4) 
5 ; 


then by (3.4.21) and (3.4.16), 


Gle-*V*) = sii VP +1-p(Vo@)+1- Vo). (8.4.22) 


However, from (3.4.15), since p > 0, 


If 
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1/2 
Vp ta 
shy (A) (3.4.23) 


In = 


Putting (3.4.23) in (3.4.22), we complete the proof. 


Baruah [53] has established general formulas for G(e~°"V”") and 
G(—e-8"v") in terms of Ramanujan’s theta function 7. 
We now establish the last claim in the fragment. 


Entry 3.4.1 (p. 366). 
wavy _ V9 + 3v6 ~ V7 +3v6 
(1+ V5)VV64+ V5 
Proof. Let n = 10. Then, from the table in Berndt’s book [63, p. 200], 


G( 


14+¥Vv5 
J10 = 2 : 


It easily follows that p = /5. Thus, Theorem 3.4.6 gives 


Gle-t¥B) = v6 — V5 ae joe 
34+ V5 2 2 


Upon simplification, the desired evaluation follows. 


K.G. Ramanathan [215] has also given a proof of Entry 3.4.1. 

In her thesis [297], Yi systematically exploited modular equations, in 
particular eta-function identities, to find 22 new values for G(e~*V") and 
G(—e-*v"). For example, she proved that 


g1/3 _ 4 


a(ert¥) = VBFN ye-2v3ry = 
~ 92/3? = 21/3(1 — V3 + 22/3,/3)’ 


e2T) = 1/3 = 4/239/4 


1/3 

1+ v3 
, G 
4 ( 2 — 3/2 + 39/4 + 33/4 


G(-e-*/8) = — ( 
Her methods can clearly produce several further evaluations. 


Baruah and N. Saikia [55] and Adiga, Vasuki, and Mahadeva Naika [7], [8] 
have also established some further evaluations of G(e~7¥”) and G(—e~"V"). 


A 


The Rogers—Ramanujan Continued Fraction 
and Its Connections with Partitions and 
Lambert Series 


4.1 Introduction 


Recall that the Rogers-Ramanujan continued fraction is defined by 


1/5 2 3 
q q 4 q 
DE mae ache eg ea etage> WAI (4.1.1) 
and that it has the representation 
Dd oe) 
R@ =a (Be ol G ie jes Te, 


Cee rar am 


In this chapter, the modular properties of R(q) are not so important, and so it 
is not really necessary to carry the appendage q!/°. Thus, following Andrews 
[26], we define 

1 
q 5 R(q) 


Our goal in this chapter is to prove several results in the lost notebook on 

C(q) that are connected with either partitions or Lambert series. Most of this 

chapter is taken from Andrews’s paper [26], with a simplification given for 

one of the proofs. Results in Section 4.4 are proved in Andrews’s paper [22]. 
Define the power series coefficients v;,n > 0, by 


C(q) = (4.1.3) 


Co 


Cig) =S ora", — |gh <1. (4.1.4) 


n=0 
In Section 4.2, we establish Ramanujan’s representations for 


Co 


Sound, — lal <1. (4.1.5) 


n=0 
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Although not mentioned by Ramanujan, the coefficients vsn+;,0 <j <4, can 
be represented in terms of certain partition functions. From these representa- 
tions, we can readily show that 


Usn > 0, Usn41 > 9, Usn42 <0, U5n43 <0, Usn44a < 0. (4.1.6) 


The periodicity of the sign of v, was first observed by M.D. Hirschhorn and 
G. Szekeres and was subsequently proved to hold for n sufficiently large by 
B. Richmond and Szekeres [232]. Their proof of (4.1.6) for sufficiently large n 
is a consequence of their asymptotic formula 


w= ano (So) for( (-2)) 06°} 


Ramanujan also examined the coefficients u, defined by 


1 co 
ary = Dung”, lal <1, (4.1.7) 
C(q) d 


and derived analogous formulas for 
Sung”, Of 7 <4. (4.1.8) 
n=0 


We conclude Section 4.2 by deriving results for u, analogous to (4.1.6). 

Ramanujan also considered the coefficients v, and un, modulo 2. As we 
shall see in Section 4.3, these formulas involve the famous Rogers-Ramanujan 
functions G(q) and H(q), which we define in Section 4.3. 

One of the most fascinating entries in the lost notebook on the Rogers— 
Ramanujan continued fraction gives a representation for 1/C%(q) as a quotient 
of Lambert series, which was first proved by Andrews [22]. Page 47 in the lost 
notebook contains several further representations for C(q), as well as for G(q) 
and H(q), in terms of Lambert series, and all of these are proved in Section 
4.4. 

Section 4.5 provides further q-series representations for C(q), found on 
page 36 of the lost notebook and first proved by Andrews [26]. 


4.2 Connections with Partitions 


We begin by stating an entry from the lost notebook that is the key to proving 
five identities for the coefficients v5,+; in (4.1.5). 


Entry 4.2.1 (p. 50). We have 


1 e ; Ee 5 
C(q) oS ae ee ( S- (anger +n) /2 +4q > Cyrgtes a : 


n=—Co n=—Co 


This identity is actually the same as (1.2.21) of Chapter 1. 
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Entry 4.2.2 (p. 50). If the coefficients uv, are defined by (4.1.4), then 


Yona = 2 

5n ey aa 

= (d)c0 

toni =o 
5n+1 = 

eer) (Doo 


— q 
> Usn4+2q” = ~ (q)oo 
n=0 Too 

[oe) 

1 
Ss U5n4+3q = ~ (goo ) 
n=0 Too 


oe Usn447 a ~ (goo 
n=O d) oo 


( S- (—1)"q(78n" +9)/2 


n=—Co 


= 2 
+q' > (ang von) : 


n=—Co 


( S- (—1)"q(78n"+110)/2 


n=—Cco 


= 2 
a Ne (=n) 7gie a) 


n=—Co 


( S- (—1)"q(75n? +29") /2 


n=—Co 


n=—Co 


n=—Co 


( S- (1) 7 g(r 410) /2 


n=—Cco 


2 
ao a (airgeee a ; 


n=—Co 


2 
+q S- (ye in) 


(4.2.1) 


(4.2.2) 


(4.2.3) 


(4.2.4) 


(4.2.5) 


Proof. Recall that the operator Us operating on a power series f(q) = 
rg ang” is defined by [21, p. 161] 


ee) 4 
Usila) = Dama" == > f(a"), 
n=0 j=0 


where ¢ = exp(27i/5). Hence, for 0 < a < 4, by Entry 4.2.1, 


(4.2.6) 
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S- Usn4aq” = Usq °C(q) 
n=0 


Se aj Ge FOE (CJq 1/9) 


j=0 


4 fore) 
1 : 
= ; De: ee ( ys, (—1)"¢3(5n?—n—2a) /2 gn? /2—n/10 


n=—CoO 


Be 
me. 


4 gl? we yrs (15n?—11n+2—2a) /2 gar /2- He ; 


n=—Cco 


Now, 15n?—n—2a = 0 (mod 5) for n = —2a (mod 5), while 15n?—11n+2—2a = 
0(mod5) for n = 2 — 2a(mod5). It therefore follows from above that 


Co 


s sat ee eee 
S > Uintad = (oo ( Se (-1) a 2a)“ /2—(5n—2a)/10—a/5 
n=0 foe) 


n=—Co 


oe 2 
+qi/8 Se (rg 2a)” /2—11(5n+2—2a)/10 “| 


1 a2 ~ nm n2— a n 
fae (« S (—1) gh (60a+1)n)/2 


n=—Co 


n=—Co 


4.q6(t-4)?-2(1-a) se ayrgroieesmr), (4.2.7) 


The identities (4.2.1)—-(4.2.5) now follow by setting a = 0,1,2,3,4, respec- 
tively, in (4.2.7). In most cases, the index of summation needs to be changed 
by replacing n by —n, n+ 1, or n+ 2 to achieve the formulations given by 
Ramanujan. This completes the proof. 


The next theorem, which is not given by Ramanujan, gives partition- 
theoretic interpretations of the identities (4.2.1)—(4.2.5). 


Theorem 4.2.1. Let By.a(n) denote the number of partitions of n of the form 
n=b)+bo4+---+ bs, where b; > bj41,0; — bi4~-1 > 2 and at most a—1 of 
the b; equal 1. Recall that the coefficients v, are defined by (4.1.4). Then 


U5n = B37,37(n) a Bsz7,13(n = 4), (4.2.8) 
U5n4+1 = B37,32(n) Tr Bs3z,7(n — 6), (4.2.9) 
U5n+2 = —(B37,23(n _ 1) _ Bsz,2(n _ 8)), (4.2.10) 
Usn+3 = —(Bsz7,28(n) + Bsz,22(n — 1)), (4.2.11) 
U5n+4 = —(B37,17(n _ 2) = B3z,3(n a 5)). (4.2.12) 
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Proof. We need to recall the generating function for Bya(n), namely [21, 
p. 111], 
— 1 ~ —zan 
S bee = word | ss (ape eee ry 2 )/2. (4.2.13) 
n=0 


n=—Co 


We now specialize the parameters k and a in (4.2.13) in order to obtain the 
appropriate terms on the right sides of (4.2.1)—-(4.2.5). Having done so, we 
then compare coefficients of g” on each side of the resulting identities in order 
to obtain (4.2.8)—(4.2.12) and thus complete the proof. 


We next demonstrate the periodicity of signs in (4.1.6). 


Corollary 4.2.1. We have vg = v4 = v9 = 0. The remaining coefficients vp, 
satisfy the inequalities 


vsn > 0, (4.2.14) 
Usn41 > 0, (4.2.15) 
Usn42 <0, (4.2.16) 
Usn43 <0, (4.2.17) 
Usn44 <0. (4.2.18) 


Proof. The assertions (4.2.14), (4.2.15), and (4.2.17) follow immediately from 
Theorem 4.2.1. To prove (4.2.16) and (4.2.18), we require the elementary 
inequality 

Bralr) > Bro(s), (4.2.19) 


forr >s>1,k>a>b>0, which we now prove. 

Let Bra(n) denote the set of partitions described in Theorem 4.2.1. We 
first describe an injection from B;»(s) into By,_(r). Consider any partition 
from B;»(s) and add r—s to the largest part. We easily see that we obtain a 
partition from By._(r), and so we indeed have the desired injection. To prove 
the strict inequality in (4.2.19), we need to find an element of By,_(r) that is 
not an image of the mapping just described. To do this, take a partition from 
Bxp(s) and add r— s—1 to the largest part and 1 to the second-largest part. 
Note that since a > b, the restriction on the number of 1’s is not violated. 
If there is only one part to the partition of By »(s), then the map creates a 
second part, namely, 1. In either case, the partition obtained is not counted 
by the first injection. This then proves (4.2.19). 


The argument above by D. Eichhorn is shorter and more elementary than 
the one given by Andrews in [26]. Hirschhorn [157] makes the observation that 
these results can be transformed via the quintuple product identity; following 
this, he deduces Corollaries 4.2.1 and 4.2.2 directly. 

We now establish a series of results for the coefficients u,, defined by 
(4.1.7), which are completely analogous to the string of results above. 
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Entry 4.2.3 (p. 50). We have 


1 i . 2 
= n_(15n?—7n)/ e gee +13n)/2 : 
Co) ( aye —4q ee 


5. 4d 
(q qd Joo n=—oo n=—co 


This identity is actually the same as (1.2.22) of Chapter 1. 


Entry 4.2.4 (p. 50). If the coefficients uy are defined by (4.1.7), then 


Ya = we eee 

+¢ 1 gue a? (4.2.20) 
Sons = on ( pre jig ven ene 

= y ayers), (4.2.21) 
Yona = ae (3 carrer 

+q' y cayroeoma), (4.2.22) 
Yona = ae (-# Seige 

+4" 3 en), (4.2.23) 
Yo ons? = a ( pi 1)" q(7n? -28n)/2 

9? > capo) (4.2.24) 


Proof. Recalling that the operator Us is defined in (4.2.6), we find that 


S- Usn+aq” = Usq-*C~*(q) 


n=0 


1S e ag BO (Gg) 


j=0 


ee 
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4 fore) 
1 —a n-j(15n?—7n—2a n?/2—7n 
i S~a /5 Si (—1)"¢i(sn? 70-2 )/2 q3n? /2—Tn/10 
5(q)oo g3=0 n=—oco 
= g/d S- angio nine aniaytaein) 


Now, 15n? — 7n — 2a = 0(mod5) for n = —a(mod5), while 15n? + 13n+2— 
2a = 0(mod 5) for n = 1—a(mod5). Hence, it follows from above that 


foe) 7 _1)4 lee foe) F oa ; 
Snead = a (: (3a+1)/2 S- (—1) qh (30a+7)n) /2 


n=0 n=—0co 


Co 


4q30-92-4)/2 S- (—1)%q(75""+(00.—a)+13)n) /2 


n=—Co 


(4.2.25) 


The identities (4.2.20)-(4.2.24) now follow by setting a = 0,1,2,3,4 in 
(4.2.25). As with the proofs of (4.2.1)—(4.2.5), to obtain the final forms of 
(4.2.20)—(4.2.24), changes in the index of summation need to be made. This 
completes the proof of Entry 4.2.4. 


Theorem 4.2.2. Recall that By,a(n) is defined in Theorem 4.2.1 and that the 
coefficients uy are defined in (4.1.7). Then 


Usn = B37,34(n) + Bsz,16(n — 3), (4.2.26) 
Usn+1 = —B37,31(n) — Bsz,19(n — 2), (4.2.27) 
Usn42 = B37,29(n) + Bsz,4(n — 7), (4.2.28) 
aa SBE) Sha), (4.2.29) 
Usn+4 = —B37,26(n) — B37,1(n — 8). (4.2.30) 


Proof. Asin the proof of Theorem 4.2.1, we employ (4.2.13). We specialize the 
parameters k and a in (4.2.13) in order to obtain the appropriate terms on the 
right sides of (4.2.20)—(4.2.24). Having done so, we then compare coefficients 
of q” on each side of the resulting identities in order to obtain (4.2.26)—(4.2.30) 
and thus complete the proof. 


Corollary 4.2.2. We have u3 = ug = U3 = U23 = 0. The remaining coeffi- 
cients Un satisfy the inequalities 


usn > 0, (4.2.31) 
tsns1 <0, (4.2.32) 
lie 0, (4.2.33) 
Usn+3 <0, (4.2.34) 
Usnt4 < 0. (4.2.35) 


114 4 Rogers-Ramanujan Continued Fraction — Partitions, Lambert Series 


Proof. The inequalities (4.2.31)—(4.2.33) and (4.2.35) are obvious from The- 
orem 4.2.2. To prove (4.2.34), use (4.2.29) and (4.2.19). 


The results in Entries 4.2.2 and 4.2.4 have been generalized by R.Y. De- 
nis [129] and K.G. Ramanathan [219]. Hirschhorn [160] has established the- 
orems analogous to Corollaries 4.2.1 and 4.2.2 for the Ramanujan—Gollnitz— 
Gordon continued fraction. Hirschhorn’s result has in turn been generalized 
by S.H. Chan and H. Yesilyurt [122] using an entirely different method. 


4.3 Further Identities Involving the Power Series 
Coefficients of C(q) and 1/C(q) 


On page 50 in his lost notebook, Ramanujan also states analogues of (4.2.1)— 
(4.2.5) and (4.2.20)-(4.2.24) for ven4+; and wan4;, 7 = 0,1. Recall that y(q) is 
defined by (1.1.6) in Chapter 1. 


Entry 4.3.1 (p. 50). We have 


oo pipe?) De 5 B85 
Stang? = Mit Jeol TT ool TID oo (4.3.1) 
oars y(—4°) 
— (Cee eee 
Vontig” = : 4.3.2 
a aia (—45 9°) oo(—94; @ )ooo(—4") oe) 


Proof. Recall the famous Rogers-Ramanujan identities [30], [61, p. 77, En- 
tries 38(i), (ii)], 


ee = l 
= 4 (qn (454% )ool 44s 4)oo ey) 

and be ee : 
cl (Qn (BP) oo (Gi Goo oe 


(These identities are also given in Entry 3.2.2 of Chapter 3.) Also recall that 
the definition of w(q) is given in (1.1.7) of Chapter 1. Then 


G(q)H(-4) + G(-a)H(q) = ant (4.3.5) 
and ; r 
G(@H(-@) - G(-@)H(q) = ae (4.3.6) 


The identities (4.3.5) and (4.3.6) were stated without proofs by Ramanujan 
among a list of forty identities of this sort, first brought before the mathemat- 
ical public by B.J. Birch [98] in 1975. These two identities were first proved 
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by G.N. Watson [288] in 1933. The entire manuscript containing these forty 
identities will be discussed by the authors in [38]. In the lost notebook, there 
is a surprising two-variable extension of (4.3.6), which has been proved by 
Andrews [23, Chapter 2] and which will also be proved in [38]. Observe, by 
(4.1.2), that 


C=. (4.3.7) 


We return to the proof of (4.3.1). Using (4.1.4), (4.3.7), (4.3.5), (4.3.4), 
(1.1.7) in Chapter 1, Euler’s identity 


1 
(-G doo = ae: (4.3.8) 


and lastly (1.1.6) in Chapter 1, we find that 


(ea ele sa alia Nee 
tats el G ig eslg sg es 


(4.3.9) 


If we replace q? by q in (4.3.9), we obtain (4.3.1). 

The proof of (4.3.2) proceeds along similar lines. Using (4.3.7), (4.3.6), 
(4.3.4), (1.1.7) in Chapter 1, Euler’s identity (4.3.8), and lastly (1.1.6) in 
Chapter 1, we find that 
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Cigars ee 
— UPS P ool PP ool Ps P)oo(Vs 1 )o0(= 975 1" )00(= 95 1" 00 (9° 7") 20 
(qrrsg?? 53 (07s Pos 
CC maser) Chaat ul mC ae ea NC ea FO C0 aa fo 
(ge ssa) os 
20. ae (sd yes 
(q19; q?°) 00 (q4; q oo (q!°; g'?)o0(qt; q??) oo 
Cnet mae 
10) .5(—@8; q!")o0(q!®; goo 
= oo 4.3.10 
(=o) a(t") ay(e™) ( 
If we replace q? by q in (4.3.10), we deduce (4.3.2). 
Entry 4.3.2 (p. 50). We have 


d 


) 
2. mS) 


oo 2.2 ais 5 A. 5 
S- und" = (9°; F)oo(=9 4 ool TiP Joo (4.3.11) 
om y(—9°) 

(grag ys, 


U2n4+1q” = : 4.3.12 
as or (-47; 4° )oo(—99; 4° )oo¥(—4°) 
Proof. The proofs of (4.3.11) and (4.3.12) follow precisely along the same 
lines as those for (4.3.1) and (4.3.2), respectively. 


Hirschhorn [157] conjectured refinements of Entries 4.3.1 and 4.3.2, which 
were later proved by R.P. Lewis and Z.—-G. Liu [177]. 


4.4 Generalized Lambert Series 


In this section we prove several representations for the Rogers-Ramanujan 
continued fraction involving Lambert series found on page 47 in the lost note- 
book. The first result is remarkable; we wonder how Ramanujan ever thought 
of it. A generalization has been given by Denis [131]. 
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Entry 4.4.1 (p. 47). We have 
oe) ge" 
1 a 1 — gont2 
eee (4.4.1) 
Calg)" os q 
pe ae _ gent 
> cats T+ gent 2 > ermine tac T+ gents 
q 1 — gont2 q 1 — gont3 
_ n=0 q n=0 q 4.4.2 
“00 T+ grtt a q, a gota : ( a. ) 
> gore ran = 3 gb? +8n+3 
= Je gent — 1-— gen +4 
The proof of Entry 4.4.1 depends on two lemmas. 
Lemma 4.4.1. For each nonnegative integer J, 
29 5n 
sn? 42jn lL +4 _ 
> q p ai _ eee ae ore (4.4.3) 


n=0 


Proof. In the following, we first expand the summands in geometric series, 
secondly invert the order of summation in the first series in the second equality 
and make the change of index k = m—n-—1 in the second series, thirdly make 
the change of index k = n—™m in the first series, and lastly sum the geometric 


series. Accordingly, we find that 


NF grr 
=e “5 x 
ae n=0 m=0 
co 
= y 3 + S i aa Le 
n=0 \m=0 m=nt+1 
(ooo) co 600 
= . . gurronirty™ ce : . geben Rb) 
m=0n=m n=0 k=0 
= a5. S gilom-bh)-+5m(m-ek) +m 
m=0 k=0 
co 600 
+4 S S qieron een) ra teratd) 
n=0 k=0 
co gr Bee oo gor t2nj+5n+5 
- =>? = faa — gontj 
m=0 1 q n=0 1 q 


The lemma now follows by replacing m by n in the first sum on the far right 


side above and then combining the two series together. 


Lemma 4.4.2. For every pair of nonnegative integers 1, j, 


118 4 Rogers-Ramanujan Continued Fraction — Partitions, Lambert Series 


Lot (tg) cclG? Hi) col Ga eal?) ec 


in 5. ,5)\2 t+j. 70 5—-i-j. 7d 
9 q (qree eG ee oskd iCal (4.4.4) 


n=—Co 


Proof. We extend the definition of (a;q)n, given in (1.1.3) of Chapter 1, by 
defining, for all integers n, 


= (ag), = Laide 
(an '= (:9)n = Congo 


(4.4.5) 
We shall utilize Ramanujan’s famous ;w, summation [61, pp. 32, 34]. For any 
complex numbers a, b, z with |z| <1 and |b/a| < 1, 


s (@)n pie (42) 00(G/ (42) )o0(4)o0(b/@)oe (4.4.6) 


()n (2) 00(b/(42))o0(b)oo(G/)o0 | 


n=—Co 


where we employ the notation (4.4.5). Now replace q by q® and set a = q/, 
b= q’*), and z = 7 in (4.4.6). Multiplying both sides by 1/(1 — gq’) and 
simplifying, we complete the proof of Lemma 4.4.2. 


Proof of Entry 4.4.1. First applying Lemma 4.4.1 four times and then in- 
voking Lemma 4.4.2 twice, we find that 


Sn+2 5n+3 
3 gon?tant Td is = 3 gor +6n+1 Sa q 7 
n=O Ps gon t2 oh — gon ts 
S gin?+2n i Ge _ > gin?+8n+3 2 gis 
=6 ‘= gent nO 1-— gent4 
fave) gr fore) grt 
_ 2 i go t2 p> _ gprts 
“09 q” oO git t3 
2 qs grt a2; = gpnt4 
CO ge" 
ieee i gon +2 
Pemies _ gent 
Beer CenmrnCivmrs (CRs Cera 


(Pe eNO ee, AG aera es (G5. 0 a0 
= ( (G5. 9" )oo(9"s 4" Joo ) 


(975° )00(433 g*)oo 


Appealing to (4.1.2) and (4.1.3), we complete the proof. 


There are 13 further identities of this type given by Ramanujan for C(q), 
G(q), and H(q). We offer them in the next two entries. 
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Entry 4.4.2 (p. 47). Recall that G(q) and H(q) are defined, respectively, in 
(4.3.3) and (4.3.4). Then 


CO q” 
(3¢)26EQ= >- ae (4.4.7) 
SPeitiae Soe 44.8 
a0") (= S- 1L— gortl’ (4.4.8) 
CQ <= q” 
5. ,0\2 a 
Ceara H(q) = S- T— qontl’ (4.4.9) 
Hq << ge 
5, ,0)2 = 
(5 "es G(q) = Se T— grt? (4.4.10) 
dey ee ye = 4411 
(q 1g Ves (q) = S- 1 — gdrtl’ ( oes ) 
[oe) q” 
(q°;¢°)2H(g)= >- =a (4.4.12) 
Gg) A sutton tert 
a) = Boe, 4.4.13 
Cae ee Hg) 24 errs (4.4.13) 
H2(q) a pp2a gl + go" +? 
5. 5)\2 = 5n*+4 44.14 
(q 1g Jes G(q) 24 1 gent?’ ( ) 
a een ek St ee A 4415 
(q iq Wee (q) —> S- 1 _ qion+1? ( es ) 
5.8) Mga > ci 4.4.16 
(PD oH (4) = DD 1 — qidn+3 (4.4.16) 


Proof. The proofs below make frequent use of (4.1.2), (4.3.3), and (4.3.4). 

To prove (4.4.7), use (4.4.4) with i= 1 and j = 2. 

To prove (4.4.8), use (4.4.4) with i = 3 and j = 1. 

To prove (4.4.9), use (4.4.4) with i= 1 and j = 1. 

To prove (4.4.10), use (4.4.4) with i = 2 and j = 2. 

To prove (4.4.11), use (4.4.4) with i = 2 and j = 1. 

To prove (4.4.12), use (4.4.4) with i= 1 and j =3. 

We next prove (4.4.13). We first appeal to (4.4.9). For n < 0 below, replace 
n by —n—1. Then employing (4.4.3) twice, with 7 = 1 and j = 4, we find 
that 


SN 
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oO. An 

er Tae - rer =o 

eg co aN 
_ x 5n2-42n L Tv qe” ; maid, s- n2+8n b+ Ge ‘ 
~L q T—gnti a4 1— gont4 

i = a 
= a 5n? a ay gr : fs SS 5n2-42n 1 T gr ‘i 
= — gent F q 1— gorti 
7 lee) eee 4 gett 
= a q — gent? 

n=—oo 


where in the penultimate equality we replaced n by —n — 1 in the second 
sum. This completes the proof of (4.4.13). 

The proof of (4.4.14) begins with (4.4.10) and follows exactly the same 
steps as in the previous proof, but appeals to (4.4.3) in the cases j = 2 and 
j =3 instead of 7 = 1 and j = 4. 

To prove (4.4.15), once again use (4.4.4), but now with g replaced by q?, 
and with 7 = 2 and j = $. A mild amount of simplification is required. 

To prove (4.4.16), once again use (4.4.4) with q replaced by q?, but with 
i=landj= 3. A mild amount of simplification is required. 


The next three results are simple consequences of parts of the foregoing 
entry. 


Entry 4.4.3 (p. 47). We have 


love) qg” 

fey i gon t2 

C(q) = > or = (4.4.17) 
n=—oco 1- qeatt 
ee 
wecmen _ gpntt 

Cg) = —- = (4.4.18) 
n=—oco 1- qeatt 
Sees 
jie ay — gon t2 


n=—0co T= gee 

Proof. To prove (4.4.17), divide (4.4.7) by (4.4.8) and use (4.3.7). 
To prove (4.4.18), divide (4.4.9) by (4.4.8) and use (4.3.7). 
To prove (4.4.19), divide (4.4.7) by (4.4.10) and use (4.3.7). 


Several of the generalized Lambert series identities in this section were 
generalized by Denis [129]. 
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4.5 Further q-Series Representations for C'(q) 


In this last section of the chapter, we establish four identities for C(q) found 
on page 36 in the lost notebook. 


Entry 4.5.1 (p. 36). We have 
9 (—1)"q(6r?+3n)/2 


(Gd Vas. 
C(q) gee 


hart . Q?)n+1 


yr gor +7n+2) /2 


os , (45.1) 


A=0 ide 
OD gor —n)/2 iS n_,(5n7+11n+6) /2 
ai 
, (45.2 
CO Gn yen OO 
and 
= Ging tore 1 (5n?+7n) /2 8n+4 
= = SV (-1) 2g br? +724 4 g8*4) (4.5.3) 
dX (P59 )n4a 5 
lS 2 (9°39 )oo 
see -| Balin +13n+2)/2 ie garth _ 
3 ) ( eet (9) 
(Sod gor +3n)/2 1 asd 5 - 
so = 5 es 1)%g°* aera Ange =) (4.5.4) 
n=0 *)n-+41 n=0 
ae > 1)" (5n?4+18n+2)/2 (4 ant]) 4 (gs? )ss 
5 ~t) | +4q po pe 
em 2 (q) 


Proof. We use the Rogers—Fine identity [137, p. 15, equation (14.10)]. If a, 
b, and t are complex numbers with |t| < 1, then 


De 


n= ah 


->9 ae \nb"t"¢ n (1 — atq?”) 


Baa Gen (4.5.5) 


Raa. 


This result is not stated in Ramanujan’s notebooks or lost notebook. However, 
we have used it many times to prove Ramanujan’s formulas. All of Chapter 9 
in this volume is devoted to formulas from the lost notebook that arise from 
using the Rogers—Fine identity. 

We begin with the proof of (4.5.1). We apply (4.5.5) to each sum on the 
right side of (4.5.1). In the first sum, we replace gq by q°, set a = q*/t and 
b= q’, and let t > 0; in the second sum, we replace q by q°, set a = q°/t and 
b = q°, and let t — 0. We then find that 


ee _ +3n)/2 es gor +7n+2) /2 
n=0 Q)n+1 n=0 *)n+1 
ce n n nbn n 
=> 2 gee FOR @ sa i : (ghets) 
(9754? )n41 
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oS =] gor +7n)/2 -q gna” agile 
ays! ie (P39?)n ( ) 


n=0 (P59 )n+i 
SS eno rG ger?) ye 1) Mgr? +13n+2)/2 (4 4 gint3) 
n=0 n=0 
— 2 
= S- (—1)%q(15" Tee — 31) 
_ (P57 )oo 
C(q) ° 


by Entry 4.2.3. 

To prove (4.5.2), we proceed in the same fashion. We apply (4.5.5) to each 
of the series on the right side of (4.5.2). In the first sum, replace q by q°, set 
a=q’/t and b=q, and let t — 0; in the second sum, we replace q by q°, set 
a = q°/t and b = q', and let t + 0. Accordingly, we find that after performing 
routine simplification, 


(—1)rgr?-n)/2 icc (—1)rq(Sn*+11n+6)/2 


(959° )n41 De 


=. (ea P as 


Co 


= So (-1)rg to + gent) * So Epo ea pigpnnty 
n=0 n=0 


Co 


= ys (1) tg(in tn)? — De (a1)t gor Hien 9)/2 


n=—Co n=—Co 


= S- (—1)%q(t8r" tn)/24 g re q(ton? +11n)/2 


= (73°)C(Q), 
by Entry 4.2.1, where in the antepenultimate line we replaced n by —n 
—1. 
We now observe that if we subtract (4.5.3) from (4.5.4), we obtain (4.5.1). 
Therefore, since (4.5.1) has already been established, we need only prove 


(4.5.3). From the proof of (4.5.1) and from another application of Entry 4.2.3, 
we find that 


ae 


n=0 *)n+4 


= oo oh ye g itor? ciel +4 get) 


gor +7n+2) /2 
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(P3q?)oo 1 > (15n?+7n) /2 5n+2 


— 7 
4) (15n?+13n+2)/2 5n+3 
+3 dU 1)"q Chg ee) 


(3P)o ,1< (15n?2-47n) /2 8nt4 
30@) 72 DI ) ( ) 


1 co 
ae 5 Song tera cs grt), 
n=0 


This completes the proof of (4.5.3) and with it (4.5.4). 


N.J. Fine [137] has found many applications of (4.5.5). See also MacMa- 
hon’s Collected Papers [186, Chapter 16, Section 16.2]. Several arithmetical 
applications of (4.5.5) have been made by Andrews in [20]. 

S. Bhargava [90] has employed Ramanujan’s ;w1 summation theorem to 


give another proof of (4.5.1) and (4.5.2). 


5 


Finite Rogers-Ramanujan Continued Fractions 


5.1 Introduction 
We begin with some basic notation. For a continued fraction of the form 
Eee cae (5.1.1) 


let Pp 
Pam ae Oe ah 
Q. l+tit-e.-4+1 
be the nth convergent (or approximant). Set P_; = 1, Q-1 =0, Po = 0, and 
Qo = 1. By convention, the value of (5.1.1), if it exists, is defined to be the 
limit of the sequence {P,/Qn} as n tends to infinity. The partial numerators 
and denominators, P,, and Qn, respectively, satisfy the basic relations [182, 


p. 9] 


(5.1.2) 


P,, = Paes zi AnPp-2, Qn = Qn-1 a QnQn—-2, (5.1.3) 


and 
PrQn-1 — Pn-1Qn = (-1)""tayaz +++ Gn, (5.1.4) 


where n = 1,2,3,.... 
Define, for |g| < 1 and complex a, 


a aq aq 


BO ea ee a, 


(5.1.5) 
(We have adhered here to Ramanujan’s notation, although it conflicts with the 
notation for the infinite Rogers-Ramanujan continued fraction R(q) employed 
in the previous chapters. The infinite Rogers-Ramanujan continued fraction 
does not appear in this chapter, and so no confusion should arise.) On page 46 
of his lost notebook [228], Ramanujan evaluates R(a) in terms of its (m—1)th 
convergent when q is a primitive mth root of unity. More precisely, Ramanujan 
claims that given any primitive mth root of unity gq, 
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Raye * pines), (5.1.6) 


where 
P(a) _ Pm-s(a)__a@ aq ag”? 


Q(a)” Qm-i(a)) I+ 1t++-+ 1 


is the (m — 1)th convergent of R(a). We suppress the index m, because m is 
regarded as fixed. Although it appears that (5.1.6) can be obtained by simply 
solving a quadratic equation, many difficulties arise. 

We first proceed with the study of the convergents of R(a). In particular, 
Theorem 5.2.1 below is one of the main ingredients needed to prove (5.1.6). 
It turns out that Theorem 5.2.1 can be established by proving an interesting 
identity, (5.2.1). To prove (5.2.1), we need the concept of relative decompo- 
sitions (modm), which was first introduced and studied by H. Stern [260], 
[261] in 1863 and then further developed and generalized by R.D. von Ster- 
neck [262], [263], [264] in 1902-1905. Next, we restate (5.1.6) as Entry 5.2.1 in 
a more precise way and then prove it by using results of Worpitzky (Lemma 
5.2.2) and Vitali (Lemma 5.2.3). 

Next, we generalize Entry 5.2.1 by proving some results on page 57 of Ra- 
manujan’s lost notebook. We also shall explain a mistake Ramanujan made in 
his ordinary notebooks [227] on evaluating the Rogers-Ramanujan continued 
fraction at primitive roots of unity [63, p. 35]. 

All the results in Sections 5.2 and 5.3 were first proved by S.-S. Huang 
[164]. 

In Section 5.4, we show that certain finite Rogers-Ramanujan continued 
fractions have zeros that can be expressed in terms of singular moduli. It is 
tempting to contemplate that these curious examples might be illustrations 
of a more general theory, but we doubt that this is the case. The results in 
this section were first published in [78]. 

In the last section, Section 5.5, we examine an identity for certain finite 
generalized Rogers-Ramanujan continued fractions. Results in this last section 
are taken from J. Sohn’s thesis [253]. 


5.2 Evaluations of Finite Generalized Rogers— 
Ramanujan Continued Fractions at Primitive Roots of 
Unity 
To simplify notation, we define the two sets 

An = {v =(m1,...,Nr) EN" |r > 1, m1 =1, nigr — nj > 2, and n, < n} 


and 


Br = {v =(n1,...,mr) EN |r > 1, m1 > 2, niga —n; > 2, and n, <n}. 
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Lemma 5.2.1. For each positive integer n, 


(i) By ST aay “a, 


vVEAn 
and 
(i Ge Shes SP aaetes, 
veEBn 


where P, and Qn are defined in (5.1.2). 


Proof of (i). Use induction on n. Clearly, (i) is valid for n = 1. Assume that 
(i) is true up to n. Then, by the first recurrence relation in (5.1.3), 


Pri =P,+ An41Pn—-1 


S Qn, °** On, + S Qn, *** An,An+1 


vVEAn vVEAn-1 


— ) An, °** An, 


vVEAn+41 


Identity (ii) can be proved in a similar manner by using the second recur- 
rence relation in (5.1.3). 


Lemma 5.2.1 is known as the Euler—Minding theorem [206, p. 9]. 
In the sequel, we denote the nth convergent of R(a) by Pn(a)/Qn(a), ie., 


Pra) __@ ag aq’? 
OG Date Ia ae 


Theorem 5.2.1. For any number a, and any primitive mth root of unity q, 
Prila) 2 Oy la) S11. 


Before we prove Theorem 5.2.1, let us take a closer look at the sum of 
Py—1(a) and Q,,(a). First, define A,,(1) to be the subset of A, that contains 
all the /-dimensional vectors. Similarly, B,,(1) contains all the /-dimensional 
vectors in B,. Then, by Lemma 5.2.1, we find that 


Pm—1(a) + Qm(a) 
= > ag sage ate pee S- Gg s-2ag?h 


vVEAm—1 vEBm 
[m/2] [m/2] 
= 1+ S- aq” so grits a Se ago” S- qantas 
r=1 veEAm-—-1(r) r=1 veBm(r) 
[m/2] 
— 1 + Se a'q” S- gure ter + S ghite tr 
r=1 


veAm-1(r) veEBrm(r) 
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[m/2] 
=1+4+ S- aq” » grat tne 
r=1 VEC m(r) 


where C€,,(r) is the union of Am—1(r) and By» (r). 
Therefore, to prove Theorem 5.2.1, it suffices to show that given any prim- 
itive mth root of unity q, 


x Geet rrts = 0, for each — 1, 2, seey [(m/2]. (5.2.1) 
VEC m(r) 


We will prove (5.2.1) as a corollary of the next theorem. 

The following definition was introduced by H. Stern [260], and the name 
relative decompositions (modm) was given by P. Bachmann [48, Part II, 
Chapter 5]. 


Definition 5.2.1. Let n be a positive integer. A sequence (n1,Nn2,...,n,) of 
positive integers is called a relative decomposition (mod m) of n (with r parts) 
if 

O<nyp<ng<--+-<n,<m-1 (5.2.2) 


and 


n = mtnot---+n,(modm). (5.2.3) 


Also, we adopt von Sterneck’s notation (n), to indicate the number of all 
possible relative decompositions (mod m) of n with r parts. The function (n), 
can be viewed as an analogue of p(n,r), the number of ordinary partitions of 
n into r parts. It is easy to see that p(n,r) < (n),. For work on relative 
decompositions, we refer readers to Bachmann’s text [48] and the papers of 
Stern [260], [261] and von Sterneck [262]-[264]. 

In the sequel, instead of considering (n),, we focus on restricted rela- 
tive decompositions (mod m) with r parts. More precisely, for each n = 
0,1,...,m—1, let 6,(n) denote the set of all the relative decompositions 
(mod m) of n with r parts subject to the conditions 


Nig —1; >2, for eachi=1,2,...,r—1, (5.2.4) 


and 
Np — 1 <m—2. (5.2.5) 


Note that 6,(n), n = 0,1,...,m—1, are disjoint. Also, let g,(n) be the 
cardinality of 6,.(n). 


Theorem 5.2.2. Let r and m be positive integers with greatest common divi- 
sor d and let j1,j2 € {0,1,...,m—1}. If d divides j, — jo or j1 + jo, then 


9r(J1) = 9r(J2)- 


In particular, if r and m are relatively prime, then 


gr (0) = 97 (1) Ss eet gr(m =o 1 


5.2 Finite Rogers-Ramanujan Continued Fractions 129 


Proof. First, suppose that d divides 7; — ja. Then, we can write jo = j1 + ud 
for some integer u. To prove the result, it suffices to find a one-to-one mapping 
from 6,.(j1) onto 6,(jo). Note that since d = (r,m), there exist integers a 
and (@ such that ar + 6m = d. 

Next, given an element (n1,n2,...,m,) in 6,(j1), define a new sequence 
of positive integers 


(ni F ua, ng + ua,...,n- - ua), (5.2.6) 


where Z designates the smallest positive residue of z modulo m. Finally, denote 
the sequence (5.2.6) by (k1,k2,...,%,), after rearranging the coordinates in 
nondecreasing order. 

Now define y from 6,(j1) to 6,(j2) by assigning to each element 
(n1,N2,...,Mr) in G,(j1) the sequence (ki, ko,...,k,) obtained by the pro- 
cedure described above. The mapping y is clearly one-to-one and onto (u 
and qa are fixed), provided that y is well-defined. Thus, it remains to show 
that (ky, k2,...,k,) satisfies (5.2.3)-(5.2.5) with n replaced by jg. By taking 
congruences modulo m and using the fact ar + Gm = d, we find that 


So ki = yn, + uar= j, +ud= jo (modm), 


i=1 i=l 


and hence (5.2.3) is justified. 
Next, observe that 


(k1,..., kr) = (ni Fua,...,n,pFua), if ny Fua<---<n,+ ua, 


and otherwise, 


(ky,...,k,) = (ny #ua,...,n, Fua, ny + ua,...,n 1 + ua), 


where v is the smallest integer such that ny + ua < ny_1 + ua. In any case, 
(5.2.4) and (5.2.5) are satisfied. Therefore, 6,(j1) = 6,(j2) (as sets), ie., 
g(j1) = gr(J2). The case in which d divides 7; + j2 is proved similarly. 


Theorem 5.2.2 yields immediately the following result. 


Corollary 5.2.1. If r and m are positive integers with (r,m) = d, then 
Gr (ld + k) = gr(k), 
for any k € {0,1,...,d—1} and anyle {0,1,...,%-1}. 


Now, we are in a position to prove (5.2.1) and finish the proof of Theorem 
5.2.1. 


Corollary 5.2.2. For any primitive mth root of unity q, (5.2.1) holds. 


130 5 Finite Rogers-Ramanujan Continued Fractions 


Proof. Given r € {1,2,...,[m/2]}, we denote (r,m) by d. By the definitions 
of Cy(r) and 6,(J), 


Cn(r) = 6,(0) UG, (1) U---UG,(m — 1). (5.2.7) 


Then, by (5.2.7), the disjointness of the sets 6,(j), and Corollary 5.2.1, 


m-1 d—1(m/d)-1 
a gor “+N, __ = gr(j = a ar ( (Id + k) gr 
VEC» (Tr) k=0 1=0 
d—-1 (m/d)-1 
= ar(k) g® S- ge = 
k=0 1=0 


where the last equality follows from the fact that q@ is a primitive (m/d)th 
root of unity. Hence, (5.2.1) is established, and so is Theorem 5.2.1. 


We still need three additional lemmas before embarking on the proof of 
(5.1.6). 


Lemma 5.2.2 (Worpitzky’s theorem). Let K(a,/1) be the continued 
fraction defined in (5.1.1). If |an| < 1/4, then K(an/1) converges. Moreover, 
all approximants P,/Qn, defined in (5.1.2), are in the disk |w| < 1/2, and the 
value of the continued fraction is in the disk |w| < 1/2. 


See [182, p. 35] for a proof. 


Definition 5.2.2. Let A be a set of functions, all defined on the same domain 
G, and suppose that for every compact subset F C G, there is a number 
M(F) > 0 such that 

ffl < M(P) 


for all f € A andzeé€F. Then A is said to be uniformly bounded inside G. 


Lemma 5.2.3 (Vitali’s theorem). Let G be a domain, and let {fn} be a 
sequence of analytic functions in G. Suppose that the sequence {fn} is uni- 
formly bounded inside G and converges on a set of points E C G with a limit 
point in G. Then {fy} converges uniformly inside G. 


See [193, pp. 415-417] for a proof. 


Lemma 5.2.4. Recall that R(a) is defined by (5.1.5). For each fixed primitive 
root of unity q, R(a) is an analytic function of a inside the domain G = {a: 
|a| < 1/4}. 


Proof. For convenience, let P,,(a)/Q,(a) be denoted by f,(a) for each n € N. 
By Lemma 5.2.2, we may deduce that for each n € N and each a € G, 


|fn(@)| < 1/2, (5.2.8) 
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and {fn(a)} converges to R(a) in the domain G. Hence, {f,,} is uniformly 
bounded inside G. On the other hand, by Lemma 5.2.1, P,,(a) and Q,,(a) are 
polynomials in a with coefficients in C. This, combined with (5.2.8), implies 
that { fn} is indeed a sequence of analytic functions in G. Therefore, by Lemma 
5.2.3, {fn(a)} converges uniformly to R(a) in G. Finally, the analyticity of 
R(a) follows from Weierstrass’s uniform convergence theorem [193, p. 333]. 


We emphasize that Ramanujan recorded (5.1.6) with no indication of any 
admissible range for a. However, this can be done without too much difficulty. 
Indeed, the domain G in Lemma 5.2.4 is, in general, the best possible circular 
domain for a according to Lemma 5.2.2 and the fact that the continued frac- 
tion K(a/1) diverges for real a with a < —1/4. In the following, we restate 
Ramanujan’s assertion (5.1.6) in a more precise way. 


Entry 5.2.1 (p. 46). Let q be a primitive mth root of unity and |a| < 1/4. 
Let R(a) be the continued fraction defined in (5.1.5). Then 


Pm—1(a) + § {- ieee 


TN Omnia) 


where 
m—2 


Pm-1(a) _@ aq aq 
OmcA@). doa aoa 


Proof. Observe that R(a) becomes a periodic continued fraction when g™” = 
1. Hence, 


a aq aq aqg™' — R(a) 
a ee + 1 4+ 1 
— Pra) + R(@)Pm-1(4) 
~ Qm(a) + Rla)Qmn—1(a)’ ey 
by (5.1.3). The identity (5.2.9) gives a quadratic equation in R(a), namely, 
Qm—1(a)R?(a) —{Pn—i(a) — Qm(a)} R(a) — P.n(a) = 0. (5.2.10) 


Solving (5.2.10) by the quadratic formula, we find that 


{Prn—1(a) ~ Qrala)} # /{Pin—1() — Qna(a)}? + 4Prn(2) Qin (2) 
—e ) , 


By Theorem 5.2.1, the last identity can be rewritten in the form 


Pm—1(a) + $ {1 VIF FTP Qm—1(4) — Pn 1 Qm(a)y 
Qni-i(a) : 


R(a) = 


R(a) = 
(5.2.11) 
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Let us write g = exp(27ih/m), with (h,m) = 1. Then, by (5.1.4), 


) 
) 

= (hearer ee 
) 


where the last equality follows from the fact that h and m are coprime. Hence, 
from (5.2.11), we find that either 


R(a) = Pm—1(a) + wos + 4a} ene 


or 


Pm—1(a) +4 {-1— VT +40} 
Qm_1(@) ; 


Now it remains to exclude (5.2.13). By Lemma 5.2.1, Pn—1(a) and Qm_1(a) 
are both polynomials in a and approach 0 and 1, respectively, when a tends 
to zero. Hence, when a is inside a small neighborhood of 0, the quantity on 
the right side of (5.2.13) will be outside the disk |w| < 1/2, which contradicts 
Lemma 5.2.2. This implies that (5.2.12) is valid for |a] < p, where p is a small 
positive number depending on m only. Finally, the desired result follows by 
Lemma 5.2.4 and analytic continuation. 


R(a) = (5.2.13) 


To conclude this section, we state a result of I. Schur [238, pp. 319-321], 
(239, pp. 117-136] and Ramanujan [63, p. 35] (who stated it incorrectly) in 
the case a = 1 and relate it to Entry 5.2.1. 


Theorem 5.2.3. Let F(q) := R(1), where q is a primitive mth root of unity. 
If m is a multiple of 5, F(q) diverges. Otherwise, F(q) converges and 


F(q) = aF(a) orm /9, (5.2.14) 


where a denotes the Legendre symbol (2) and p is the least positive residue 
of m modulo 5. Moreover, in the latter case, 


Pm—1(1)=4(1—a@) and Qm—i(1) =a gt-oem)/s, (5.2.15) 


According to the table on page 57 of his lost notebook, Ramanujan appar- 
ently tried to establish results like (5.2.15) to obtain (5.2.14). Ramanujan’s 
table is given as follows. The caption beneath the table is given by Ramanujan. 
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P,—2(1) Haat) Peal) Pn—3(x) 
x 
IT 
n= 2,3(mod5)| —W/e | -~= 0 1 
x 
n = 0(mod5) 0* O* = |—(a— 27/8 4 p20 /9))_ (gp /9 4 op!) 


* 


x need not be primitive; it is enough that — 
rt 


Unfortunately, this table is not completely correct. We reproduce below a 
table of Schur [238, p. 319], [239, p. 134], where we have changed his notation 
to conform to that of Ramanujan. Let p denote the least positive residue of 
n modulo 5. 


P,-2(1) Py—2(2) P,-1(1) Py—3(2) 
n = 1,4(mod5)| 24-07)/5 | g—C—en)/5 1 0 
n = 2,3 (mod 5)|—x20 te")/5/_g— (ten) /5 0 1 
n = 0(mod5) 0 0 —(a~2P/9 4 2/9) |_ (ge 4 gr/?) 


By letting n — oo in these miscalculations, Ramanujan probably was led 
to the following (incorrect) result, which was recorded on page 383 of his 
second notebook [227]: 


If uw := 2/5 F(a), then u? + u—1=0 when x” = 1, where n is any 
positive integer except multiples of 5 in which case u is not definite. 


To obtain the result above, Ramanujan might have used his table and 
applied Entry 5.2.1 with a = 1. If so, Ramanujan considered Entry 5.2.1 to 
be valid for a = 1. Indeed, this turns out to be the case, since when a = 1, 
Entry 5.2.1 reduces to (5.2.14) simply by using (5.2.15). Therefore, it is likely 
that Entry 5.2.1 holds for a larger region of a. Finally, we emphasize that 
the convergence and divergence of F'(q) on the unit circle, except at primitive 
roots of unity, remains unresolved. However, D. Bowman and J. McLaughlin 
[102] have found another set of measure 0 for which F'(q) diverges. 


5.3 A generalization of Entry 5.2.1 


On page 57 of his lost notebook, Ramanujan generalizes Entry 5.2.1 by con- 
sidering the continued fraction 
1 aq aq? aq” 


1 aq ag? 34 
aa Tig On sae Mr ry oe oe a eat) 


where n is a fixed positive integer. Observe that by choosing A = a, the 
continued fraction (5.3.1) reduces to a~1R(a). 
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As in previous chapters, let, for n € N, 


(939)n = (@)n = (1—9)(1—¢7)---(1— 9”). 


Define the Gaussian coefficients [t], by 


and 


Kn 
i), ~ (q)i(q)e—t’ (5.3.2) 


when 0 <1 < k. Here we consider only integral values for k and 1. Note that 
(5.3.2) is indeed a polynomial in gq. 


Entry 5.3.1 (p. 57). Let Aj =1,A_1 =1, and A_2 =0. For n> 1, let 


[(n+1)/2] : 
A,(a) = a ie el , neNn. 
j=0 J q 
Then, for n > 0, 
(i) An—1(@)An—1(aq) — An(@)An—2(aq) = (—a)"ghrV??, 
(ii) An(a) = An—1(aq) + aqAn—2(aq’), 
(iii) A,,(@) = An—1(a) + ag” An—2(a), 
(iv) 1 aq ag? ag” _ An-1(aq) + NAn—2(a9) 
1+1+ 1 ++: +147 An(a) + nAn-1(a) 


Proof. In Chapter 16 of his second notebook [227], [61, p. 31, Entry 16], 
Ramanujan, in fact, determined the numerator and denominator of the nth 
convergent of R(a), and indeed A,(a) is the numerator of the nth convergent 
of a/R(a). In other words, 


4,4 aq 
Bila) 1+ 1 ++ 1?’ 


where B,,(a) denotes the corresponding nth denominator. In fact, one can 
easily show that B,(a) = a~'P,41(a). Furthermore, 
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A, (a) aq 
=i 2 3 n 
B,(a) ee oe aq 
ee en ee ee a 
| aq 


A,—1(aq)/Bn_1(aq) 
An_1(aq) + aqgBn_1(aq) 


= : 5.3.3 
An—1(aq) ( ) 

The equality (5.3.3) immediately implies that 
B,(a) = Ay,_1(aq) (5.3.4) 


and 

An (a) = An—1(aq) + agAn—2(aq’), 
which proves (ii). By (5.3.4), (i) follows from (5.1.4). Equality (iii) is simply 
the first recurrence relation in (5.1.3). Finally, (iv) follows from (5.1.3) and 
(5.3.4). 


In Chapter III of [184], P.A. MacMahon offers identities generalizing (i) 
(ii), and (iii). These have subsequently been rediscovered [45] and greatly 
generalized by A. Berkovich and P. Paule [58] and by K. Garrett [139]. 


Entry 5.3.2 (p. 57). Let jal < 1/4, |A| < 1/4, and |q| < 1. Ife is the 
continued fraction defined in (5.3.1), then 


— An-2(aq) + Z 
An_1(a) : 
where Z is a root of 
AZ? + {An(a) + AAn—2(aq)} Z = (—a)"ghtV??, (5.3.5) 


and the ambiguous sign in the solution of (5.3.5) is always positive. 


Proof. Throughout the proof, we restrict a, A, and g to be on the interior 
of the prescribed areas. First, the convergence of the continued fraction ¢€ is 
guaranteed by Lemma 5.2.2. By Entry 5.3.1(iv), 

An_-1(aq) + A©€An—2(aq) 


eae Wary Cy EC 2) 


Regarding (5.3.6) as a quadratic equation in ¢, we find, upon solving it, that 


_ 2XAn-2(aq) —Y + SY? + 4A(—a)rgr(rt)/2 
a IXA, (4) 


where we have used Entry 5.3.1(i) and for convenience we have defined 
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Y := AAn—2(aqg) + An(a). (5.3.7) 
Hence, 
— An—2(aq) + Z 
=e (5.3.8) 
where 
Ga |v V¥2+4A(—a)ngner+y/2| , (5.3.9) 
2A 


One can easily check that Z satisfies the equation (5.3.5). Therefore, it remains 
to verify that the ambiguous sign is always positive. By Lemma 5.2.1, both 
An(a) and A,—2(aq) are polynomials in a and approach 1 when a tends to 0, 
and hence, from (5.3.7), 


Y—1+A, asa 0. (5.3.10) 


Now let us first fix g and A, with 0 < \ < 1/4. Then, by (5.3.8)—(5.3.10), 
when a tends to 0, € approaches 1 and —1/,, respectively, according to the 
“4” and “—” signs in (5.3.9). However, by Lemma 5.2.2, « converges to a 
value in the disk |w| < 2, which excludes the value —1/X when a is small 
enough. In other words, the “+” sign is always correct when a is in a small 
neighborhood of the origin. Furthermore, an argument like that used in the 
proof of Entry 5.2.1 shows that ¢ is an analytic function of a. Therefore, 
by analytic continuation, Entry 5.3.2 is valid for |q| < 1, ja] < 1/4, and 
0<2< 1/4. Finally, the desired domain for \ can be obtained by analytic 
continuation, since ¢ is also analytic in A. 


In addition to Entries 5.3.1 and 5.3.2, Ramanujan recorded the following 
two results on page 57 of his lost notebook [228]. 


Entry 5.3.3 (p. 57). Let 


A(a) := lim A,(a). 


eee 
If” =1, where q is primitive, then 
An—1(a) + @An—3(aq) = 1 (5.3.11) 
and 
An—2(a)A(aq) — An—3(aq)A(a) = (—a)"*qh"V/? A(ag”). (5.3.12) 


Proof. The equality (5.3.11) is actually a restatement of Theorem 5.2.1. 
It is easily seen that by a similar argument, Entry 5.3.1(ii) remains valid 
if we replace A,,(q) by A(q). In other words, 


A(a) = A(aq) + aqgA(aq’). (5.3.13) 
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By Entry 5.3.1(ii) and (5.3.13), 
An—2(a)A(aq) — An—3(aq)A(a) 
= { An—3(aq) + aqAn—a(aq’) } A(aq) — An—3(aq) { A(aq) + aqA(aq’) } 
= —aq { An—3(aq).A(aq?) — An—a(aq?)A(aq)}. (5.3.14) 


Note that the expression inside the parentheses on the far right side of (5.3.14) 
is exactly the expression on the left side with the subscripts reduced by 1 and 
with a replaced by ag. Hence, we can iterate the recurrence above to obtain 


Ayn—2(a)A(aqg) — An—3(aq)A(a) 
= (—aq)(—aq’) --- (—aq"~*) {A_1(aq"*) A(ag”) — A-2(aq”)A(ag”™*)} 
= (a)? tg Alaa), 


since A_; = 1 and A_» = 0, which completes the proof of (5.3.12). 


Because of the appearance of (5.3.11) in the lost notebook, it is very likely 
that the proof of Entry 5.2.1 that we have given is essentially the one that 
Ramanujan had. However, we have no idea how Ramanujan found and proved 
Theorem 5.2.1, ie., (5.3.11). 


5.4 Finite Rogers-Ramanujan Continued Fractions and 
Class Invariants 


At the bottom of page 47 in his lost notebook, Ramanujan claims that partic- 
ular zeros of certain finite Rogers-Ramanujan continued fractions, or similar 
continued fractions, involve class invariants or singular moduli. The content 
of this section can be found in Huang’s thesis [163]. For detailed accounts of 
Ramanujan’s work on class invariants and singular moduli, see two papers by 
Berndt, H.H. Chan, and L.-C. Zhang [72] [74] and Berndt’s book [63, Chapter 
34]. We present here only the basic definitions and facts that are needed to 
describe and prove Ramanujan’s results in this section. 
Let 

x(a) :=(-Ga")o, lal < 1. (5.4.1) 
If ¢ = dn := exp(—7/n), for some positive rational number n, then the class 
invariant G,, is defined by 


Gni= DAA gee Cae \e (5.4.2) 


Let k := k(q),0 < k < 1, denote the modulus, and let k’ = V1 — k? denote the 
complementary modulus. In particular, if g = qn, then k(qn) =: kn is called a 
singular modulus. Also, put ki, := \/1—k2. Let K = K(k) and K’ = K(k’) 
denote complete elliptic integrals of the first kind. If g = exp(—7K'/K), then 
x(q) = 2-1/8 (kk! /q?)-1/"? [61, p. 124]. In particular, if K’/K = /n, then 


1/12 


Gn = (2knk’,) (5.4.3) 
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Entry 5.4.1 (p. 47). If K’/K = V47 and t := tay := 2"/3 (kazkz)/?, then 


a ne en 
1-1-1-1— 


1 0. (5.4.4) 


Furthermore, 


tay = V2e~7V 47/24 (gy 7: —=947) 00+ (5.4.5) 


Proof. First, from (5.4.3), it is easy to see that G47 = 2'/4t7;'. Using (5.4.1), 
(5.4.2), and Euler’s identity 


Gas (4; —d) co, (5.4.6) 


we readily deduce (5.4.5). 
Now from either Weber’s treatise [291, p. 723] or Ramanujan’s first note- 
book (227, p. 234], if 


V2r = er guene Va (5.4.7) 


then 
x =(1l+2)(l+2+27). 


Hence, from (5.4.5)—(5.4.7), t = 1/a. Thus, t satisfies the equation 
ee 1 Rip.“ 
yee ee SV Poke eb 
Ole) rar 


+ oe + 208 427 -1=0. (5.4.8) 
Multiply both sides of (5.4.8) by (t — 1) to deduce that 


®O+P-82-P-t+1=0. (5.4.9) 


However, a brief calculation shows that (5.4.9) is equivalent to (5.4.4), and 
this completes the proof. 


Entry 5.4.2 (p. 47). Let kK, K’, L, and L’ denote complete elliptic integrals 
of the first kind associated with the moduli k, k’, €, and ¢', respectively. If 
K'/K = 39, L'/L = \/13/3, and t = tao := (ksok39/l13/3¢43/3) 1/17, then 


t 2 #8 
Moreover, 
re aie 
ts9 = enV isfi/i2 M9135 fia/s)o0. (5.4.11) 


3.6 
(—413/33 %13/3)00 
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Ramanujan, observing that each factor in the denominator of (5.4.11) is 
canceled by a corresponding factor in the numerator, wrote (5.4.11) as a single 
infinite product. 


Proof. By (5.4.3) and (5.4.2), 


1/24 
G 43/3 X(413/3) 
pet OE (5.4.12) 


—1/24 ’ 
G39 des’ x (439) 


from which, by (5.4.1), (5.4.11) trivially follows. 
From either Weber’s text [291, p. 722] or Ramanujan’s notebooks [227, 
vol. 1, p. 305; vol. 2, p. 295), 


1/6 
Gyq = 21/4 (S) iE ~~ Es ee el), (5.4.13) 


The class invariant G3/3 can be determined from (5.4.13) and a certain mod- 
ular equation of degree 3 [63, p. 222, Lemma 4.3]. Accordingly, we find that 


1/6 
V13+3 5+ V13 V13 — 3 
Gi3/3 = 21/4 (Ss 3 : (5.4.14) 


Thus, from (5.4.12)-(5.4.14), 


(Sy 


It is now easily checked that tgg is a root of the polynomial equation 


f*—P-—f-t+1=0. (5.4.15) 


Observing that (5.4.10) and (5.4.15) are equivalent, we complete the proof. 


Entry 5.4.3 (p. 47). If t := to3 := 2'/3(ko3kh3)!/!?, then 


fa 
be = 0: 5.4.16 
wea ( ) 
The value of ¢ in this result was, in fact, not given by Ramanujan. If 
F(t) denotes the continued fraction in (5.4.16), then F(t) is not a finite 
Rogers—Ramanujan continued fraction. However, 1—t/F‘(t) is a finite Rogers— 
Ramanujan continued fraction. 
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Proof. As we argued in the proof of Entry 5.4.1, Go3 = Plas at From Weber’s 
tables [291, p. 722] or Ramanujan’s notebooks [227, vol. 1, pp. 295, 345, 351; 
vol. 2, p. 294], if Go3 = 21/4z, then 


oe —x—-1=0. 


Thus, t = te3 = 1/a and 

e+ -1=0. (5.4.17) 
It is easy to see that (5.4.17) and (5.4.16) are equivalent, and so this completes 
the proof. 


Entry 5.4.4 (p. 47). If t := tg, := 2'/3(k3ik§,)!/!?, then 


{= Sh; (5.4.18) 


As with Entry 5.4.3, Ramanujan did not provide the definition of t in Entry 
5.4.4. Also, the continued fraction in (5.4.18) is not a finite Rogers-Ramanujan 
continued fraction. 


Proof. By a now familiar argument, G3, = 2!/ che From Weber’s tables 
(291, p. 722] or Ramanujan’s notebooks [227, vol. 1, pp. 296, 345, 351; vol. 2, 
p. 295], if G3; = 21/42, then 


ve —2*%—-1=0. 


Thus, t := t3; = 1/a and 
+4-1=0. (5.4.19) 


Clearly, (5.4.19) and (5.4.18) are equivalent, and so the proof is complete. 


5.5 A Finite Generalized Rogers-Ramanujan Continued 
Fraction 


Entry 5.5.1 (p. 54). For each positive integer n, 


7 aq a’q* ag’ a’q'? aA) 
t+ 1+ 1+ i1t+¢e++ ~21 
= 1 aq aq aq? aq? aq?” ag (5.5.1) 
t-1+1-a1+1-- 1 + 1 


where for n =1 the left side of (5.5.1) is understood to equal 1 + aq. 


Proof. We use induction on n. For n = 1, both sides of (5.5.1) are equal to 
1+ aq, and for n = 2, both sides of (5.5.1) equal 


1+aq+a’q* 
1+a?q* 
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Now assume that (5.5.1) is valid with n replaced by n—1, and in this inductive 
assumption replace a by aq?. Thus, 


a ag? a2q8—a2q?2 a2qtn-D 
1+ 1+ 1 tet 1 
= 1 aq? aq? aq? aq? aq?” aq?” 7 (5.5.2) 
1-1+1-1+1--- 1 + 1 
het 2,8 2,12 4(n—1) 
ag aq uh 
= 14+ —  — — LO. 
Sere rk pa gg eee a (5:9) 
Multiplying both sides of -— by aq, we see that 
3 2n-1 2n-1 
q aq aq aq 
: 5.0.4 
ag(1+ 3-4 Vp alee = ea oe.) 
Therefore, by (5.5 
aq aq? aq? aq?” aq?! 
ee ee i+ 1 
a! aq 
~ 1-14 aq(1 + aq3/S) 
s+ aq’ + aqS 
7 S+a?q* 
oe aqS 
7 S + a?qt 
Pash ag 
= 1+a?q*/S 
1.4 aq? a2q8 a2qt@-D 


P+ 14+ 1 405+ 1? 


where we employed (5.5.3) in the last step. This completes the proof. 


Second Proof of Entry 5.5.1. Our second proof depends on the odd part of a 
continued fraction, which we give in the next theorem [182, p. 85]. 


Theorem 5.5.1 (Odd Part of a Continued Fraction). Let A, and By, 
be the nth canonical numerator and denominator of the continued fraction 
bo + K (an/bn). The contraction of bo + K (an/bn) with Co = Ai/Bi, Do = 
1, Cy = Aopsi, and Dy = Bopsi, for k = 1,2,3,..., exists if and only if 
bor41 #0 fork = 0,1,2,..., and is then given by 


bob1 + ay a1agb3/b az3aqgbsb1 
by bi (a3 + b2b3) + aab3 — b3(a5 + babs) + aabs — 
a5agb7b3 a7zagbgbs 
bs(a7 + bgb7) + a6b7 — b7(ag9 + bgbg) + agbg — °°*’ 


and it is called the odd part of bo + K (an/bn). 
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Observe that the left side of (5.5.1) is the odd part of the finite continued 
fraction on the right side of (5.5.1). The result now follows. 


There are three continued fractions on page 27 of Ramanujan’s lost note- 
book that arise from the odd parts of continued fractions. Although these 
continued fractions are not necessarily q-continued fractions, it seems appro- 
priate to include them here. These proofs may also be found in Sohn’s thesis 
[253] and his paper with J. Lee [174]. 


Entry 5.5.2 (p. 27). Let {a;} be an arbitrary sequence. Then 


1 ay ay, ag ag ay ay,a2 a2a3 


T-1T+1-1T+1--: faa ea eae OP 


Proof. From Theorem 5.5.1, we easily verify that the odd part of the left- 
hand side of (5.5.5) is equal to the right-hand side of (5.5.5). 


Entry 5.5.3 (p. 27). Let {a;} be an arbitrary sequence. Then 


ee ti ea, Me, 40 
1 a3 ree ay a2 + a3 +¢°° 


1 1 1 1 
1—a,+1-a.4 


(5.5.6) 


Proof. Using Theorem 5.5.1, we easily verify that the right-hand side of 
(5.5.6) is the odd part of the left-hand side of (5.5.6) 


Entry 5.5.4 (p. 27). Let w be a cube root of unity and let {a;} be an arbitrary 
sequence. Then 


1 WwW w? W Ww =i4 W 1 1 
l-—a@- 1 -a@g- 1-7) 1l+a,—1+a2—-1+a43 —-:° 
(5.5.7) 


Proof. By Theorem 5.5.1, we easily check that the odd part of the left-hand 
side of (5.5.7) is equal to the right-hand side of (5.5.7). 


6 


Other q-continued Fractions 


6.1 Introduction 


Scattered among the entries on pages 41-44 in Ramanujan’s lost notebook 
[228] are several results on g-continued fractions, including three general the- 
orems involving two or three parameters. Special cases of these general results 
include the Rogers-Ramanujan continued fraction, the Ramanujan—Gollnitz— 
Gordon continued fraction, a famous continued fraction of Eisenstein, and 
several continued fractions found by A. Selberg [241], [242, pp. 1-21]. Indeed, 
Ramanujan recorded all these special cases, and more. Among all the claims 
in the lost notebook, these general continued fractions seem to have attracted 
the attention of more authors than any other results. 

Section 6.2 contains the main result, for which we give two proofs. These 
are followed by several corollaries. In the short Section 6.3, three representa- 
tions of a continued fraction given in the previous section are considered. A 
different continued fraction for the same primary quotient of g-series exam- 
ined in Section 6.2 is studied in Section 6.4. In our discourse, we mainly follow 
the presentations by Andrews [26] and S. Bhargava and C. Adiga [91] in their 
papers. Some of our proofs of Ramanujan’s corollaries depend on results of 
Andrews, L.J. Rogers, and L.J. Slater not found in Ramanujan’s work, and 
so we naturally wonder how Ramanujan might have argued. 

In Section 6.5, we present a transformation of a certain g-continued frac- 
tion. A corollary, Entry 6.5.2, is particularly elegant. 

We do not know what motivated Ramanujan to focus on the least posi- 
tive zero qo of the generalized Rogers-Ramanujan continued fraction, but his 
asymptotic expansion for go and the approximations in Section 6.6 are fasci- 
nating. Most of the content of this and the previous sections are found in a 
paper by Berndt, S.-S. Huang, J. Sohn, and S.H. Son [78]. 

In the penultimate section of this chapter, we examine an identity that 
has an (apparently) superficial relation to the generalized Rogers-Raman- 
ujan continued fraction. Below this identity are two continued fractions akin to 
the generalized Rogers-Ramanujan continued fraction, but Ramanujan does 


144 6 Other g-continued Fractions 


not make any claim about them. Are they related to the identity above them? 
The content of this section is taken from a paper by Berndt and A.J. Yee [84]. 

To close this chapter, we examine in Section 6.8 an isolated, elementary 
continued fraction of Ramanujan, first established by Berndt and G. Choi 
[76]. 


6.2 The Main Theorem 


Entry 6.2.1 (p. 41). For any complex numbers a, b, X, and q, but with |q| < 
1, define 
= es z pare 
G(a, b, A) := G(a, A; 6; gq) 
= )n(—0g; @)n 


(6.2.1) 


Then 
G(aq,b,\q) 1 aqtAq bat Aq? ag? + Aq? bg? + Aq#* 


Gia,b,A) 1+ 1 + 2d + Lo + LT fe 
(6.2.2) 


Set 
P(a,b, A) = (—bg; G0 G(a, b, d). (6.2.3) 

Observe, from (6.2.3), that the quotient on the left side of (6.2.2) can be 
expressed as P(aq, b, Aq)/P(a,b, A). The different orders of the parameters on 
the left side of (6.2.1) may appear to be unfortunate; the second ordering 
arises from the usual notation for the basic hypergeometric series 241. 

For our first proof of Entry 6.2.1, we need to establish some auxilliary 
lemmas. 


Lemma 6.2.1. If P(a,b, A) is defined by (6.2.3), then 


(i) P(a, b, A) _ P(aq, b, A) = aqP(aq, bq, Aq); 
(ii) Pia, b, A) _ P(a, b, Aq) = AgqP(aq, bq, dq”), 
(iii) Pia, b, A) = P(a, bq, A) — bqP(aq, bq, Aq). 


Proof. A straightforward calculation shows that 


0, ifn=0, 


NE EAE ene —q"), ifn>0. 


It follows that 


bd) — Plats) = (ba Yo {( a m( a) 


2» SS (ag) Bg"—D Ian 
= aq(—bq")oo ye (Q)n—1(—bq?) n—1 


n=1 


= aqP(agq, bq, Aq), 
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where in the penultimate line we used the obvious identity 


(—bg)cc _  (—b97) a0 


(—bq)n (—bq?)n—1 ; 


Thus, (i) is proved. 
The proofs of the g-difference equations (ii) and (iii) follow along the same 
lines. We use, respectively, the easily established identities 


0, ifn =0, 


(—A/@)n — (—Aq/@)n = *(-ra/a)na(l —q"), ifn>0, 


and 


Lemma 6.2.2. We have 


(i) P(a,b, ) = P(aq, b, Aq) + (aq + Aq) P(aq, bg, Aq’), 
(ii) P(a,b, X) = P(a, bg, Aq) + (bg + Aq)P(aq, bq, Aq”). 


Proof. In Lemma 6.2.1, replace X by Ag in (i) and add the result to (ii). This 
then gives (i) of the present lemma. In Lemma 6.2.1, replace A by Aq in (iii) 
and add the result to (ii) to obtain (ii) of the present lemma. 


First Proof of Entry 6.2.1. In Lemma 6.2.2(i), replace a by aq”, b by bq”, 
and \ by Aq?", and in Lemma 6.2.2(ii), replace a by ag”*!, b by bg”, and \ 
by Aq?"*1. We can then write (i) and (ii), respectively, in the forms 


P(aq”, bq”, Aq?”) ag? tt + Aq?r*t 


n= =1 7 ne 

oe (ager trbg™ Anger) ci OF 

Fe ee ie ee 
rn Plagn*t, bgr*t, Ag2nt2) Qn+1 


Beginning with the first identity above with n = 0, alternately iterate these 
two identities with n = 0,1,2,.... This formally proves (6.2.2). Now the 
convergence of this continued fraction is an easy consequence of Worpitzky’s 
theorem, Lemma 5.2.2 in Chapter 5. Since Q, = 1+ 0(1) and Q/, = 1+ o(1), 
as nm — oo, the continued fraction indeed does converge to the left side of 
(6.2.2). 


For our second proof of Entry 6.2.1, we need three well-known results 
from the theory of q-series. First [21, p. 36, Theorem 3.3], if [7] denotes the 
Gaussian polynomial, then 
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™ (-1)i zig GDP? = (2: g)n- (6.2.4) 
3 fe] (a4 4 


Second [21, p. 19, Corollary 2.2], 
OS prgrin-D/2 


D 


=,  (GOn 


= (-t9)co- (6.2.5) 
Recall that the basic hypergeometric series 2¢, is defined for |q| < 1 by 
= (a)n(O)n 
agi(a,b;¢;q) = ) "4". 6.2.6 
2» Wal (O20) 


The third result that we need is the second iterate of Heine’s transformation 
given by [21, p. 38, last line] 


(c/b) 0 (bt) oo 
(C)oo (too 


Recall that P(a,b,A) is defined by (6.2.3) above. We first prove that 
P(a,b, X) is symmetric in a and b. 


2¢1(a, b; ct) = 261(b, abt /c; bt; c/b). (6.2.7) 


Entry 6.2.2 (p. 42). We have 


P(a,b, A) = P(b,a, 4), (6.2.8) 
or, equivalently, 
bao qa” grintl)/2 =( 3 (A/D) nbegn ery? 
4d) 0 
= —bq)n (GQ) n(—49)n 
(6.2.9) 


Proof. If we replace a, b, c, and ¢ in (6.2.7) by —A/a,—dq, —bq, and a/d, 
respectively, and let d — oo, we deduce (6.2.9). 

We may also prove (6.2.8) directly. By using (6.2.4) and (6.2.5), and re- 
membering that [7] = 0 if j > n, we find that 


OS Ma) alee 


P(a,b, A) = Jo 


= —bq)n 


oh n(n+1)/2 


— wo (-A/a)n(—6 oo" 
-» (q)n 


n=0 


_ ace a ES (neD)/ SS k i »! giG-DP2 3 (hg) 8 ght? 
a oe j | a k—0 (Dk 


j=0 
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22 glmti)(m+5+1)/2+5(5-1)/2qm yi gh(k+1)/2(hgm-+i)k 


(Q)m(Q)j (Qe 


j,kym=0 
m(m+1)/2+k(k+1)/2+j? +mk+mjtjk gmpk yi 
ae oe. 46010) 
j,k,m=0 (q)m(@)5(@)k 


where in the penultimate line we set n = m+ j. The symmetry in a and b is 
now evident, and so (6.2.8) has once again been shown. 


Second Proof of Entry 6.2.1. Using (6.2.10), we find that 
m(m-+1)/2+k(k+1)/24+j?+mk+mj+jk mk yj ; 
P(aq, b, Aq) = > 4 / ge, 
ae (q)m(9)5(Q)x 
°° m(m+1)/2+k(kK+1) /2+52+mk+mj+jk mpk \J 
qd a 
aqP(aq, bq, Aq”) = aq”); 
poe ()m(9)i (Qe 
i m(m-+1)/2+k(k+1)/2+5? +mk+mj+5k gmpk \I 
qd a 
AgP(aq,bq,q?) = S> q’). 
Peco (q)m(9)5(Q)x 
Since 
lage pel 9") +09); 
it follows that 
P(a,b, X) = P(aq,b, Aq) + (aq + Aq)P(aq, bq, Aq”). (6.2.11) 


We are now set to complete the proof of Entry 6.2.1. From (6.2.11) and 
(6.2.8), it follows that 


P(a,b, A) aq + Aq 
=o 6.2.12 
Plag.b,a) P(b,aq.d4) eo 
P(bq, aq, Aq?) 
and so from (6.2.12) and (6.2.3), we deduce that 
G(a, b, A) aq + Aq 
~~ = 1 2 6.2.13 
Glag.b,da)* (_Glb,aa,ra) ee 
G(bq, aq, Aq?) 


By iterating (6.2.13), we formally obtain (6.2.2). 
The convergence of the continued fraction in (6.2.2) follows as in the first 
proof. 


Ramanujan especially examines the case \ = 0 in another theorem on page 
42 of the lost notebook. 
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Entry 6.2.3 (p. 42). Let G(a,b) := G(a,b,0), where G(a, b, X) is defined in 
Entry 6.2.1, te., 


Sec npn(n+1)/2 
a"q 
Gaia = s ceil 
a?) » (9; @)n(—04; @)n al 
Then 
G(a, b) G(bq, aq) aq 
= 1 + — 1 { 
” Glog.) + 8 GG, a9) Gb, aq) 
G(bq, aq) 
. aq 
il =1+ 
o 1p eda) 
G(aq, bq) 
2 2 
(iii) ee ge a 


P+1+ 1+ 143° 


Proof. Note that the recurrence relation of (i) tells us to switch the arguments 
in both functions and then multiply the variables “off the main diagonal” by 
q. Thus, (ii) follows from an iteration of (i). 

Next, observe that (iii) is the special case \ = 0 of the continued fraction 
(6.2.2). 

It remains to prove (i). Define P(a,b) := P(a,b,0), where P(a,b,.) is 
defined by (6.2.3). Recall from Entry 6.2.2 that P(a,b) = P(b,a). Thus, the 
proposed equality (i) can be rewritten as 


P(a,b) _ P(aq, bq) 
Plagb) * “* Plag,b)” 
or 
P(a,b) = P(aq, b) + agP(aq, bq). (6.2.14) 


But (6.2.14) is simply the case \ = 0 in Lemma 6.2.1(i), and so the proof is 
complete. 


On page 42 Ramanujan also records a very curious representation for 
G(a, b) := G(a, b,0), which we now prove. 


Entry 6.2.4 (p. 42). Define the power series coefficients cn, 0<n < 00, by 


co aes 1 
San" = Game (6.2.15) 


n=0 
Then Be 
S- eng" t/? = (—bg)ooG(a, b). (6.2.16) 
n=0 
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Proof. We need a special case of the g-binomial theorem of Cauchy and 
Rothe, which can also found in Ramanujan’s notebooks [61, p. 14, Entry 
2], [21, p. 19, Corollary 2.1], namely, 


lo) t” 
ye, (6.2.17) 
n=0 (q) eo 
Thus, upon two applications of (6.2.17), 
S ee (6.2.18) 
pom (AX) 50 (02) 00 
_ 3 (ax) ss (bx)* 
ga. a ee: 
en B n—kpk 
SES Pann 
n=0 (an k=0 K 
Equating coefficients of x”, 0 <n < ov, in (6.2.18), we find that 
i : —kpk 
Cn = > GeO. 6.2.19 
(Q)n » i 


Multiply both sides of (6.2.19) by q’("*)/? and sum on n, 0 < n < 00, to 
deduce that 


co co n(n+1)/2 ™ 
Ye eg PN SS Tat 
n=0 n=0 (Q)n k=0 
OO OO (j+k)(G+K+1)/2 J Hk 
=> >-5 san (6.2.20) 
=o (Qi(De 


where we have inverted the order of summation and then set 7 = n—k. 
Rewrite (6.2.20) and use (6.2.5) to conclude that 


: as gneetD?2 -> gi G+ 


Lge (bgi +1 )kgh(k-1)/2 


> 


(9); k=O (Qk 


ri 
us 


= ee 


The proof is therefore completed. 
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Observe that Entry 6.2.2 (in the case 4 = 0) follows as an immediate 
corollary of Entry 6.2.4. 

Andrews [22] gave the initial proof of Entry 6.2.1. The first proof of Entry 
6.2.1 that we gave above is by Bhargava and Adiga [91], while the second 
proof that we have given is due to M.D. Hirschhorn [159]. Entry 6.2.1 is 
obviously a substantial generalization of the famous result of Rogers and Ra- 
manujan representing the Rogers-Ramanujan continued fraction as a quotient 
of the Rogers-Ramanujan functions; see, for example, [61, p. 30, Corollary] or 
Corollary 6.2.6 below. Ramanujan indicated, but did not explicitly record, a 
generalization of Corollary 6.2.6 in his second letter to Hardy [226, p. xxviii], 
(81, p. 57], but it is probably not the one in Entry 6.2.1. The first significant 
published generalizations of Entry 6.2.1 are by Selberg [241], [242, pp. 16- 
17]. Candidates for the generalization alluded to by Ramanujan in his letter 
include those by Andrews [17] and Hirschhorn [153], [156]. Undoubtedly, the 
most complete generalizations of Entry 6.2.1 have been found by Andrews 
and D. Bowman [42] and by D.P. Gupta and D. Masson [146]. 

Entry 6.2.1 has been proved and generalized by several other authors, 
including Adiga, R.Y. Denis, and K.R. Vasuki [2], N.A. Bhagirathi [87]- 
[89], Bhargava and Adiga [92], [93], Bhargava, Adiga, and D.D. Somashekara 
[96], [97], Denis [128], [130], [132], Hirschhorn [154], K.G. Ramanathan [217], 
S.N. Singh [249], B. Srivastava [257], [258], Vasuki [279], Vasuki and H.S. Mad- 
husudhan [281], and A. Verma, Denis, and K. Srinivasa Rao [282]. Hirschhorn’s 
paper [154] is especially noteworthy in that he successfully examines the con- 
vergents associated with Entry 6.2.1. For another general theorem of this sort, 
see a paper by Bowman and Sohn [104]. 

On page 44 in his lost notebook, Ramanujan writes the continued fraction 


1 @taqg tbe +aq 

1+ 1 + 1 at 1 ae 
Clearly, (6.2.21) is a special case of the continued fraction in (6.2.2). Ra- 
manujan devotes most of the remaining portion of the page to stating nine 
particular cases. In fact, there are but six different continued fractions, since 
three of the continued fractions can be obtained from three of the others by 
changing the signs of both a and g. We now employ Entry 6.2.1 to derive each 
of the six continued fractions on page 44 as well as several other corollaries 
found on this and nearby pages. 


Corollary 6.2.1 (p. 44). For |q| <1, 


(6.2.21) 


“G05 1 2 24 4 
(GO)o _1 q a+" G t4 . (6.2.22) 
(q7ig*)2, Lele ol se a ee 
Proof. In Entry 6.2.1, set a= 0, b= 1, and A = 1, which yields the continued 
fraction in (6.2.22). From (6.2.5), 


G(0,1,4) = > ao A ae (—Ag: q?)oo- (6.2.23) 


oN 
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Thus, by (6.2.23) and Euler’s identity, 


GO,1,¢) _ (=@5¢")oo _ 1 (GPx 
G(0, 1,1) (=; g7)oo _ (42; q*) 0(—@ Po = (92; q4)2,. (6.2.24) 


Hence, by (6.2.24), we complete the proof of (6.2.22). 


Corollary 6.2.2 (p. 43). For any complex number a 4 —q-?"*1, n> 1, 


(=aq7;q")oo _1 aq qtag? aq? g +aq" 
(-ag@)o Lti+ 1 +14 1 spina 


(6.2.25) 


Proof. In Entry 6.2.1, set a = 0, b = 1, and replace \ by a new parameter 
a. We thus easily obtain the continued fraction in (6.2.25). On the left side of 
(6.2.2), we obtain the quotient 


oo angn +n 
G(0,1,aq) — =o (975 9?)n (497; 9? )oo 
G(0,1,a) 22 gmgr?—— (—4g3 4? Joo ’ 
pao. (073.07) 


upon two applications of (6.2.5) with qg replaced by q?, and t = aq? and t = aq, 
respectively. This completes the proof. 


Corollary 6.2.3 (p. 40). We have 


G(0,b,Aq) 1 Aq bat+Aq? = Aq? bq? + Aq* 


= ; 2.2 
G(0, 6, ) ates AD te 1 ae lt ah 1 ie K28) 
Proof. This corollary is simply the case a = 0 of Entry 6.2.1. 
Corollary 6.2.4 (p. 44). We have 
oo 1 2s. 3 4) = 2D 
_7)n_n(n+1)/2 = qd q q q qd q 
2 Sa fei on ei a ee OEY 


Proof. Set a=0, A = 1, and b = —-1 in Entry 6.2.1, from which the desired 
continued fraction follows. 

To obtain the left side of (6.2.27), we utilize a result from Chapter 16 
of Ramanujan’s second notebook [61, p. 18, Entry 9]. Since this result also 
appears in Ramanujan’s lost notebook, we formally list it here as an entry. 


Entry 6.2.5 (p. 362). For any complex numbers a and b, and |q| < 1, 


eo nn? C7 _4z)\n a),a” n(n+1)/2 
(ag)oo Ys = 5 a a a (6.2.28) 


Q)n(@q)n (Q)n 


n=0 n=0 
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Applying (6.2.28) twice, first with a = 1 and b = q, and second with 
a= b=1, we find that 


oo nitn 
Se 2 
G(0,-1,q) _ ro (@)2 (n+1)/2 
= —1 ni mn . 
COLD) = gm Lows 
n=0 (q)2 


The desired result now follows. 


Corollary 6.2.4 was recorded by Gauss [141] in his diary on February 16, 
1797; see also J.J. Gray’s [145] translation of Gauss’s diary. Usually, Corollary 
6.2.4 is attributed to G. Eisenstein [134], [135], who obtained the generaliza- 
tion found in the next result. 


Corollary 6.2.5 (p. 43). We have 


I+i+ 1 +i+ 1+ 


(6.2.29) 


n=0 


Proof. In Entry 6.2.1, set a = 0 and then replace both \ and —b by a new 
parameter a. We thus easily obtain the continued fraction in (6.2.29). To 
evaluate the resulting quotient of g-series on the left side of (6.2.2), we need 
two results. The first is a result due to Cauchy and found as Entry 3 in Chapter 
16 of Ramanujan’s second notebook, namely [227], [61, p. 14], 


[o-e) 2 
a” q” 1 
= : 6.2.30 
» (q)n(@q)n (49) o0 ( 
Hence, by (6.2.30), 
[o-e) 2 
a”q” 1 
G(0,—-a,a) = - ; (6.2.31) 
Ont > pie as 
Second, by (6.2.28), 
as nn?tn 1 oe. 
G(0,—-a,aq) = 5> 4 = Si(ayrargn 92, (6.2.32) 


<= (Q)n(q)n — (AQ)oo — 


Dividing the latter equality by the former, we complete the proof of (6.2.29). 


Ramanujan also recorded Corollary 6.2.5 as Entry 13 in Chapter 16 of 
his second notebook [227], [61, p. 27]. Corollary 6.2.4 was also established by 
Selberg [241], [242, p. 19, equation (55)). 

The next corollary stated by Ramanujan gives the Rogers-Ramanujan 
continued fraction product representation on the first page of this book. 
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Corollary 6.2.6 (p. 44). We have 


Le ag age og? (GG \eol9") x 


Le eT ee PP (2 ee 
Proof. Set a= b=Oand A = 1 in Entry 6.2.1. Thus, we obtain the continued 
fraction in Corollary 6.2.6. Observe that G(0,0,q) = F(q,q) and G(0,0,1) = 
F(1,q), where 


foe) 2 


F(a,q):= S- 7 ; (6.2.33) 


By the Rogers-Ramanujan identities [61, p. 77], 


n=0 


1 
(9750? Ven (G50 Jes 


Figg = and F(1,q)= (6.2.34) 


(9; a" Jos(@*3" os 


The result now follows. 


On page 44 in his lost notebook [228], Ramanujan seemingly claimed an- 
other continued fraction representation for the left side of (6.2.27). This result, 
quoted exactly, is given as follows: 


Entry 6.2.6 (p. 44). 


aa oe one q+”? Gig Pg+a® . 
a= hy, eee are a es 


(6.2.35) 


However, the presumed implication is false, as we now demonstrate. 
From Ramanujan’s second notebook [227], [61, p. 30, Corollary], 


F 1 2 3 
(aq, q) aq aq’ aq (6.2.36) 


Blavgua> Lape Dae, TD ape? 


where F(a, q) is defined by (6.2.33). Hence, the continued fraction in (6.2.35) 
is simply 


q+@)e? (+284 q*)¢ 
1 | 


+ + O(q?" 
Fig+q*,@°) _ 1—¢/ (ge) b= 94) we 
F(l+q-',q2) — 1+ 97))¢? 14297) + g~2)08 
(Qt+e'@) ,, ta J SAG tg = )g - O(g"5) 


(1 — q?)(1 — @*) 
l+P+gtPt+ ota +h+qe+2qe+--- 

+ g+q? +43 + qt + q> + 296 + 3q7 + 3q8 + 3q9 + 4g? + --- 
rhe =e fy Sy ag OW). 


Thus, (6.2.35) is correct as far as it is written, but it stops just short of where 
the indicated triangular number pattern is violated. 
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Corollary 6.2.7 (p. 44). We have 


(GP)o(PiP)o 1 g+P P+ Pte 
(q?; q®)2, 1+ 1 c+ 1 + 1 fee 


(6.2.37) 


Proof. Tn Entry 6.2.1, replace q by q? and then set a = 1/q, b=1, and A= 1. 
The desired continued fraction easily follows. 
Next, 


cay ee A may, 3.73 3. 6 
G,1;4,.8) = 0! GT nF” _ (=4 Foo ("3 100 (V3 "00 


(Cnet ag (G?3.07 Ning 


n=0 
where the last equality follows from a result of L.J. Slater [251, p. 154, equation 
(25)]. Secondly, 
Ogres = (=aig?)na™ +2" _ (—45 4") o0(G5; 4 )o0 (43 4°) 00 (9: 49) o0 
aa (a4; 4) (Ge yox 


which follows from another identity of Slater [250, p. 469, E(4)] by setting 
y = —,/¢@ and letting z approach oo in Slater’s formula. Dividing the latter 
equality by the former equality, we obtain the quotient on the left side of 
(6.2.37). 


n=0 


The continued fraction of Corollary 6.2.7 is known as Ramanujan’s cubic 
continued fraction; see Chapter 3 for several of its properties. Corollary 6.2.7 
is also given by Ramanujan in his third notebook [227, vol. 2, p. 373], [63, 
p. 45, Entry 18]. The first published proof of Corollary 6.2.7 is by Watson [287] 
in 1929, while the second is by Selberg [241, p. 19], [242] in 1936. The next 
proofs were by B. Gordon [143] in 1965 and Andrews [17] in 1968. See also 
Hirschhorn’s paper [154, Theorem 2] and two papers by K.G. Ramanathan 
[215], [216]. L—C. Zhang [302] has examined the continued fraction in (6.2.37) 
when q is a root of unity. 


Corollary 6.2.8 (p. 44). We have 


(GG )olW Poo _1 g+P gt P+ 
Oe esl re ca ET A a ale se 


(6.2.38) 


Proof. In Entry 6.2.1, replace q by q’, and then set a = 1/q,b=0, and A= 1. 
We then immediately obtain the continued fraction in (6.2.38). To complete 
the proof, we need two more identities of Slater [251, p. 155, equations (34), 


(36)], 
Oe ae alte n2+42n 2. 2) 
Glag2o y= 5° att = 131 )oo 
(750g) 2 (97; 97) n (ae OG? 0 xe Gg los 05 ke 


n=0 


and 
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S (-43 2) ng” 2.42 
G(1/a,1;0,@) = }> CBD _ (P:@) 


(F597 )n (95 1 )o0(95 B00 (4°; F)oo(—% 9?) oo 


The quotient of the latter two equalities now easily yields the left side of 
(6.2.38), and so the proof is complete. 


The continued fraction in (6.2.38) is called the Ramanujan—Gollnitz— 
Gordon continued fraction. The first proof of Corollary 6.2.8 is by Selberg 
(241, equation (53)], [242, pp. 18-19]. Gordon [143] and Andrews [17] found 
another continued fraction for the left side of (6.2.38). A beautiful theory for 
the Ramanujan—Gordon—Gollnitz continued fraction has been developed by 
H.H. Chan and S.-S. Huang [115]. 


Corollary 6.2.9 (p. 44). We have 


Sp 4 gt} = 1 @-q ¢-_ d-@d 
a ia a 


(6.2.39) 


Proof. In Entry 6.2.1 we replace q by q? and set a = —1/q, b = —1, and 
A = 1 to deduce that 
G-a@s-lie?) _1 @-q g@-@ a-4¢ 
G-1/al;-lq@) 1+ 1 + 1 + 1 ote 


(6.2.40) 


To complete the proof, we need a variant of Heine’s transformation, namely, 
for |z| <1, 


261(a, b; cz) = iter 2¢1(abz/c, b; bz; c/b), (6.2.41) 


which evidently is due to Rogers [233]. Thus, using (6.2.41) with b replaced 
by q/c, we find that 


20 (—1)"(g;¢@7)ng”™ 12" 
G-GP3-1;¢) _ v=o (q?; q7)2 
Gelig =o") 2 (—1)"(q; q2) ng 
peo. "say, 
ee tales AC er ci a 
=e = (PIP )n 
e40 2 (g/c;q7) (9397) ne” 
= Merge 
(arg sla a es 225g" Tolle (cq)” 
m (Fi Poo (cg Too =o {as Qn (97397) n 
e390 (COG eolGT )ae &. (yg ONCIET 1)n (cq)” 


(973. @7 les G.@7 leone (id del? 7d7)n 
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(PP) ‘a (SDrge ts 
(q;97) (97597) n 


n=0 


a 2 
= ((-1)"4" peel +4 get), 
n=0 


where the last equality follows from a result of Rogers [235, p. 333, eq. (4)], 
or from a result found on page 37 of Ramanujan’s lost notebook arising from 
the Rogers—Fine identity; see Entry 9.5.1 of Chapter 9. This completes the 
proof. 


The first proof of Corollary 6.2.9 is due to Selberg [241], [242, p. 18). 


Corollary 6.2.10 (p. 44). We have 


(0a )eo La gg? og gh ea" 
(-qq)o Ltit 1 Fit Lote 


(6.2.42) 


Proof. In Entry 6.2.1, first replace q by q?. Next set a = 0, b = 1, and 
A = 1/q. We then easily obtain the continued fraction on the right side of 
(6.2.42). On the other hand, the quotient on the left side of (6.2.2) equals 


Qn2+n 


= Pi: Steakay 
G(0,q;1;97) _ nao (atiat)yn — (—9?54*)o0 


G(0,1/q31;47) x gt? —m  (-G5 G4 )oo’ 
nao (94394) n 


where we have made two applications of (6.2.5). This completes the proof. 


Ramanujan found another continued fraction for the left side of (6.2.42), 
namely, 
Ce eee mee q° g 
Gia “aie ae tage 
see Berndt’s book [63, p. 48, Entry 20] for a proof. The first proof of Corollary 
6.2.10 is due to Andrews [26], and another is due to Ramanathan [217]. 


Corollary 6.2.11 (p. 44). We have 


 n(3n— m2 ata P+ G+G 
i= yo Ge Pea S544 eg ee ee ee 
n=1 


Proof. In Entry 6.2.1, replace g by q? and then put b= 1 and a= A= 1/q. 
We thus find that 
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> (—1;¢7)nq” +2n 

n=o (44nd gta PtP Pte (6.2.44) 
S (hang ja en A a) A ee - 
nao (94544) n 


The continued fraction on the right side of (6.2.43) is therefore equal to 


foe) (-1; @)nq™ +2” 


4. 74 
CF(q):= z as = oe Jn (6.2.45) 
2 (=1) 4") a0" 22! (1347 aga” 
4. 74 
Coa wea wraes fms (eh bs 
pa (q*;q*) 


The sum in the denominator is easily evaluated by (6.2.5). The sum in the nu- 
merator is more troublesome, and we shall use a threefold iteration of Heine’s 
theorem given by [61, p. 15, Equation (6.1)], for |¢| <1, 


(a)n(b)n pe (abt /C)oo <a (€/a)n(c/b)n (abt \” 
we ion ae De (o) (=) (6.2.46) 


c n(Q)n 


Hence, by (6.2.45), (6.2.5), and (6.2.46), 


1 ee (=1; q?2) nq? +2" 
CF(q) = 
2 (459?) 00 B (5 0")n 


eee oD (<a/t5?)n(“15 @?)n pn gan 


(GG? )oo #4044 (975 G7) n(—975 9? )n 

oe Si (=4; P)oo = ioe tai (-@)" 
(—4; 9? )oo #40 (tq?; G7) oo ae aie 

- eae (6.2.47) 


We now offer two routes to completing the proof; both depend on results in 
the lost notebook connected with the Rogers—Fine identity. 

First, by a result found on page 36 of the lost notebook, Entry 9.4.7 of 
Chapter 9, which is established by the Rogers—Fine identity, (4.5.5) in Chapter 
4, or (9.1.1) of Chapter 9, 


= Grug = (3n+1)/2 2n+1 
See = rt — Pt?) 
(Orta la se 


n=0 
= > green _ S- Pe ca 
n=0 n=0 
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Sri 3 greene 2 quer) 1)/ 


=1+ ya eee Lea AP (6.2.48) 


Combining (6.2.47) and (6.2.48), we complete the proof. 

For the second approach, we transform the far right side of (6.2.47) by 
using the Rogers—Fine identity, (4.5.5) in Chapter 4, with q replaced by q?, 
a= 0, b=-—1, and t = ~—q. (This is established in more detail in our chapter 
on the Rogers—Fine identity; see (9.4.15).) We thus find that 


co qn tn 
CF(q) = 6.2.49 
? d (—q)an+1 ( ) 
Now, by a result of Andrews [15, p. 38, equation (4.2)], 
ea gr +n Ss 1)” n(n+1)/2 
DD exec => ee, (6.2.50) 
= Qon+1 (—4)n 


where we have corrected two misprints on the left side in [15]. Lastly, by 


setting x = —1 in an exercise in Andrews’s text [21, p. 29, Exercise 10], we 
find that 
oe a) nantt)/2 ee oe " 
so! ) =1- $5 grr BA — 9”). (6.2.51) 
n=0 (—4)n n=1 


(Equality (6.2.51) also arises from the Rogers—Fine identity; see Entry 9.4.2 
of Chapter 9.) Finally, by combining (6.2.50) and (6.2.51) with (6.2.49), we 


conclude that = 
F(q) =1— 50 gr @r-VP(1 — gq”) 


to complete the proof. 


6.3 A Second General Continued Fraction 


Define 


foe) 2 
np_~n 
q 


Xr 
= aie ee) 


On page 40 in his lost notebook, Ramanujan offers three continued fractions 
for g(b; A), which we relate in the next theorem. 
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Entry 6.3.1 (p. 40). We have 


(i) g(bsAq) _ 1 Aq AP+bq Aq? Agq*+b¢ 
g(b; 2) 1+ 1+ 1 + 1+ 1 spas 
(ii) _1 Aq Aq? Aq? 
1+ 1+bg + 1+o@ + 1+bg8 +-- 
(ii) s 1 b+Aq b+Aq b+ Aq? 
f=6 fob ied ag 


(iv) g(b; X) = (1 — b)g(b; Ag) + (b + Aq) g(b; Aq”). 


Proof of (i). Since g(b,X) = G(0,6, A), we observe that (i) is identical to 
Corollary 6.2.3. 


Proof of (ii). In Entry 15 of Chapter 16 [61, pp. 30-31], Ramanujan offers 
the beautiful continued fraction 

g(—a; b) bq bq? bq? 

g(—a; bq) l—-aq+1-aq? + 1-age+-::: 
If we replace a by —b and b by A above, and then take the reciprocal of each 
side, we immediately obtain (ii). 


Proof of (iii) and (iv). A straightforward calculation shows that 
(1 — b)g(b; Aq) + (b+ Aq) g(b; Ag”) 


rN” my 
= z (q” — bg” + bg?” + (1 — q”)(1 + bg")) 


which establishes (iv). It follows that 
g(b; A) Dar Ag 
g(b; Aq) © g(b; Aq) 
g(b; Aq?) 


By successive iterations of the identity above, we formally derive the contin- 
ued fraction in part (iii). That the continued fraction converges and that it 
converges to the left side of (iii) can be demonstrated by the same argument 
that we used to prove Entry 6.2.1. 


Part (ii) has also been proved by V. Ramamani [214] and Hirschhorn [152], 
[155]. A generalization of (iii) was established by Hirschhorn [153]. 


6.4 A Third General Continued Fraction 


On page 43 in his lost notebook, Ramanujan gives another continued fraction 
for quotients of the function G(a, A; b;q). We follow the path of Bhargava 
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and Adiga [91] in proving not only this continued fraction, but still another 
continued fraction for such quotients. The two continued fractions will then be 
combined to establish an identity between certain continued fractions found 
on page 42 in the lost notebook. 

We begin with a lemma providing two needed q-difference equations. Recall 
that P(a,b, A) is defined in (6.2.3). 


Lemma 6.4.1. We have 

(i) — P(a,b, A) = P(aq,b, Aq) + (aq + Aq)P(aq, ba, Aq”), 

(ii) P(aq,b, A) = (1 — aq + bq) P(aq, bg, Aq) + (aq + Aq) P(aq, bq”, Aq”). 
Proof. In Lemma 6.2.1, replace 4 by \q in (i) and add the result to (ii). We 
thus obtain (i) of Lemma 6.4.1. Next, return to Lemma 6.2.1 and replace 


by Aq and b by bg in (i), replace b by bg in (ii), multiply (i) by —1, and add 
these three equalities to (iii). We then deduce (ii) of the present lemma. 


Theorem 6.4.1. We have 


G(aq,Aq:b;q) _1 _ aqgtAgq aq + Aq? 
G(a,A;b;q) = 1 + 1—aq4+ bq + 1— aq + bq? 
ag + Aq” 
tee) + 1L—aqtbgr 000 (6.4.1) 
Proof. Lemma 6.4.1(i) can be reconstituted in the form 
G(aq, Aq; 634) _ ag+Aq (6.4.2) 


G(a,A;b;q) = 1 + Gag, Aq; b; 9g) 
G(aq, Aq?; bq; q) 


Next, in Lemma 6.4.1(ii), replace \ by Aq"*+ and b by bq” to deduce that 


G(aq, Aq"*!; bq"; q) 


- aq + Aqrt? 
"Gag, Aq" t?; bg"+1; g) 


= (L—agq+bg"*) + 
Sri 


(6.4.3) 


Iterating (6.4.3) with n = 0,1,2,..., and using (6.4.2), we deduce (6.4.1). The 
convergence of the continued fraction follows along the same lines as those in 
the proof of Entry 6.2.1, since S, — 1 as n > ov. 


To prove Ramanujan’s next continued fraction, we once again need a cou- 
ple of auxiliary g-difference equations. 


Lemma 6.4.2. We have 
(i)  P(a,bq, 4) = (1 + aq) P(agq, bq, Ag) + (Ag — abq?) P(aq?, bg*, Aq”), 


(ii) P(aq,b, Aq) = {1 + q(ag + b)} P(aq”, bg, Aq”) 
+ (Aq? — abg*) P(aq’, bq’, Aq”). 
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Proof. Return to Lemma 6.2.1(i) to replace a by aq, b by bq, and A by Aq 
and multiply the resulting equality by —bg. Then replace a by aq and b by bq 
in (ii). Thirdly, in (iii), replace a by ag. Fourthly, multiply (iii) by —1. Add 
all four equations to (i) to obtain (i) of the present lemma. Now replace a by 
ag and A by Aq in the just proved (i). Also replace a by ag and A by gq in 
(iii) of Lemma 6.2.1. Adding the two equalities, we obtain (ii) of the present 
lemma. 


Entry 6.4.1 (p. 43). We have 


G(aq,Aq;b;q) 1 Aq — abq? Aq? — abq* 
G(a,A;b;q) = 1+aq+14+q(aq+b) + 14+ ¢2(aq+5) 
Aq” — abq?” 
— ‘ 6.4.4 
+e) +14 q™(aqt+b) +-°° ( ) 


Proof. Replacing b by b/q in Lemma 6.4.2(i), we may rewrite the new equality 
in the form, 
G(aq,Aq:b;q) _ 1 Aq — abq? (6.4.5) 
G(a,A;b;q) — 1+aq + Glaq,Aq;b;q) a 
G(aq?, Aq?; bg; @) 


n—1 n—-1 


Replacing a, 4, and b by aq”—!, Aq 
Lemma 6.4.2(ii) in the form 


, and bg”~*, respectively, we can write 


G(aq”, Aq”; bq”~*; q) 
G(ag?*1, Aq?*1; bg”; g) 


Aqr+t _ abg?" +? 


Us= 
On+1 


=1+q"(aqt+b)+ 


. (6.4.6) 


Iterating (6.4.6) with n = 1,2,... and employing (6.4.5), we deduce (6.4.4). 
The convergence follows as in Entry 6.2.1, since U, > 1 as n > oo. 


Andrews’s [26] proof of Entry 6.4.1 is similar to the one by Bhargava and 
Adiga [91] that we have given above. 


Entry 6.4.2 (p. 42). If |q| <1, then 


1 ab ab 
a+e-at+b+cq-"": —atb+cqr —-": 
_ 1 be be 
~~ e=—b+a+c—b+a/q +> + ¢-—b+a/qr te" 


(6.4.7) 


Proof. In both Theorem 6.4.1 and Entry 6.4.1, we set ’ = 0 and replace a 
and b by —b/(aq) and c/a, respectively. We equate the two resulting continued 
fractions and take their reciprocals to find that 


162 6 Other g-continued Fractions 


G(—b/(aq), 0; c/a; q) 


G(—b/a, 0; c/a; q) ee 
= —b/a —b/a 
aid 1+ (b+cq)/a +++ + 14+ (b+cq")/a ++: 
b beq/a? beg? Sia? 
=(1 =) 1+q(c—b)/at+--- +1+q(ce-b)/at+--- 


Multiplying (6.4.8) by a, multiplying numerators and denominators by a to 
obtain an equivalent continued fraction, and adding c to both sides, we obtain 
the equivalent continued fractions 


G(—b/(aq),0; c/a; q) 


6.4.9 
Bee G(—b/a,0; c/a; q) on!) 
7 rr —ab —ab 
eee atb+cq ++: t+at+b+cqr +: 
beq beg?” ! 
a Cc Weeding evtdinga (ex pig dis 


In the second continued fraction of (6.4.9), multiply numerators and denomi- 
nators successively by 1/q,1/q?,1/q?,... and then take the reciprocal of both 
sides of (6.4.9) to complete the proof. 


Observe that the continued fraction on the right side in the next entry is 
the reciprocal of a finite version of the special case c = 1 of the continued 
fraction on the left side of Entry 6.4.2. 


Entry 6.4.3 (p. 42). For arbitrary complex numbers a and b, for any positive 
integer n, and for ¢g #0, 


pe ee oe b a 
T+tqtit+@gt:+qt+i 
=i at fe ab ab ab 
Ga barge dah Ob ge See Seb ag 


Proof. The continued fraction on the right side is the odd part of the continued 
fraction on the left side, and so the proof is complete. 


6.5 A Transformation Formula 


Entry 6.5.1 (p. 46). Let k > 0, a = (14+ V¥14+4k)/2, and 6 = (-1+ 
V1+4k)/2. Then, for |q| <1 and Re q>0, 


1 k+q kt+@ k+@ 


Lea eo 
1 2 3 

= Z z ‘ (6.5.1) 
ata+t+6qtat Bq? +a+ Bq? +°-:: 
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This is a beautiful theorem, and we do not know how Ramanujan derived 
it. We shall use the Bauer—Muir transformation to establish Entry 6.5.1. 

For |g| > 1, the continued fraction on the left side of (6.5.1) diverges. 
However, by Van Vleck’s theorem (Lorentzen and Waadeland [182, p. 32]), 
the continued fraction on the right side of (6.5.1) converges for all g such that 
Re q> 0. 

If g = 0 in (6.5.1), then we find that 


1 k k ok me! 
Litod ae debi aes ae 
which can be established by elementary means. 
If g = 1 in (6.5.1), we find that 


1 k+l k4+1 #&k+1 


I+ 1 + 1 + 1 +: 
1 1 1 1 


Ob fT dk + /l ak - flak 


This identity can be easily verified by elementary computations; both sides 


are equal to 
2 


1+ V5+4k. 


If k = 0, then a = 1 and 3 = 0. Thus, (6.5.1) reduces to a tautology. 
If k = 2, then a = 2 and @ = 1. We thus obtain the following corollary, 
which Ramanujan also records, but with a slight misprint. 


Entry 6.5.2 (p. 46). For |q| < 1, 


1 2+q 24+¢ 2+q43 od q ia g 
i an Oe i Os Oe ae eee ee 


Proof of Entry 6.5.1. As indicated above, we shall apply the Bauer—Muir 
transformation [182, p. 76], which we now briefly describe. Given a continued 
fraction bp + K(an/bn) and a sequence of complex numbers {wy}, 0 <n < 00, 
define 

An = Gn — Wn—1(bn + Wn), | al eee (6.5.2) 


Assume that A, £ 0 for every n > 1. Let 
dn =Anti/An, n= 1. (6.5.3) 
If for n > 2, 
Cn = Gn—19n—1 and dyn = by + Wn — Wn—29n-1; (6.5.4) 


then 
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a1 a2 a3 At C2 C3 

PO ec ee pend tO earache tegen pune! 
If C(q) denotes the reciprocal of the continued fraction on the left side 
of (6.5.1), and if we employ the notation on the left side of (6.5.5), then, for 
n>1, a, =k+q", and for n > 0, b, = 1. Now set wy, = @, n > 0. Then, by 
(6.5.2), since 1+ 6 = a and a@ = k, it follows that \,, = gq”. Thus, by (6.5.3), 
Qn = q, and by (6.5.4), ifn > 2, c, = (k + q”~')q and dy, = a — faq, since 
1+ 6=a. Also, bo) + wo = a = bi + wy. Thus, by (6.5.5), 
a (k+qq) (k+@)¢ oa q 

C(q) =a4 vases Gabe die aay (6.5.6) 
For the continued fraction Ci(q), in the notation of the left side of (6.5.5), 
bp = a, bn = a — Bq, and a, = (k + q")q, for n > 1. We apply the Bauer— 
Muir transformation a second time. Set wp, = Gq,n > 0. A brief calculation 
shows that by (6.5.2), An = g”*!. Thus, bo) + wo = a+ Bq, br + wi = a, 
Cn = (k+q"~1)q?, and dy, = a — Bq?, where n > 2. Hence, after applying the 
Bauer—Muir transformationto C)(q) in (6.5.6), we find that 


(6.5.5) 


2 k 2 k 2) 72 
Ca q (kta (k+a°)q 
at+Bq+ata-6q? + a-Bq? +::: 
q ¢ 
=a4 (6.5.7) 


at Bq + C2(q) 


Applying the Bauer—Muir transformation to C2(q) and proceeding as in the 
two previous applications, we find that if w, = Bq?, then A, = g”t?. Thus, 
bp + Wo = a+ Bq’, b, +wW1 = @, Cn = (k+¢q"~1)q3, and d, = a— Bq?, where 
n > 2. Hence, from (6.5.7), 


bw" g g (k+qq  (k+4°)q° 
'atBqtatBet+ata—-Be + a—Be +-:: 
q g? grat 


=at+ 


q’ (k+q)q"  (k+4°)q” 
+ at a—Bq + a—Bq eee 
after an easy inductive argument on n. Letting n tend to oo in (6.5.8), we 


deduce (6.5.1). As indicated earlier, the transformed continued fraction con- 
verges for Re q > 0. 


(6.5.8) 


Lorentzen and Waadeland [182, pp. 77-80] used the Bauer—Muir transfor- 
mation to prove a special case of Entry 6.5.1 and to discuss the rapidity of 
convergence of the transformed continued fraction; we have followed along the 
same lines as their proof. D. Bowman has informed us that he can prove Entry 
6.5.1 by using continued fractions for certain basis hypergeometric series and 
the second iterate of Heine’s transformation. 
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6.6 Zeros of the Generalized Rogers-Ramanujan 
Continued Fraction 


Entry 6.6.1 (p. 48). The smallest real zero of 
2 3 

qd q 

pest 

(q) eae 


is approximately equal to 0.576148. 


Ramanujan actually gives the value 0.5762 for this zero. He also does not 
indicate the possibility of other real zeros. 

We considered several approaches to Ramanujan’s claim, including an ex- 
amination of the zeros of convergents to F'(q). However, for only the method 
described below could we obtain a proper error analysis. Ramanujan possi- 
bly used an approximating polynomial of lower degree than that below, along 
with an iterative procedure such as Newton’s method. However, in any case, 
the numerical calculations seem formidable, and we wonder how Ramanujan 
might have proceeded. 


Proof. We employ the corollary to Entry 15 in Chapter 16 in Ramanujan’s 
second notebook [61, p. 30], providing a representation for the reciprocal 
F(a,q) of the generalized Rogers-Ramanujan continued fraction, namely, 


2 
eS (=a)*¢" 


k=0 (QD) aq aq? aq? . 
oo (—a) Rh) See Sa ee eis ee (6.6.1) 


Setting a = 1 in (6.6.1), we shall examine the zeros of a partial sum of the 
numerator, namely, 


~ (-1)Fg' 1 
S = (1—2g-@ +9? + 2q* + 29° + g® — q" — 448 
ma, Ate (a)s 
—Aq? _ a As oq) of dg)? aes Agi fe deg" ag oo q7) q) ; 


Using Mathematica, we find that the only real zero is approximately 
do := 0.576148762259. (6.6.2) 


By the alternating series test, go approximates the least real zero of F'(1,q) = 
F(q) with a (positive) error less than 


36 
40 


= 1.38201727 x 1078. 
qo)6 


This completes the proof. 


166 6 Other q-continued Fractions 


The continued fraction F(q) is central in the enumeration of “coins in a 
fountain” [201], and, along with its least positive zero 0.576148 ..., is impor- 
tant in the study of birth and death processes [204]. 

We briefly pointed out in Chapter 5 that the convergence of the Rogers— 
Ramanujan continued fraction on the unit circle is not completely understood. 
The convergence of the generalized Rogers-Ramaujan continued fraction, as 
a function of a, on the unit circle is also not fully understood. From its rep- 
resentation in (6.6.1), we see that the locations of the zeros of the generalized 
Rogers—Ramanujan function (as a function of a) in the denominator play a 
key role. When a = exp(27iT), where 7 is irrational, D.S. Lubinsky [183] and 
V.I. Buslaev [105] have established theorems on the convergence of (6.6.1). 


Entry 6.6.2 (p. 48). Let go = qo(a) denote the least positive zero of F'(a,q), 
where F'(a,q) is defined by (6.6.1). Then, as a tends to ov, 


1 1 2 6 “i 21 79 4: 311 
a @ a at a af a’ 
1266 5289 22553 97763 


T 
as a? qi9 qit 


do ~ 


(6.6.3) 


Ramanujan calculated many asymptotic expansions in his notebooks, and 
it seems likely that in many instances, including the present one, Ramanu- 
jan employed the method of successive approximations. We also utilize this 
method below, but if Ramanujan also did so, he must have been able to more 
easily effect the calculations. 


Proof. We shall calculate the first few coefficients in (6.6.3) by the method 
of successive approximations. We then describe how we used Mathematica for 
the remaining coefficients. 

In view of (6.6.1), first set 


Peres! SaaS (6.6.4) 


1 : 1 
1l-a cid a ft = 0. 
a az a a? 


Equating coefficients of 1/a, we deduce that « = —1. Thirdly, set 


aq aq? aq 
fo A ee 


1 


=0 (6.6.5) 
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and let g = 1/a — 1/a? + 2/a? in (6.6.5). Equating coefficients of 1/a?, we 
deduce that x = 2. 

Continuing in this way, we find that the calculations become increasingly 
more difficult. Since at each stage we are approximating the zeros of a fi- 
nite continued fraction, we use an analogue of (6.6.1) for the finite general- 
ized Rogers-Ramanujan continued fraction found in Ramanujan’s notebooks. 
Thus, for each positive integer n [61, p. 31, Entry 16], 


[(n+1) /2] (—a)F gk ise 


k=0 (q)e(@)n—2k41 4 aq aq aq (6.66) 
In/2l (—a) "gk FY) (Q) nk ce at Ses 


k=0 (Q)k(@)n—2k 


To calculate the first eleven terms in the asymptotic expansion of qo, we 
need to take n = 11 above. Discarding those terms that do not arise in the 
calculation of the first eleven coefficients, we successively approximate the 
zeros of 


(l—g)(1—@)(1—@)(1 — ¢*) — ag(1— 9g") - @) — @) (1 - @*) 
+aqi(l—@)(1—@*)(-9*) — ag (1—q*). (6.6.7) 


We used Mathematica in (6.6.7) to successively calculate the coefficients of 
aJ,1<j< 11, and found them to be as indicated in (6.6.3). 

We emphasize that these calculations indeed do yield an asymptotic ex- 
pansion, for the error term made in approximating go by the first n terms is 
easily seen to be O(1/a”*") in each case. 


Entry 6.6.3 (p. 48). Let qo be as given in Entry 6.6.2. Then, as a tends to 
OO, 


qo = f(a) + O(1/a*), 


where 


Zs 1 1 2 6 ” 21 79 4. 311 
a @ a at a af a’ 
1265 5275 22431 96900 

ih ae 1 


ty at (6.6.8) 
First Proof of Entry 6.6.3. Expanding f(a) via Mathematica, we deduce the 
Taylor series in a~! given in (6.6.8). Comparing (6.6.8) with (6.6.3), we find 
that the coefficients of a~J, 1 < j < 7, agree, while the coefficients of a~® 
differ only by 1. Thus, Ramanujan’s claim in Entry 6.6.3 is justified. 


Second Proof of Entry 6.6.3. Our second proof is more natural and was 
kindly provided for us by W. Van Assche [278]. 
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The Hermite—Padé approximant to the two functions go and g is obtained 
by finding polynomials A, and B,, each of degree n, and a polynomial R,_1 
of degree n — 1 such that 


An(a)qo(@) + Bn(a)q5(a) + Rn-1(a) = O(1/a"™), (6.6.9) 


where m is as large as possible. By setting coefficients of negative powers 
of a equal to 0, we obtain 2n + 2 homogeneous equations for the unknown 
coefficients of the the polynomials A, and B,, from which we use 2n + 1 
equations to find the coefficients of A, and B, up to a multiplicative factor. 
The polynomial R,,_; contains the positive powers of a. 

If we set n = 1 in (6.6.9), we find that 


(1 — a)qo(a) — (2a — 1)q2(a) + 1 = O(1/a"):; (6.6.10) 


the error term is better than the error term we would expect, i.e., O(1/a*). We 
now neglect the right side of (6.6.10) and use the left side to find an algebraic 
approximation to qo; i.e., we solve the equation 


(1 — a) f(a) — (2a — 1) f?(a) +1 =0. 


Solving this equation, we obtain the function f(a) defined in (6.6.8). 


Entry 6.6.4 (p. 48). Let qo be as given in Entry 6.6.2. Then, as a tends to 


go = g(a) + O(1/a""), 


1 


a-1+ /f@+@t5) | (35 ee) 
9 T 


a—1+4+/(a+1)(a+5) 
1 1 2 6 21 79 a 311 
a a @ a a ab a’ 
1266 a 5289 22553 97760 


as a? qi0 qit 


(6.6.11) 


Proof. Expanding g(a) ina Taylor series in a~* with the help of Mathematica, 
we establish the expansion in (6.6.11). Comparing (6.6.11) with (6.6.3), we 
find that the coefficients of a~J, 1 < 7 < 10, agree, while the coefficients of 
a!" differ only by 3. Thus, Entry 6.6.4 follows. 


In fact, in both the expansions (6.6.3) and (6.6.8), Ramanujan calcu- 
lated just the first ten terms. Our statement of Entry 6.6.4 is stronger than 
that recorded by Ramanujan, who merely claimed that (in different notation) 
“qo = g(a).” Undoubtedly, however, he calculated the expansion (6.6.11). We 
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calculated eleven terms in each expansion for the purpose of comparing accu- 
racies. Hirschhorn [161] has also examined Ramanujan’s approximations for 
the zero qo. 

Underneath his approximations to the zero gg, Ramanujan records the 
following two algebraic numbers. 


Entry 6.6.5 (p. 48). We have 


oe = 67735 and Sees eon = 


V3 5 (Z V3 - 1) 
The decimal expansion of 1/ V3 is correct as given. Ramanujan does not 
give the decimal expansion of the latter number. In fact, 


1 
—_>——~ # 0.5611879. 6.6.12 
5(fv3—1) vee, 
Note that (6.6.12) is a reasonably good approximation to the least positive 
zero (6.6.2) of the Rogers-Ramanujan continued fraction. 


6.7 Two Entries on Page 200 of Ramanujan’s Lost 
Notebook 


In this section, we discuss two entries on page 200 in Ramanujan’s lost note- 
book [228]. On this page, Ramanujan offers an identity bearing a superficial 
resemblance to the standard generating function (6.6.1) for R(a,q), which we 
define by ‘ ‘ 
1 aq aq aq 

tO) icq ig a, ae 
We provide three proofs. The first two proofs derive from familiar transfor- 
mations for q-series. The third proof is more interesting. We show that each 
side of the identity is a generating function for certain types of partitions. 
We then establish the identity by deriving a bijection between the two sets of 
partitions. 

Below the identity described above, Ramanujan offers two close cousins 
of the Rogers-Ramanujan continued fraction, which he links together. We 
emphasize that no theorem about these continued fractions is claimed by 
Ramanujan, and there is no evidence (other than close proximity) that the 
identity mentioned above is related to these two continued fractions. We have 
been unable to relate the continued fractions with any other result of Ra- 
manujan. Thus, it remains a mystery as to why Ramanujan recorded them 
here. 


(6.7.1) 


Entry 6.7.1 (p. 200). For each complex number a and |q| < 1, 


Co 


= (ag; Q)oo >, a 


n=0 


Oe. argh (et) 


s 2 
oh ae 


(6.7.2) 
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First Proof of Entry 6.7.1. Recall the third iterate of Heine’s transformation 
given by [61, p. 15, equation (6.1)] 


3 (4; 7)n(05 9)m yn _ —— des og (c/a; q)n(c/b; Mn ()" 


(Ganlagn (ha (cQ)n(aan \e 


Let c = q and then let a and b tend to 0. Lastly, let t = ag. The equality 
(6.7.2) then follows immediately. 


Second Proof of Entry 6.7.1. In Entry 8 of Chapter 16 in his second notebook 
[227], Ramanujan recorded an identity arising from a basic hypergeometric 
series transformation. For |al,|q| < 1, 


ae 


5 @)n(d/c; Qn wee gn 1)/2_ 
One Qn 


(4; doo F> (G gn (b/45 Dn in _ > 
(0; d)oo A=) (Ga)n(GQn = 

(6.7.3) 
A proof of (6.7.3) may be found in [61, p. 17]. In (6.7.3), let d = q, replace a 


by aq, and let both 6 and c tend to 0. The claim (6.7.2) readily follows. 


Third Proof of Entry 6.7.1. Replacing aq by a and dividing by (aq; q)oo on 
both sides of (6.7.2), we arrive at 


Co n 


> de — = > ( - 2:* (6.7.4) 


(4; Q)co A(GQn BGO 


We prove (6.7.4). Recall that a generating function for partitions p(n) is [21, 
p. 21, equation (2.2.9)] 
love) 2 
1 q” 
= : (6.7.5) 
(GQo << (q34)2 
For a = 1, the only difference between the right sides of (6.7.4) and (6.7.5) 
is the numerator qh: the coefficient of g% in 1/(q;q)? counts the number of 
partitions of N +n? with the Durfee square of side n. Let A(n, N) be the set 
of partitions of N +n? with the Durfee square of side n. Then 


= Yale] ata 


Co qr 


Swat 


On the other hand, the left side of (6.7.4) is the product of generating 
functions for two sets of certain partitions: one is for partitions with nonnega- 
tive parts and the other is for partitions with the Durfee square of side n. Thus 
we consider pairs of partitions. Let B(n, N) be the set of pairs of partitions 
(u,v) such that |u| + |v] = N, uw has at most n —d nonnegative parts, and v 
has the Durfee square of side d, d < n. Then we see that 


= 1B(09)] ata 
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To prove (6.7.4), we will establish a bijection between A(n, N) and B(n, N) 
by constructing a partition \ in A(n, N) for a given pair (y,v) in B(n, N). 
In the proof, we assume that parts are in decreasing order. We consider an 
nm X n square, and then attach yz and v to the right of and below the square, 
respectively. If the largest part of v is less than or equal to n, then we obtain 
the desired partition \ with the Durfee square of side n. Otherwise, we need 
to apply a bijection of F. Franklin [268, pp. 18-19] to v in order to obtain a 
partition with parts less than or equal to n. 

To explain the bijection of Franklin, we define a map f;,,, from a partition 
6 = (61, 62,..., 0m) to a partition p = (p1, ~2,-.--, Pm) as follows. If 6; —dx41 > 
8, define fx,5(0) = p, where, for 1 <i<™m, 


Oj41 —1, for i<k, 
pi=40,-s—1, for i=k, 
65, for i>k. 


Otherwise, fx,5(d) = 6. 

Let o = (01,02,...,01) be the partition to the right of the Durfee square 
of side d of v, and let x’ be the conjugate of ju. For convention, o)41 = 0. Let ry 
be the smallest j such that f],,_ 4(0) = f77" 4(c). Then we add n—d+1 nodes 
r, times to p’ as parts, and denote pte 4(7) by o to avoid a proliferation of 
notation. Next, we consider the second excess of o. Let rg be the smallest j 
such that f3,,_ 4(o) = oa) Then we add n — d+ 2 nodes rz times to pu’ 
as parts, and denote (2... a() by a. We repeat this process with f;,»—q and 
ao, where k = 8,...,1. 

In this way, we can finally produce a partition with parts less than or equal 
to n — d, since the process terminates when o1 — 0141 <n -—d. Furthermore, 
we add to p’ at each step the part n — d+k, which is less than or equal to 
n, since the old o has at most d parts; i.e., 1 < d. Thus the new pair o and 
w’ are the desired partitions; 7 has at most d parts with the largest parts less 
than or equal to n — d, and p’ has parts less than or equal to n, i.e.; w has 
at most n parts. Therefore, we obtain a partition A in A(d, N) with the pair 
(u,v) in B(d, N). Since the steps are invertible, the map is a bijection. This 
completes the third proof. 


Below (6.7.2) on page 200 in [228], Ramanujan wrote the following: 


Entry 6.7.2. 
4 8 2 3 
qq q a4 @ aq 
One aes, <P aa eas ee iO) 


We emphasize that no assertion about these two continued fractions is claimed 
by Ramanujan. The former continued fraction can be written as 


1 
“RG/e?, 4)’ 
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but the latter continued fraction cannot be represented in terms of the gener- 
alized Rogers—Ramanujan continued fraction. The appearance of the amper- 
sand & between the continued fractions most likely indicates that they have 
been linked together by Ramanujan in some theorem. Their appearance below 
(6.7.2) suggests that they are related to it. However, we have been unable to 
make such a connection. Note that there is a superficial resemblance with the 
series on the left side of (6.7.2) and the series in the numerator of the generat- 
ing function of the generalized Rogers-Ramanujan continued fraction given by 
(6.6.1). In his third notebook [227], Ramanujan examined the limits of both 
the even-indexed and odd-indexed partial quotients of the Rogers-Ramanujan 
continued fraction when gq > 1. Quite remarkably, these limits involve exactly 
the same continued fractions in (6.7.6), but with, of course, a = 1. See [63, 
p. 30, Entry 11] for a statement and proof of Ramanujan’s result. Thus, it 
is natural to conjecture that Ramanujan had established a generalization of 
Entry 11 for the generalized Rogers-Ramanujan continued fraction. One can 
begin to prove a generalization of Entry 11 by using the same ideas. However, 
we are unable to identify the quotients of g-series that arise in place of those 
appearing on page 32 of [63]. Moreover, computer algebra does not reveal any 
connection of these q-series with the continued fractions of (6.7.6). Thus, it 
would seem that our conjecture about why Ramanujan recorded the contin- 
ued fractions in (6.7.6) is groundless. But there is a connection with another 
result of Ramanujan, namely, a claim in his second notebook, recorded as 
Entry 13 in [63, p. 36]. The continued fractions of (6.7.6) are precisely those 
appearing in Entry 13, and Ramanujan claims that they are “close” to each 
other. We refer readers to [63, pp. 36-40] for the meaning of “closeness.” Thus, 
maybe Ramanujan had Entry 13 in mind, but we have the nagging suspicion 
that Ramanujan had some other motivation for recording these two continued 
fractions, and that we have been unable to discern his reasoning. 


6.8 An Elementary Continued Fraction 


We conclude this chapter with an isolated, but beautiful, continued fraction, 
which does not fall under the purview of g-continued fractions. 


Entry 6.8.1 (p. 341). Jf 


az +4 


cae (ee) (F8) 


(6.8.1) 


2 


then 
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1 : mat \ 
. ments +] (e+ ote) +(-1)"2,, 


1 
a 


where in each grouping, there are n fractions 


We first remark that this entry is difficult to read. In the denominator of 
Ly the “4” at the left is hardly legible, and the other “4” in the denominator 
is more illegible. Second, we can easily see that (6.8.2) is false, in general. For 
example, suppose that a = b= c =n = 1. Then py = pe = 1, and (6.8.2) 
yields 


Lier. yaep=1ye ae 


Sede Let ee 
But it is well known and easy to prove that the continued fraction on the right 
side above has the value (5 — 1)/2. It is surprising that Ramanujan would 
have made such a mistake. 

The entry is an isolated one on page 341 of [228], and in fact, it may be that 
this entry is on a scrap of paper attached to a larger page for photocopying. 
The remainder of the page is devoted to generating a family of solutions to 
Euler’s Diophantine equation a?+b? = c?+d?, and nothing on adjoining pages 
is related to continued fractions. Furthermore, immediately to the right of 
Entry 6.8.1 are two vertical lines drawn with a straightedge. It is possible that 
the entry has been cropped, and so the entry may be incomplete, providing 
an explanation for Ramanujan’s “mistake.” 

We are therefore faced with the problem of finding the “correct” theorem 
that Ramanujan likely possessed. We have two choices: we could try to find 
a continued fraction for the left side of (6.8.2), or we could find an algebraic 
representation for the continued fraction on the right side of (6.8.2). Because 
the continued fraction is an extremely elegant continued fraction, the latter 
tack is desirable. In fact, we attempted both strategies. However, we were not 
able to find any kind of a continued fraction representation for the left side 
resembling anything similar to the continued fraction on the right side. On the 
other hand, we were indeed successful in finding an algebraic representation 
for Ramanujan’s beautiful continued fraction. Of course, it is then tempting to 
convert our representation into a form resembling what Ramanujan claimed 
on the left side of (6.8.2). Our attempts, partially with computer algebra, to 
“correct” Ramanujan in this way were fruitless. 

Our goal then is to determine an evaluation for the continued fraction 
on the right side of (6.8.2). Most likely, Ramanujan intended a, b, and c to 
be positive real numbers, and so we make this assumption in the statement 
of our theorem. After the conclusion of our proof, we discuss the values of 
the continued fraction for other real values of a, b, and c. Although we could 
easily examine the convergence and values for complex a, b, and c, even for 
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real values of the parameters, it is very difficult to relate all the possibilities for 
the convergence and values of the continued fraction in an efficient manner. 
The sizes, signs, and possible zero values for each parameter, a, b, and c, 
and the parity of n present a large variety of cases that must be individually 
examined, yielding a variety of results. Our proof below comes from a paper 
by Berndt and G. Choi [76]. A similar proof has been found by J. Lee and 
J. Sohn [174]. 


Entry 6.8.2 (p. 341; Corrected Version). Set 


1 1 1 6b 1 1 
OT atat:+atetatat ee) 
and recall that 1, is defined by (6.8.1). Then, for any positive numbers a, b, 
and c, 


1 : nay 
a=3( ree (ee ee of (era+oee!) + 4b(-1)"u2.,, 


Mn n 
(6.8.4) 
Proof. It will be convenient to define 
a+vVa?+4 a—vVa?+4 1 
o:= and T= a ‘ 
2 2 o 
Furthermore, define, for any nonnegative integer n, 
‘| nm n 
tip ba aoeg (6.8.5) 
Ln a? + 4 


It will be more convenient to work with v,. Using (6.8.5), it is easy to verify 
that v,, satisfies the recurrence relation 


Vn = Wyn + Vyn_2, n> 2, ywy=0, m=1. (6.8.6) 


Then, from the elementary recurrence formulas for the numerator and denom- 
inator of a continued fraction [182, p. 9, equation (1.2.9)], 


Un 1 oil 1 


a = 6.8.7 
Inst atatrta ( ) 
where there are n fractions 4, 
Now, by (6.8.3) and (6.8.7), write a in the form 
ut 1 1 b 1 1 
TOE ge te age isa a ole A ede be cp ae a Sh Ga 
= 1 1 b 
~atat-:::+t+atcta 
+ m + OUn— 
my ne eee (6.8.8) 
(c+ @)Unsi + bp, 


6.8 An Elementary Continued Fraction 175 


where we have employed (6.8.7) and again used the elementary recurrence 
relations for a continued fraction’s numerator and denominator [182, p. 9, 
equation (1.2.9)]. Solving (6.8.8) for a, we find that 


OY — (Vp, — bv — CY_ii)a — byy_1 — cv, = 0. (6.8.9) 


Solving (6.8.9) and taking the requisite positive root, we find that 


(1 — bd), — CUn4i 4 V( b) Up, — CUn41)? + 4p 41(bUn—1 + Cn) 
2n+1 


1 ” oe re is 
= ett (ere ie ) ra (0 et sgt ) 
2 Vn+1 Vn+1 Unt Unt 


(6.8.10) 


We now utilize another elementary relation for the numerators and denom- 
inators of continued fractions [182, p. 9, equation (1.2.10)] and apply it to 
(6.8.7) to deduce that 


V2 — V_siYn—1 = (-1)"7). (6.8.11) 


Solving (6.8.11) for v,_1 and using the elementary relation (A + B)? = (A — 
B)? + 4AB under the radical sign, we conclude that 


Un 


(6.8.12) 


Vnt+i 


Un, 2 (—1)” Un : Un 
+4) (erO— b) + 4b | ——— + Ae 
n+1 Vat Vnt+il Vnt+i 


Since by (6.8.5), Up, = 1/fn, we see that (6.8.12) is the same as (6.8.4), and 
this completes the proof. 


We conclude this chapter with a more thorough, but by no means complete, 
discussion of the conditions under which Ramanujan’s continued fraction con- 
verges to either the right side of (6.8.4) or to its conjugate. For brevity, set 


1 — b)v_ — cn D 1 — b)¥_ — CYn41 — VD 
asta Yn — nz +VD ee Agel b)Uy — C¥ns1 — V | 


QWnr+1 2n+1 


(6.8.13) 


D == (cympi + (1 + b)yp,)? + 40(-1)”. (6.8.14) 
Set 


\(1 + d)un, + ceni1 + VDI 
2 


\(1 + b)yp + Crna. — VDI 


and ||ag|| = 5 


Jlor|| = 
(6.8.15) 
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From [182, p. 104, Theorem 6], a converges to a; if ||a;|| > ||a,|| for ¢,7 = 1,2, 
i # j. Observe that 


lai|| > Jlag||, if D>O and (146), + crn+1 > 9, 
lla2|| > |ler|l, ifD>O and (14+b)ry,4+ cnt <0, 
Qa, = a2, if D=0. 


Define 
On = (14+ d)y_ + 41. 
Thus, by (6.8.14), 
D = 62 +4b(-1)”. 


Suppose first that abc # 0. Then, using the aforementioned theorem in 
[182], we conclude that a converges to a1 in the following cases: 


b>0 b<0 
nm even On > 0 On > 2V—b 
nodd] dn >2Vb bn > 0 


Moreover, @ converges to a2 in the following cases: 


b>0 b<0 
nm even on <0 bn < —2/—b 
nodd| 5b, <—2Vb bn <0 


We do not give any details but provide some examples as an illustration. 
If n is odd, ac > 0, and —1 < b < 0, then a converges to a,. Using (6.8.6), we 
can bound v,, from above and below in terms of Fibonacci numbers in various 
cases and then give alternative criteria for convergence. If n is even, b,c > 0, 
and a < —1, then a converges to a if 


(1+ B)lal"-! Fay 
Cc F,’ 


where F;, 7 > 0, denotes the jth Fibonacci number. 

If abc = 0, then as above, we must consider separately several cases. We 
state one such result. Suppose that n is even, a = 0, c 4 0, and c? + 4b > 0. 
Then the continued fraction a converges to 


—c+ (sgn c)Vc? + 4b 
2 > 


where 


+1, ifc > 0, 
sgn c= ; 
-1, ifc <0. 


Suppose that n is odd, a = 0, |b| > 1, and c# 0. Then the continued fraction 
qa converges to 
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c 
b-1 
Note that if b =0, @ trivially converges, since it terminates. 
Lastly, note that there are cases in which a does not converge, e.g., when 
a=c=0and b> 0, and when a = 0 and c? + 4b < 0. 
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Asymptotic Formulas for Continued Fractions 


7.1 Introduction 


This chapter is devoted to proving three asymptotic formulas for continued 
fractions found in Ramanujan’s lost notebook [228]. The three continued frac- 
tions are given by (7.1.1), (7.1.2), and (7.1.4) below. Our proofs are taken 
from papers by Berndt and J. Sohn [83] and Berndt and A.J. Yee [84]. In the 
next chapter, we return to the continued fraction (7.1.1) and, in fact, derive 
another type of asymptotic formula for it. 

On page 45 of his lost notebook [228], Ramanujan recorded two asymptotic 
formulas for two continued fractions involving the Riemann zeta function and 
Dirichlet L-functions. These continued fractions, for |q| < 1, are equivalent to 


(G@er 22. g q° g q (7.1.1) 
ee ak —-1l4q@—-14+e-1 ee ar 
(9; G3) oo + g + q + q +4q 
and 
3.4 3 5 vA 
(P30 Joo q q q q (7.1.2) 


Rdg ag. = Dee, Tag? age ag Lage es 


after a change of variable. They are among the most interesting continued 
fractions discovered by Ramanujan. The continued fraction (7.1.2) also con- 
verges for |g| > 1, and it converges to 


*sg*)o0 
(T7159) 00 | 

providing a beautiful example of symmetry. The continued fraction (7.1.1) is 
the most difficult to establish of all of Ramanujan’s continued fractions and 
does not seem to fit in the same hierarchy as the other q-continued fractions 
found by Ramanujan. Other unusual properties of this continued fraction can 
also be found on page 45 of [228]. For a further discussion of these continued 
fractions, see [63, pp. 46-49]. 
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As an illustration, we offer now the asymptotic formula for (7.1.1). 

Let ¢(s) = 07°, n~’, Re s > 1, denote the Riemann zeta-function, and let 
L(s,x) = 7, x(n)n-§, Re s > 0, denote the Dirichlet L-function associated 
with the character y(n) = (3) , the Legendre symbol. For each integer n > 2, 


let 
_ AP (n)(n)L(n + 1,x). 


(2r//3)2r+1 


Then, for x > 0, 


(3x) 1/8 1 1 1 I'(4) 
1 —1+e? —1+e2% —1+e3t —-:-- r(2) 


where as x > 0*, 
G(x) ~ aga? + ae ee eet 


In particular, 
1 1 1 


~ qos’ “4 ~ 4320’ “® ~ 38880" 
Observe that after an equivalence transformation, the continued fraction in 
(7.1.1) is the same as that in (7.1.3), but with gq = e7*. 

In Section 7.2, we prove a more general theorem for odd characters x, 
and in Section 7.3 we derive Ramanujan’s claims as corollaries of our the- 
orem. We close this section with a general theorem for even characters y, 
and give an asymptotic formula for the Rogers-Ramanujan continued frac- 
tion. B. Richmond and G. Szekeres [232] gave asymptotic formulas for the 
Rogers-Ramanujan continued fraction as q > 0°. 

Section 7.4 is devoted to a proof of Ramanujan’s asymptotic formula for 
the generalized Rogers-Ramanujan continued fraction found on page 26 of his 
lost notebook. Here we define the generalized Rogers-Ramanujan continued 
fraction for |g| < 1 and any complex number a by 


aq aq? aq 


~T+i+ 14+ 140" 


The Rogers-Ramanujan continued fraction R(q) is the special case R(1,q) = 
q_'/°R(q). Then Ramanujan asserts that [228, p. 26] as x > 0*, 


R(a,q): (7.1.4) 


-l+v14+4 
R(a,e~*) = Ns (7.1.5) 
d ax a(1 — a)x? ib a(1 —a)(1 — 14a)z3 
“*P\ [44a 2(1 + 4a)572 6(1 + 4a)! 


We notice that each term in the expansion from the first onward has a factor 
of a, which is to be expected, and each term from the second onward has a 
factor of 1 — a. We prove indeed that these factors do appear generally. 

By the same sort of argument, we can also derive an asymptotic formula 
for the generalized cubic continued fraction. 
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7.2 The Main Theorem 
We need a form of Stirling’s formula; see [36, p. 539] or [125, p. 224]. 
Lemma 7.2.1. As |t| > 00, 
[P(o + it)| © VPmreAH/2 g)o—1/2, 
uniformly in any fixed vertical strip a <a < £. 
Theorem 7.2.1. Let k be a positive integer greater than or equal to 3, and 


let L(s, x) denote the Dirichlet L-function associated with x(n), a primitive, 
real, nonprincipal, odd character modulo k. Then as x > 07, 


(xk) Mal on TT te sre, ebay — x(n = Tr er ec) (7.2.1) 


where 
k-1 
Mi(x) = So x(n) n (7.2.2) 
n=1 
and 
G(x) ~ aga? + aax* + agx®+---, 
with oe 
ay = 2) nip +1,x). (7.2.3) 


(n/ VE) 


Also, as x —> OF, 


k [2 
the minimum value of a,x” is asymptotic to — ar etm /(ke) (7.2.4) 
wV © 


Proof. Let 
)= Te em | 5 tn) 


Then, for z > 0, 


f(a) = log P(x) = — S> x(n) log(1 — e~”*) = Doxtn pe — 


Inverting the order of summation and integration by absolute convergence, 
we find that for x > 0, 


[a f(x)x*— yertdem fy E x® | dx 
m 
a 


m= 


3 
Il 
nn 
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2 y. oD x0) f geo gt—? d 
=Y dx —— i i Ta 7 
Saar) 


By Mellin’s inversion formula [276, p. 7], 


1 ct+ioco 
He = =| ~— (s)e(s+1)L(s,xa7*ds, ee > 1. (7.2.5) 
Consider now 
1 
IG ge 3= =| I(s)¢(s +1)L(s, y)a* ds, (7.2.6) 
; 201 Cakes 


where M = 2N + $, N is any positive integer, and Cyy,r is the positively 
oriented rectangle with corners at (c,iT), (—M,iT), (—M, —iT), and (c, —iT), 
where Tis any positive number. 

Recall that I’'(s) has a simple pole at s = —n with residue (—1)”/n!, for 
each nonnegative integer n. Recall also that ¢(s) has a simple pole at s = 1 
with residue 1, and that ¢(—2n) = 0 for each positive integer n [275, pp. 16, 
19]. Furthermore, since y is odd, L(—2n — 1,y) = 0 for each nonnegative 
integer n [126, p. 71]. Hence, the integrand of (7.2.6) has simple poles at 


s = —2,—4,—6,...,—2N and a double pole at s = 0 on the interior of Chy,r. 
Using the expansions [144, p. 944], [275, p. 16], 
1 
I(s)=--y+H+ 
B29 ; 
1 
(s+) =st7te, 
a? =e 98% —1_ slogr+---, 
and 


where y denotes Euler’s constant, we find that 
1 1 
I(s)¢(s +1) L(s,x)a-* = (5 -7+-) (+74) 
x (1— slogx+---)(L(0,x) + L'(0,x)s +--+). 


7.2 The Main Theorem 183 
Hence, the residue at s = 0 is 


Ro := — L(0, x) log a + L’(0, x) + yL(0, x) — yL(0, x) 


=— L(0,x)logx + L’(0,x). (7.2.7) 
The residue at s = —2n, n > 1, is 
1 2n 
Ron = nicl 2n)L(—2n, x)a~. (7.2.8) 


Next, we estimate the integrals along the horizontal sides. First, from [275, 
p. 81], for —-M <a<ce, 


¢(1+o+iT) = O(T™*1/2), (7.2.9) 


as T — oo. Also from [46, pp. 270-273] and the Phragmén-—Lindelof theorem, 
for -—M <a <ce, 


Letty) =O"), (7.2.10) 


as T’ > oo. 
Hence from Lemma 7.2.1, (7.2.9), and (7.2.10), we deduce that 


a I(otiT)Gi+oxtil)L(c+iT, 9 Eee do 
_—M 


=O (/ er ager ac) Sas A2A0) 
—M 


as T’ > oo. 
Thus, having let T’ > oo, there remains to examine 


/ I'(—M + it)¢(1 — M + it)L(—M + it, x)a™—* dt. 


Now by using the elementary identity sin?(2 + iy) = sin? x + sinh? y, the 
reflection formula 


I(s)\fU-s)= 7.2.12 
()r-s) ==, (7.2.12) 
and Lemma 7.2.1, we deduce that 
I(-M + it) i 
as iH) = 
sina(—M + it) (1+ M — it) 
TT 


~ {sin? 7(—M) + sinh? nt}4/2T(1 + M — it) 


1 
=, sa} 
= (ape ees 2) 
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as |t] > co. 
Thus by (7.2.9), (7.2.10), and the calculation above, 


I P(-M + it)¢(1— M + it)L(—M + it, y)x™—* dt 
1 


=O ([ en Tt /2 4g) M41 M ar) =O(«™), (7.2.13) 
1 


as x — 0+. Hence, as x — 07, by (7.2.6), the residue theorem, (7.2.5), (7.2.7), 
(7.2.8), (7.2.11), and (7.2.13), 


f(x) =— L(0, x) log x + L'(0, x) (7.2.14) 
N 
1 2n 2N+1/2 
+S (n)i 7¢(1 — 2n)L(—2n, x)a°” + O (« ie ) . 


Since y is an odd character, the functional equation for L(s,y) is given by 
(126, p. 71] 


iGa\= arcs mat = L(1—8,x). (7.2.15) 
Now from (7.2.12), we have 
Tico e T 7 T _ J/m(—1)"2?"n! 
Ege O) sinn($ —n)I'(n+ 4) (-1)"'(n+ $) (2n)! sae 


since I°(1/2) = ./x. Thus, from (7.2.15) and (7.2.16), 


ie ey —2n—1/2 Fay Hom t bw 


mT \ —2n—1/2 n\(2n)! 
= e Jala 1naamn VO" + 14x) 


2n+1/2 Ps 
~ (=) : See Han mop ar (7.2.17) 


By the functional equation for ¢(s) [275, p. 16, equation (2.1.8)], 


¢(1 —2n) = ae Y) c(2n). (7.2.18) 


Thus, using (7.2.17) and (7.2.18) in (7.2.14), we find that 
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f(x) = ae log x + — x) 

N 2n+1/2 

he yr(2n — 1)! k 
“a cen) wot) 


n 


=— L(0,x) ie + L'(0, x) 


N\ 4P(2n) 
pe (2n/Vk)4 )_¢(2n)L(2n-+ 1, x)a%" + O(e?™ FY), (7.2.19) 
— (20 m 


Next from the functional equation (7.2.15), 


L(0, x) > VEra.x). 


But from [99, p. 336, Theorem 3}, 


L(1,x) = - 7 M(x), (7.2.20) 


where M(x) is defined by (7.2.2). Thus, 


L(0, x) = “ E(- | Mi (x) = M00 (7.2.21) 


w k2 


By the functional equation (7.2.15) and the product and chain rules, after 
simplifying, we find that 


: s-1/2 (1 — $s) 
Lisxd=(F) Fagg yht-#%) 


« (oF Fv (s- 1) Jo (Yorn) -BE=8a), 


where w(s) = I’(s)/I'(s). Hence, at s = 0, 


-1/2 F(1) 7 1 1. f1\_ 1Q,x) 
Bx) =(F) Fp ew (low - 500) 5¥ (5) - Fay) 
(7.2.22) 
From [1, p. 258], 
v1) = -y¥ and 0) (5) = —y7-2log 2, (7.2.23) 


where y is Euler’s constant. Thus, from (7.2.22), (7.2.20), and (7.2.23), 
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LOx)=(7) ( | M(x) 


1 1 L'(1 
x (108 F + $+ 37 + log2 — ( 4) 


k L(1,x) 
eee (ioe on ! 7) vera, x). (7.2.24) 
By a theorem of C. Deninger [127, p. 182], 
k-1 
x) = “| (« + log an) 00 as x(n) log (r (3))) . (7.2.25) 
Thus, by (7.2.24) and (7.2.25), 
EO, 3 seat log 27 4 sie log k aie 
k-1 
+ vk z (4 + MW) log 2a + dx”) log (r (7))) 
k-1 
= dog + Yo xn) log (r (=)). (7.2.26) 
Hence, from (7.2.19), (7.2.21), and (7.2.26), 
k-1 
f(z) = MO) log xk + S- x(n) log (r (F)) 
x 4I"(2n) 2n 2N+1/2 


which, upon exponentiation, completes the proof of (7.2.1). 
To prove (7.2.4), let 


(t) = 4r(t)x’ AI (t)a* 
© Qn/ve yet aH 


where c = 27/Vk. We want to minimize g(t). By the product and chain rules, 


'(t) = 4I"(t)a* AT(t)z'logx 81 (t)a' loge 
c2tt1 c2tt1 cattl 


= AT(t)a* CSE 


iti T() + log 2Ioge) = 0. 


So g(t) has a minimum value at the point t that satisfies the equation 
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p(t) = log (<) | 


where w(t) = I’(t)/I'(t). But from [1, p. 259], as t > oo, 


W(t) ~ logt, 
and therefore 
2 
ES —, 
x 


Thus by Stirling’s formula [1, p. 257] and the calculation above, the minimum 


value of a,:x* is, as « > 07, 


2 Jy 
A/2rt*-1/2e-tgt 4/2Qn (c?/x)° mi eH 0 tye? /x 


c2t+1 20? /x+1 


4 /FAAe [t-Lyl/2e—C? /x 
2c? /x+1 


AVI Vte7"/* 
ke 


Cc 


_ FB [22 | an? /(ke) 
T Tv , 


which completes the proof of Theorem 7.2.1. 


7.3 Two Asymptotic Formulas Found on Page 45 of 


Ramanujan’s Lost Notebook 


In this section, we use Theorem 7.2.1 to prove two asymptotic formulas found 
on page 45 of Ramanujan’s lost notebook [228]. First we prove a lemma that 
allows us to explicitly calculate L(s,y), where s = 1,3,5,7, and x is odd. 


Lemma 7.3.1. Let x be a primitive, real, nonprincipal, odd character modulo 


k. Then 
Tt 
L(, x) = 7a G(x) Mi (x), 
Qn i 2 
18.) = ay) (K2Ma(x) — Malo), 
Qr°i To4 105 
L(5,x) = FapeGla) (Feta (x) = PP Mala) + Mala)) 
Anti ae 49, : 
L(T,x) = PE RC(x) (PRM) — PRE Maly) + HEM 


where G(x) is the Gauss sum defined by 


x)= Mo(x)) 
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k-1 
G(x) = Do x(nje?in’* (7.3.1) 
and teas 
Mimn(x) = x(n) n™, (7.3.2) 


Proof. From [59, p. 33, equation (6.12)], because y is odd, 
m-1 | A 
= -ym+1 5 : m. —j-1 jv F 


Using (7.3.3), we may calculate L(2n — 1, x) for any positive integer n. 
Letting m = 1 in (7.3.3), we find that 


L(1, x) = Fy G(x) Mi (x). (7.3.4) 
If m = 3, we find by (7.3.3) and (7.3.4) that 


mi 
1(3,x) = G(x) (Mix) — Ma(o0) (7.3.5) 


If m = 5 in (7.3.3), 


G(x)Ms(x) = —2ik® {blsx) = 53 H(8,x) + axt(s.x)} . (7.3.6) 


Thus, using (7.3.4) and (7.3.5) in (7.3.6), we deduce that 


Qn°4 7 10 
L ae =k* Mi (x) — =k? M: M. ; 
(5.x) = Fe GOd) (Feta) ~ Fe Ma(a) + Ms) ) 
Similarly, the result 
An? i 3l 49 
(Tx) = een) (PREM) ~ Pkt Max) + TH MS(x) ~ Ma(x)) 


follows by taking m = 7 in (7.3.3). This completes the proof of Lemma 7.3.1. 


Entry 7.3.1 (p. 45). Asx 07, 


(3x)1/3 1 1 1 T'(3) 
1 -~1+e™7-—14+6e? —1+e63" —-::: T(%) 


where 
G(x) ~ agx? + agz* + aga®+---, 
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with 
AP (v)C(v)L(v + 1,%) 
(an/V3yt 


ay = 


where x(n) = (%). In particular, 


(7.3.8) 


Furthermore, as x + OT, 
aac Vv, . 3 /2x —4n? /(3x) 
the minimum value of a,x” is asymptotic to —\/— e . (7.3.9) 
wt\V 4 


Proof. The continued fraction on the left-hand side of (7.3.7) is equivalent 


to 
("8 (Fs a...) 


1 — e®(1+e-*) — €?#(1 4+ e72”) — e3%(1 + e837) — 


= (30) (; e7t e738 eT oe ) 


1—1+e-* —1+e7-% —1+e-3 —.-- 


_ 1/3 (Cee 
= (32) (e= e-88),” 
by (7.1.1), which can be found in Ramanujan’s second notebook [227] and 
which was first proved by Andrews, Berndt, L. Jacobsen, and R.L. Lamphere 
[39], [63, p. 46]. This expression is the case k = 3 in Theorem 7.2.1, since 
Mi(x) = —1. This completes the proof of (7.3.7) and (7.3.9). 

To prove (7.3.8), we need the well-known values [209, pp. 776-777] 


(2) (==, and ¢6)=2R, (7.3.10) 
and the following values from Lemma 7.3.1 with k = 3, 


An /3 An? /3 5607 V3 
L(3,x) = 243.” L(5, x) — 37 and L(7,x) “7 310.5 ” 


since G(x) = iV3, Mi(x) = —1,M3(x) = —7,Ms(x) = —31, and Mz(x) = 
—127. Therefore, the values in (7.3.8) now easily follow from (7.2.3). 


Entry 7.3.2 (p. 45). Asa — 0", 


2/a 1 1 1 _ PG) ec) (7.3.11) 
1 — et + e-€ — e2€ 4 e- 2a — e384 4 e-3H _... I(3) i sa 


where 
G(x) ~ aga? + aax* +agx®+---, 
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with 
AT (v)C(v)L(v + 1, x) 


ays qt ’ 


where x is the nonprincipal, primitive character modulo 4. Furthermore, 


1 61 
=— = — d 7.3.12 
“249g? 4 T5978 369880" ery 
and, as x > OF, 
4 /2 
the minimum value of ayx” is asymptotic to — de, (7.3.13) 
tV 


Proof. By using equivalence relations and (7.1.2), we can write the continued 
fraction on the left-hand side of (7.3.11) in the form 


1 1 1 1 
2 
ve (; — er(1 ait, e— 2”) —, e2(1 + e- 47) = e8%(1 + e— 6") _— .) 
1 et e73t e7ot 
=2 
va(; — 1+e-27 —1+e-* — 1+ e-6 _..) 


(7.3.14) 


Equality (7.1.2) is in Ramanujan’s second notebook [227], [63, p. 48]. It is also 
simply the case a = 1, b = 0 of Entry 12 in Chapter 16 of Ramanujan’s second 
notebook [227], [61, p. 24]. Among others, K.G. Ramanathan [217] has given 
a proof of (7.1.2). Another continued fraction for the product on the left side 
of (7.1.2) is found in the lost notebook and has been proved by Andrews [26] 
as well as by Ramanathan [217]; see Corollary 6.2.10 in the previous chapter. 
The expression on the right side of (7.3.14) is the case k = 4 in Theorem 
7.2.1, since M;(x) = —2. This completes the proof of (7.3.11) and (7.3.13). 
By Lemma 7.3.1 with k = 4, we find that 


1 Ww 61a? 
Se) iG) = aa Dea 
L(3,x)= 35, Lx) = Gags and LX) = age 
since G(y) = 2%, Mi(x) = -2, M3(y) = —26, Ms(v) = —242, and 


M7(x) = —2186. Hence, using (7.3.10) and the values above in (7.2.3), we 
readily compute the values in (7.3.12). 


Ramanujan did not record the value of ag. Two further corollaries can be 
found in [83]. 

In [83], the case for even y was also considered, and we prove this result 
below, because we need the special case for the Rogers-Ramanujan continued 
fraction in the next section. 
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Theorem 7.3.1. Let k be a positive integer greater than 3, and let L(s, x) 


denote the Dirichlet L-function associated with y(n), a primitive, real, non- 
principal, even character modulo k. Then as x > 0*, 


nt mace ee) Se as ~ (I [i= Ch —x(n)/ a) ele 


where ¢, = exp(27i/k) and M2(x) is defined by (7.3.2). 
Proof. From [126, p. 71] we know that 
L(s,x) = 0 


if s = 0, —2, —4, —6,.... Hence the integrand of (7.2.6) has simple poles only 
at s = 0 and s = —1. Now if we follow the same steps as we did in the proof 
of Theorem 7.2.1, we deduce that for any integer N > 1, as x tends to 07, 


log [] (es e7* oo“ = 1'(0,x) — C()L(-1, x) + O(@%). (7.3.15) 
From [127, p. 181, equation (3.2)], if y is even, 


L'(0, x) = ——L(1, x), (7.3.16) 


where G(x) is defined by (7.3.1). But from [127, p. 182, equation (3.5)], 


k-— 
L(1,x) = 20) a n) log |1 — cP], (7.3.17) 
n=1 


where ¢, = exp (27i/k). 
Hence, by (7.3.16) and (7.3.17), 


k- k-1 
1 nj—x(n 
= )=-5) x n) log |1 — ¢?| = log ( [ ja — cr 1-* | i VCS) 
n=1 n=1 


Since y is an even character, the functional equation for L(s,\) is given by 
(126, p. 72] 
mys? F(R ~5)) 
L(s,x) = ( ) 2 L(1—s,x). 7.3.19 


By (7.3.19) and (7.2.16), 


aT\ —3/2 3/2 
age a Fe en) = Fer Hw. (7.3.20) 


From [59, p. 32, equation (6.10)], 
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a2 


BB 
where G(y) and M(x) are defined by (7.3.1) and (7.3.2), respectively. Also 
G(x) = Vk, since x is even. Hence, from (7.3.20) and (7.3.21), 


L(2, x) = =z G(x) Ma(x), (7.3.21) 


53/2 2 1 
L(-1,x) =- ea ie Ma(x) = — 5; Man). (7.3.22) 
From [275, p. 19], 
1 
¢(0) = —5- (7.3.23) 


Therefore, by (7.3.15), (7.3.18), (7.3.23), and (7.3.22), we complete the proof 
of Theorem 7.3.1. 


By using Theorem 7.3.1, we may obtain asymptotic formulas for the 
Rogers—-Ramanujan and Ramanujan—Gollnitz—Gordon continued fractions . 
We give only the corollary for the Rogers-Ramanujan continued fraction R(q), 
defined in (1.1.1) of Chapter 1. An application will be made in the next sec- 
tion. 


Corollary 7.3.1. As x > 0*, 


V5—1 


R(e*) ~ 5 


Proof. Let k = 5 in Theorem 7.3.1. Since cos(27/5) = (v5 — 1)/4, we find 
by a straightforward calculation that 


4 


541 
Un- nj—x(n)/2_ VE+1 
| Cs | 9 ’ 


n=1 


where ¢5 = exp(27i/5). Therefore, 


—22 ,—32. ,—52 1 
See Eaeeds e2/8, (7.3.24) 


(e-*, e742; e®7) 0 


since M5(x) = 4. By (1.1.2) in Chapter 1 and (7.3.24), we complete the proof. 


Corollary 7.3.1 was also proved by J. Lehner [176] by a different method. 
G. Meinardus [197] developed an asymptotic formula for more general prod- 
ucts than those considered in the last two sections, but he determined only the 
leading term of his asymptotic formula. Thus, Theorem 7.3.1 and Corolary 
7.3.1 are special cases of his theorem. 
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7.4 An Asymptotic Formula for R(a, q) 


In this section we prove the beautiful asymptotic formula (7.1.5) described in 
the Introduction. 


Entry 7.4.1 (p. 26). As x > 07, 


_ -l+vi1+4a 


R(a,e~*) . 


(7.4.1) 
ax a(l—a)z* | a(l—a)(1— 14a)z* ca +) 


ce (; 44a 2%14+4q)82 61-4 4a)4 


Moreover, each term of the asymptotic expansion beginning with the second 
has a factor of a(1 — a). 


Proof. For brevity, set R(a,e~”) = r(a,x). From the definition (7.1.4), we 
observe that r(a,x) satisfies the functional equation 
1 


= : CAD 
1+ ae~*r(ae-*, x) ( ) 


r(a, x) 
We use a method of successive approximations. Accordingly, we first set x = 0, 
so that (7.4.2) takes the form 


1 


A 1+ ar(a,0)’ 


(7.4.3) 


Solving this quadratic equation for r(a,0), we find that 


—-l+tvJ1+4a 


0 — 
r(a,0) = = 34 
Since r(a,0) > 0, the plus sign must be taken above. Thus, our first approxi- 
mation is 
-14+vV14+4 
r(a,x) & —— =: ¢9(a) := Co. (7.4.4) 
a 
For our second approximation, set 
r(a,x) = co(a)e* = coe”, (7.4.5) 
Then from (7.4.2), 
r(a,xz)+ae *r(a,x)r(ae~-*,x) -1=0. (7.4.6) 


Using (7.4.4) and (7.4.5) in (7.4.6), we find that 
—] + V 1 + =) eci(ae”®)a -_ 1 


2ae—* 


x0. 
(7.4.7) 


co(a)es(M +4 ae~*cq(a)e()” ( 
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Now, 
5 (-1 + VI+ ac) ae (-1+v1 eae -) 
2 2 V1+4a 
_ ax 
a ema 
and 


erlae)® — 14 ey (ae*)2 +--+» =14+e(a)x + O(2), 
as x — 0. Using the two expansions above in (7.4.7) and displaying only 
the terms up to the first power of x, which are needed to obtain the next 
approximation, we set 


ax 
V1+4a 


If we equate constant coefficients in (7.4.8), we arrive at 


co(lt+ere+--+)+eo(1+2c¢%+---) («0 _ -) —1=0. (7.4.8) 


co + aca —1=0, 


which again yields (7.4.4). If we equate coefficients of x in (7.4.8), we find that 


a 
c1 + 2acoc, —- ————— = 0 
1 0C1 Ta 
Solving for c,; and employing (7.4.4), we conclude that 
a 
=> ——_— A, 
Cy 1+ 4a’ (7 9) 


which is in agreement with what Ramanujan claims in (7.4.1). 
For the third approximation, set 


r(a,x) = co(a)ec (M2 +e2(a)2” 


and use this approximation in (7.4.6). We repeat the procedure detailed above 
to calculate c2(a). In fact, at this point, we turn to Maple to effect the calcula- 
tions. After several iterations of (7.4.6), we deduce the asymptotic expansion 


—-l1+vV1+4a 
r(a,z) = —— 3 
aye ax a(l—a)z?— a(1 —a)(1 — 14a)z3 
x 
P\T+4a 214 4a)5?2 6(1 + 4a)4 


a(1 — a)(1 — 66a + 378a? — 20a*)a4 
24(1 + 4a) 72 
a(1 —a)(1 — 230a + 4860a? — 17000a? + 198404). 
120(1 + 4a)? 
a(1 — a)(1 — 726a + 40530a? — 455740a? + 1155960a* — 211776a°)x® 
720(1 + 4a)!7/2 


a(1 — a)976a®x® 7 
ie EE OG | Al 
+ 200 + 4a +O) Can 
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This establishes (7.4.1), gives further evidence that the coefficient of x”, n > 2, 
has a(1 — a) as a factor, and indicates that finding a general formula for the 
coefficient of x” is a daunting task. 
We now prove the claims about the factors a and 1—a. The assertion about 
a is trivial to prove. Inducting on n, suppose that c;(0) =0,1 <j <n-1. 
Then from (7.4.6), 
exp (cn (0)a" + O(2""1)) = 1. 


It follows that c,(0) = 0. 

The assertion about the factor 1 — a is deeper, but it follows from Theo- 
rem 7.3.1. In fact, our proof in the previous section gives a slightly stronger 
result, which we now state for only the product representation for the Rogers— 
Ramanujan continued fraction. For every positive number N > 0, as x > OF, 


(e ve Pm) a (e An. @ BB) V5—-1 


—£\ __ on 1 N 
R(l,e-*) = (e=; e-8*),, (e888), «OD exp (Ee + 0(0 )). 
(7.4.11) 


Comparing (7.4.11) with (7.4.1), we conclude that c,(1) =0 for every n > 2, 
since N > 0 can be made arbitrarily large. This completes the proof of Entry 
TALL. 


The ideas used to prove Entry 7.4.1 can be applied to the generalized cubic 
continued fraction 


1 ae r4 gre 2x ae 2x 4 g2e—4e ae~3* + q2e—8* 
1 am 1 


C(a,e =F 7 Seeley 2 
(7.4.12) 
where a is any complex number and x > 0. The continued fraction (7.4.12) 
generalizes Ramanujan’s cubic continued fraction [112] 


cnth) Seas 2a gee (G5 goo (9 Woe 
Hi ae ee oe ea ee (q3; q6)2, , 


C(q) : 


where |q| < 1. 


Theorem 7.4.1. As x > OT, 


C(a,e”) 


ax a(l—a)x? a(1—a)(1 — 12a — 4a?) 2? 
= —— Xexp ai cae | 
a+1 1+2a 2(1+2a)3 6(1 + 2a)® 


Moreover, each term of the asymptotic expansion beginning with the second 
has a factor of a(1 — a). 


See the paper [84] by Berndt and Yee for more details. 


8 


Ramanujan’s Continued Fraction for 
(973 2 )oo/ (Gi 1c 


8.1 Introduction 


In Chapter 6, we proved some general theorems on continued fractions from 
the lost notebook that yielded several beautiful examples as special cases, 
in particular, the Rogers-Ramanujan continued fraction, the Ramanujan— 
Gollnitz-Gordon continued fraction, and Ramanujan’s cubic continued frac- 
tion. In Chapter 7, we considered asymptotic formulas for continued fractions, 
but one of the examples on which we focused in that chapter does not fall 
under the purview of the general theorems in Chapter 6. Our goal in this 
chapter is to prove two remarkable theorems for this continued fraction 


(G2e gor q g g 


~ ; eal 8.1.1 
(G@oo 1-1tq-1+@-14+@-°: la| (8.1.1) 


The continued fraction (8.1.1) is due to Ramanujan and is found in his second 
notebook [227, p. 290]. Of the many g-continued fractions found by Ramanu- 
jan, (8.1.1) is, by far, the most difficult to prove. Up until recently, the only 
known proof was found by Andrews, Berndt, L. Jacobsen, and R.L. Lamphere 
[39], (63, p. 46, Entry 19] in 1992, which uses a deep theorem of Andrews [17]. 
However, a considerably shorter and more natural proof was recently given 
by Andrews, Berndt, J. Sohn, A.J. Yee, and A. Zaharescu [40]. 

On page 45 in his lost notebook, Ramanujan claims, in an unorthodox 
fashion, that a certain g-continued fraction possesses three limit points. More 
precisely, he asserts that as n tends to oo in the three residue classes modulo 
3, the nth partial quotients tend, respectively, to three distinct limits, which 
he explicitly gives. In fact, Ramanujan claims that a more general continued 
fraction has three distinct limits under the broader concept of “general con- 
vergence,” which was not defined in the literature until about 70 years later. 
If w = e?**/3, then, except for the simplification of notation, Ramanujan [228, 
p. 45] claimed that for |g| < 1, 
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1 1 1 
lim — = 
noo \l-1l+q-1+q@-—--::-~1lt+q*+a 
_— ntl 2 6-33 
ms (ee GT) 0g 19) 
2 qinert (asa? les 
where 5 5 

es “Q)oo 

Qt (8.1.3) 


1—aw (wg; q)oo | 
After (8.1.2), Ramanujan appended the note, “Numerators and Denominators 
can be equated separately.” 

Of course, because of the appearance of the limiting variable n on the right 
side of (8.1.2), Ramanujan’s claim is meaningless as it stands. But after a few 
minutes of reflection, we readily conclude that Ramanujan was affirming that 
there are three distinct limits depending on the congruence class modulo 3 in 
which n — oo. In the note after (8.1.3), Ramanujan evidently asserted that 
the limits can be obtained by determining separately the limits of both the 
partial numerators and denominators. 

Ramanujan’s claim is very interesting for several reasons. 

First, if a = 0, the left side of (8.1.2) is a continued fraction (in the 
normal sense) that diverges. We prove that the three partial quotients tend 
to the required limits if n is restricted to any one of the three residue classes 
modulo 3. This is in contrast to the classical result from the general theory 
of continued fractions, which asserts that if all the elements of a divergent 
continued fraction are positive, then the even and odd approximants approach 
distinct limits [182, pp. 96-97]. 

Second, if a 4 0, we prove that the continued fraction in (8.1.2) converges 
“venerally” in the sense that when n is confined to any one of the three residue 
classes modulo 3, the limit of the left side indeed exists and is equal to that 
claimed on the right side of (8.1.2) in each of the three cases. The concept of 
general convergence is due to L. Jacobsen [167] in 1986. See also her book with 
H. Waadeland [182, pp. 41-44]. For some results of Ramanujan of a different 
kind on general convergence, see Chapter 5. Thus, we have one further example 
of Ramanujan’s having discovered a fundamental concept long ahead of his 
time, before anyone else ever thought of it. 

Third, note that the continued fraction (8.1.1) can be written in the equiv- 
alent form 


(Ged Ne ol 1 1 1 
(OSG as Seed a a eg Ee 


(8.1.4) 


Thus, when a = 0, the continued fraction on the left side of (8.1.2) is the same 
as the continued fraction of (8.1.4), but with qg replaced by 1/g. Observe that, 
remarkably, (q?;q°)oo/(q; q°)oo also appears in the three limits on the right 
side of (8.1.2). In this sense, Ramanujan’s result (8.1.2) is analogous to his 
theorem on the divergence of the Rogers-Ramanujan continued fraction found 
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on pages 374 and 382 in his third notebook [227], which was first proved by 
Andrews, Berndt, Jacobsen, and Lamphere [39], [63, p. 30, Entry 11]. In the 
latter result, Ramanujan explicitly determines the limits of the even and odd 
indexed approximants of the divergent Rogers-Ramanujan continued fraction 
for |g| > 1 and shows that these limits can be expressed in terms of the 
Rogers—Ramanujan continued fraction itself, but at different arguments. 

Thus, our first important goal in this chapter is to give a proof of (8.1.2), 
which we think is one of the most fascinating results in Ramanujan’s lost 
notebook. Our proof is taken from the paper of Andrews, Berndt, Sohn, Yee, 
and Zaharescu [41], in which the authors also establish general theorems pro- 
viding classes of continued fractions with three distinct limit points. However, 
Ramanujan’s result (8.1.2) is deeper and does not come under the umbrella of 
the general theorems of [41]. At the top of page 45 in his lost notebook [228], 
Ramanujan states separately the special case of (8.1.2) when a = w. This can 
be proved in a more elementary fashion, and we do so in the section following 
our proof of (8.1.2). 

The second major purpose of this chapter is to prove another asymptotic 
formula for (8.1.1), which has a flavor different from that proved in Chapter 
7 and which is also found on page 45 of the lost notebook. In fact, the con- 
tinued fraction examined by Ramanujan is slightly more general than (8.1.1). 
Although both (8.1.1) and its generalization do not converge for g > 1, Ra- 
manujan claims that his asymptotic formula is valid as gq > 1 from both direc- 
tions. However, the continued fraction satisfies a simple difference equation, 
which is given by Ramanujan immediately preceding the asymptotic formula. 
Thus, Ramanujan’s asymptotic formula should be more properly interpreted 
as an asymptotic formula for solutions of this difference equation, which does 
not have a unique solution. Therefore, a sequence of arbitrary constants arises 
in Ramanujan’s asymptotic formula. If g > 1, as discussed above, the contin- 
ued fraction in (8.1.1) has three limit points, and so it would not be possible 
in any way to prescribe values to these arbitrary constants. 


8.2 A Proof of Ramanujan’s Formula (8.1.2) 
We first introduce needed notation. Define 

P(a)=0, Pila)=1, Qo(a)=1, Qila)=1, (8.2.1) 
and for N > 2, set 


Py(a) 1 1 1 1 
Qn(a) 1-—l+q-1+q--::-14+¢q%¥-!4+a 


(8.2.2) 


From the general theory of continued fractions [182, p. 9, equation (1.2.9)], 
for N > 2, the partial numerators Py(0) and Qn (0) satisfy the recurrence 
relations 
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(8.2.3) 


Qn(0) = (1+9%~")Qn-1(0) — Qn_-2(0), 


where Po(0), Pi (0), Qo(0), and Q1(0) are defined by (8.2.1). 

To prove (8.1.2), our first task will be to derive explicit formulas for Py (0) 
and Qn (0). To do so, we need to recall the definition of the Gaussian polyno- 
mials and two versions of the g-binomial theorem [21, pp. 35-36]. 


eae = (1+ g¥—!)Py_1(0) — Pw—2(0), 


Lemma 8.2.1. If [7] denotes the Gaussian polynomial defined by 


ml = linl T= \ (GDB Dn—m 
7 0, otherwise, 
then 
tN 
(4.Q)N => | | (—1)) 29 gh G-D/2, (8.2.4) 
feo. 
1 “(N+5- i : 
= ze. 8.2.5 
(z q)N » | J ( ) 


Lemma 8.2.2. Let N—1=3u+e, where e =0,+1. Then 


(—1)” Pn (0) = ss (ae gee er)? 


n,r=0 
n+r=e (mod 3) 


g eal pon ere 


Be nm 
g 


(8.2.6) 


Proof. Recall from (8.2.3) and (8.2.1) that Py (0) satisfies the recurrence 
relation 


Py (0) = (1+ q¥~!)Pn_1(0) — Py-2(0), N2>2, (8.2.7) 
and the initial conditions Po(0) = 0 and P,(0) = 1. 
Define & 
F(t) := S> Py(oye”. 
N=1 


Multiplying the recurrence relation (8.2.7) by t’ and summing over N > 2, 
we obtain 
F(t) —t=tF(t) + tF(tq) — F(t). 


So, 
t t 


F(t) = As 
(#) 1-t+@ 1-t+? 


F (tq). 
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Iterating and noting that F'(0) = 0, we find that by (8.2.4) and (8.2.5), 


F)= oa 


n=0 TY (1 — ta! + 070?) 
j=0 


prt gue 


far — n+1_n(n+1)/2 (—t) Q)n41 
=o a 28 
aa (S50 nei 
~ Syn r+3s_n(n- rr n+1 n+ s 
= SD Eiysantttrtsegnint1y/24r( on i || | . 
n,r,s=0 A g 


Now we choose the terms involving t% by setting s = (N—1—n—r)/3. Hence, 
equating the coefficients of t on both sides, we find that 


Py (0) = S- (Sa ee eee rye 


n,r=0 
n+r=N-—1 (mod 3) 


or, with N —1= 3u+e, 


(-1)"Pv(0)= 
n,r=0 
n+r=e (mod 3) 


(pees ner iste —t 2 


as required. 


Lemma 8.2.3. Let N—1=3u+e, wheree =0,+1. Then 


Co 


(-1)"Qn00)= dD 
n,r=0 
n+r=e (mod 3) 


(Spy eee ree 


Co 


_ S- 9 eee tees) eo eae 


n,r=0 
n+r=e—1 (mod 3) 


. " / |” + 2(N —2-(n4 a) (82.8) 
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Proof. Recall from (8.2.3) and (8.2.1) that Qy(0) satisfies the recurrence 
relation 


Qn (0) = (1+ 9%~")Qn-1(0) — Qn-2(0), N>2, (8.2.9) 
and the initial conditions Qo(0) = 1 and Q;(0) = 1. 
Define 


G(t) := 2 Qn(o)t®. 
N=1 


Multiplying the recurrence relation (8.2.9) by tY and summing over N > 2, 
we obtain 
G(t) —t = tG(t) + tG(tq) —PG(t) - &. 


So, 
ne t 

= + G(tq). 
ioe =e 


Iterating and noting that G(0) = 0, we arrive at, by (8.2.4) and (8.2.5), 


G(t) 


co grt 16" gina? 


n 
n=O [[ (1 - to? + 0707") 
j=0 


= —t; Q)n41 
= ml _ te jgee2 ( ’ 
. (— 59? )nta 


r Ss 


= a (aber rte = ig? gre Perse Ne |” a 7 & + / 
3 


n,r,s=0 


Separating the sum above into two parts, we set s = (VN-1l-—n-r)/3 
and s = (VN —2—n-—vr)/3, respectively, in the two sums. Hence, equating 
coefficients of t% on both sides, we find that 


Qy(0) = S- OO ca laae ie oa ce ae 


_ S- (Lye gate hee bele dee 


n,r=0 
n+r=N-—2 (mod 3) 


If N-—1=38v+e, then 
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Co 


(—1)’Qn(0) pa S- (Sie ese ote t ie 


n,r=0 
n+r=e (mod 3) 


Co 


a s Ca eas geen tl) etere She 


n,r=0 
n+r=e—1 (mod 3) 


as required. 


The previous two lemmas are actually special cases of a theorem due to 
M.D. Hirschhorn [153], who gave a different proof. 

To calculate the limits of Py(0) and Qyn(0) as N — oo in the three 
residue classes modulo 3, we need the following result from Ramanujan’s lost 
notebook, which was first proved by Andrews [32]. 


Entry 8.2.1 (p. 43). Let w = e?"/3. Then 
Do, ye q” saibalis 


=e (q3; q?)n ana =, (9) 00475 9° )oo- (8.2.10) 


Note that by conjugation, Entry 8.2.1 also holds if w is replaced by w?. 


Proof. Recall that if r is a nonnegative integer, the basic hypergeometric 
function -+41¢, is defined for |q| < 1 and |t| < 1 by 


a0,41,.--,4r — (a0) n(@1)n aha (ar)n n 
419, Eee 2iacg Op vat me dX (b1)n(b2)n Mes Galan’ ; 


3 


We use Watson’s [285] g-analogue of Whipple’s theorem , namely, 


a,qV/a, Br Bone a2qght? 
87 va Va,~ 44 - oes qd; hoof or) 
(aq) v (#) Of epg 
=a aN at i aq efq7Ni%4) > (8.2.11) 
(a (4) b’ ec’ 4a 


where N is a nonnegative integer and a, b, c, e, and f are complex numbers 
with the provision that bcef 4 0. We apply (8.2.11) by first letting c, f, N > 
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oo, by then replacing a and b by ae and be, respectively, and lastly by letting 
e tend to 0. We then find that 


Ng oe n gn(Bn+1)/2 1 2 (— Larger 


ie Gu: BCE “in (aq/b)n(@)n 


n=0 


(8.2.12) 


We now turn to the left side of (8.2.10) and employ (8.2.12) with a =w 
and b = w? to find that 


foe) n mnt)? (wg) 9 


(—w)"q 
Ds (307) a 


n=0 


—w)r gr D/2(Wa)n 
5 Q)n(Wg; @)n(WGs @)n 
)ngn(nt)/2 
5 Q)n(WG3 @)n 
(12g? 

(w?g5 q)n (Ws 2) n(G Qn 

(Tye gerry 
(93; @3)n 


where in the last step we applied (8.2.4) with q replaced by q?, z = q?, and 
N — oo. This is what we wanted to prove, and so the proof is complete. 


Lemma 8.2.4. Let N—1= 3u+e, where e = 0,+1. Then 


Jim (-1)"Py(0) = 4(-w)"( 2) (Eee wt) (WA) Pi) 
(8.2.13) 


Proof. Let N — oo through values such that N — 1 = €(mod3). Then, from 
(8.2.6), 


Jim (—1)" Pr (0) 
— e—n-r n(n r(r— +1 1 
2 p» (-1)(e-n-)/8 grin) /24e(r—1)/2 ie | oo 
=0 


ntr= = God 3) 
co grerry? co 


= ege = oe wae ie i pore 


=—0 (q 1g \n r=0 
where p = e™’/3, Recall that w = p*. Using the elementary fact 


a if a = 0(mod3), S5ai) 


0, otherwise, 
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we find, by (8.2.4), Entry 8.2.1, and Entry 8.2.1 with w replaced by w?, that 
Jim (-1)”Pxv(0) 


iS genre Oe n+1 Ltw "4 gern 
etary oer : lee 


n=0 *sq "Yn r=0 3 
1 qe —_ nt e—T It—€ 
{o *“(=pr@)aan te (1° Mb gare (-piansi} 
~ 34 ie gn 
1 oo get (a) 
= 5(-w?)® §) 4 (wi nt 
3 GE 


1 CO n(n+1)/2 —w?)” ‘ 
g(-#)° ae 5 Q)n+1 
n=0 y a 

aici oy 
= ( me! D4 (Ga )n ( GQ)n 

1 : : oo ger ie (ge 7 

= 3(-¥) (l-w 26a, Gdn 

= 5(-w?)"(1 = w)(waoola?s Poo + 5 (-w) (1 — 0?) (wa) oo a? 48) 
me € 2y f (Wa) co e+1 25 
= jl -wysta — w){ Be — wet bool) 


To establish the corresponding lemma for Qy(0), we need an analogue of 
Entry 8.2.1, which we will establish with the same tools that Andrews used 
to prove Entry 8.2.1, but with an additional lemma. 

Lemma 8.2.5. For any complex numbers a, b, with b 4 0, 
1 5 (= Legge tay 1 co ete a 
(aq9)oo X= (Q)n(2g/b)n (aq)o00 4 (Qn (a9/d)n 
arty tyes b co (yao gt er rie 


—bS(-l 
a » (q)n(aq/b)n(aq)n a (q)n(aq/b)n(aq)n 


n=0 n=0 


(8.2.15) 


Proof. We need the limiting case of Watson’s g-analogue of Whipple’s the- 
orem given in (8.2.12). By replacing b by bq and multiplying both sides by 
(1 — a/b), we obtain 
3 (aby gete ACI = aq” /b)q” n(3n—1)/2 
W=0 (q)n(aq/b)n(aq)n 
LS (ayra(a ag /o)gnerr? 
(49) 00 n=0 (q)n(aq/d)n 


206 8 Ramanujan’s Continued Fraction for (q? 


or 


ie — n ge- 1)/2 ik 


a ae 


(934° )oo 


_ n goer? 


ae Die 


n=0 RCE (aq)n oar aCe (q)n 
2 1 oe (Caiytargee ye | co (A1tange yer 
> (4q)oo » (q)n(aq/b)n b (aq)oo » (q)n(aq/b)n 


n=0 


Using (8.2.12) above, we deduce (8.2.15). 


n=0 


If we set a = w and b = w? in (8.2.15), we find that after some simplifica- 


tion, 
pee ees Pe (ayer verte 
<< (Q)n(wrg)n SK (Q)n(w? Qn 
iS (1) greene & (=1)rgnet)/4 
= w(Wq)oo 
ve {> (q3; @°) » (P5q3)n 
= w(wa)co {(4 Poo — (75 Poo}, (8.2.16) 


by letting N — oo in the q-binomial theorem, (8.2.4), with q replaced by q? 


and z replaced by q and q?, respectively. 


By employing an argument similar to that used by Andrews [32] to prove 
Entry 8.2.1, we can utilize Lemma 8.2.5 to prove the following lemma. 


Lemma 8.2.6. Let w = e2%/3. Then 


Ww 3 (— w)"q n(n+1)/2 tw E se gnintl)/2tn 3) 
=AG Joo 
(wa)oo | (@)n(w? = wa) n 
(8.2.17) 
Proof. Letting a = w and b = w? in Lemma 8.2.5, we obtain 
ou Oe (Segre iere 
<4 (@n(w*a)n = (Gn (W79)n 
29 (1) gnen- hy? wo ir gr Bnt1)/2 
= (one {90 Card) ye . (8.2.18) 
n=0 ee n=0 
From (8.2.12), we see that 
ices ~ genie SO ic Ww quid)? 
Sa ian nee (aaw*ade (8.2.19) 


Combining (8.2.18) and (8.2.19), we find that 
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Ww £2. (=wrghrrve isd yr grrr /2tn 
“Gan 2 5 a= 


24 naan i 
29. —1)r n(3n—1)/2 
= x ( — Ds (8.2.20) 


By letting N —> oo in the g-binomial theorem, (8.2.4), with q replaced by 
q and z = q, we find that the right side of (8.2.20) equals (q;q°).., and so 
(8.2.17) is established. 


Note that by conjugation, (8.2.17) is also valid with w replaced by w?. 


Lemma 8.2.7. Let N—1= 3u+e, where € =0,+1. Then 


tim (—1)"Qn(0) = 5(-w) HCL v0) (Se wo) (Wg) 00 (95 4° )oo- 
(8.2.21) 


Proof. Since the details are similar to those in the proof of Lemma 8.2.4, we 
suppress some of them. 

Let N — oo through values such that N — 1 = €(mod3). Then, from 
(8.2.8), 


CO n(n+1)/2 co 
A v = qd r(r—1)/2 MH+1) cnr 
lim (-1)°@v(0) = }> ra | p 
v-+00 > (evn d, r 
r=e—n (mod 3) 
CoO n(n+1)/2+n co 
q r(r—1)/2 WPL) ean p 
re Y. een 


r=e—n—1 (mod 3) 


where p = e7*/3, By (8.2.14), (8.2.4), (8.2.17), the remark following the proof 
of Lemma 8.2.6, and calculations analogous to those used in the proof of 
Lemma 8.2.4, 


Jim (-))"@n(0) 


x oe) ae is iss Pele Fae CS gn sa aa 
aaa 3 
omni r(r—1)/2 a 
eS 4 
a 3 
1 aan: 
= (waa) "wai dn 
3 DS ar ae (750°)n 
Co n(n+1)/2+n n 
q (—w) 
tw (wa; an} 
dX Caw 
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1 co Get 2 (iP)? 
+ 5(-w)*(2—-w)) Se 
3 2B (7: 4°)n 
co part) et ae 2\n 
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asl (wq; on} 


(w4; @)n 


(—w?)**7 (1 — w)(wW9)00(G; Foo + =(—w)*th(1 — w?) (Wg) 00(45 400 


i 
3 
(-w) (1 a{e ‘ee Mal ao 


(Wq) oo 


Theorem 8.2.1. Let N —1 = 3u+e, where € =0 or +1. Then 


‘ 1 1 1 1 
1m ee 
Noo \1-—14+q-14+@--::-—1+¢qN7} 
(wq; Q)oo — wet i 
2 (WG; Doo (9°37 oo 
Sw 2... 3 . 
(w G3 Doo —wel (q34 Joo 
(Wd; Goo 


Proof. The result follows immediately from (8.2.2) and Lemmas 8.2.4 and 
8.2.7. 


Entry 8.2.2 (p. 45). Let N—1=3u+e, wheree=0 or +1. Then 


: 1 1 1 
lim ——— 
Noo \1l-—1l+q-—14+q—--::-14+¢q%-!+a4a 


where 
ois aw? (wq) oo 


~ 1—aw (wq)oo 


Proof. Recall that the partial numerators Py(a) and partial denominators 
Qy(a) are defined in (8.2.1) and (8.2.2). It is easily shown by induction that 
for N > 2, 


Py (a) = Py (0) + aPn—1(0), 
Qn (a) = Qn (0) + aQy-1(0). 
For example, see [182, p. 8]. Hence, 
Noe a eee 


lim Qn(a) = lim Qn (0) +4 lim Qn-1(0). 


N-o0o 
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Let N = 3u+e¢+1, where € = 0,+1; we consider two cases: « = 0,1 and 
e=-l. 
Suppose that « = 0 or 1. From Lemma 8.2.4, 


lim (—1)”Py(a) = lim (—1)"Py(0) +a im (—1)"Py-1(0) 


N-0o 
= jw) = 0) Bee — ett hoo i Phe 
+ 05(-w)t(1 =u?) Bee — wth Wa)aolPid 
ae we w2 (w?Q)oo wet! — ay? (wq) 00 L awe} 
eu er wate] 


On the other hand, if e = —1, then 


lim (-1)"Py(a) = Jim (—1)"Py(0) +a Jim (=1)Py-1(0) 


N-oo 
= Fwy =u) { Oe — et ah) 
<a Cora 2) { es oul 
il a aye (w Q)oo e+1 aw? (ies wae? 
=Car i Cre ies } 


x (1 — aw)(wq) 00(975 9" Joo: 


Therefore, in both cases, 


pmcarsaon earn wifes 
x (1 — aw) (wq)0(95 Goo: (8.2.22) 


Similarly, we can determine the limits of the denominator Qy(a). Suppose 
that « = 0 or 1. Then, from Lemma 8.2.7, 
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Jim (~1)"Qw(a) = Jim (-1)"Qu(0) +4 Jim (—1)"Qn-1(0) 
2 2 
{2 Qoo wet 9 (w Doo ww} 


(wa)ac eS aes 


= au (wg) co wo} 


On the other hand, if « = —1, then 


Jim (-1)"Qy(a) = Jim (-1)°Qy(0) +a Jim (-1)Qv-1(0) 
(—w)t(1 a{e dss wet aw (w Doo wu} 


(Wq) oo (Wd) oo 


1 — aw? (w9@)oo on 
Ww 
1l—aw (wq)oo 


(-w)H a} 


1 
3 
x (wq)oo (4; 4G) oo 
1 
4 
x (1 — aw) (Wg) 00 (Gg?) oo: 


Therefore, in both cases, 


lim (-1)"Qw(a) = 5(-w) af{re ie wot 


Noo 
x (1 — aw) (Wg) 00(G; 9) co: (8.2.23) 


Combining (8.2.22) and (8.2.23) with (8.2.2), we complete the proof. 


Observe that our proof of Entry 8.2.2 justifies the addendum made by 
Ramanujan after his statement of (8.1.2). 

D. Bowman and J. McLaughlin [103] have generalized Entry 8.2.2 by re- 
placing the continued fraction in (8.1.1) by a more general continued fraction 
(depending on a positive integral parameter m), which they demonstrate has 
m limit points. 


8.3 The Special Case a = w of (8.1.2) 


It is interesting to note that if a = w, then 2 = 0, and so the three limits 
in (8.1.2) are identical. This claim is made at the top of page 45 in the lost 
notebook. In this section, we provide a more elementary proof, by means of 
the Bauer—Muir transformation, of this special case. Repeated efforts at using 
the Bauer—Muir transformation to prove the more general Entry 8.2.2 failed. 
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A Bauer-Muir transformation [182, pp. 76-77] of a continued fraction 
bo +K (ay /bn) is a (new) continued fraction whose approximants have the val- 
ues 


a2 ak 


a1 
= 5 a OK = O51, 2 arc: 3. 
Sk (we) Ocal pe hs tees + bp + we’ Oph? on) 
Such a transformation exists if 
Ak I= Qh — wr_-1(dk + Wk) x 0, k>1, (8.3.2) 


and it is given by 


Aq ayA2/A1 a2A3/ 2 


by +wo+ . (8.3.3 
ee by + wy + be + we — WoA2/A1 + 03 + w3 — WiA3/AQ + 7°° ( ) 
Entry 8.3.1 (p. 45). For a cube root of unity w, 
1 1 1 1 2G ed 
lim ( ~ Gite 3.4) 
nee dS Ue Gat ge ae Lage (45 9? oo 


Proof. Let L,, denote the reciprocal of the continued fraction on the left-hand 
side of (8.3.4). If we employ the notation of (8.3.1), then bo = 1, an = —1, 
and b, =1+q", forn >1, and w, =w, for n> 0. 

If g = 0, then (8.3.4) reduces to a tautology. Hence assume that q 4 0. 
Then, from (8.3.2), for n > 1, 


An = —1—w(1t+ 9" +w) = -1l—w — wo? — wg" = —wg" £0. 


Thus, by (8.3.3), 


bo = Fe wd —4 —4 
l+qtwt1lt+@t+w-wqt1lt+gGt+w-wqt-:: 
_ 24 #9 wg =a 
l-wg+1l+@tw-—w¢qat1l+@tw-—wqt::: 
2 
w 
= w+ 24, (8.3.5) 


after using an equivalence transformation for the continued fraction. 
For the continued fraction C1, in the notation of (8.3.1), 


bp =1—waq, a, = wd, an = —q, n> 2, 


and 
by =1+@™*t*+w-—wq, n2>1. 


We apply the Bauer—Muir transformation a second time. Set wo = —w?q and 
w; = wq, fori > 1. A brief calculation shows that by (8.3.2), 
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Ai=qw? 40 and = Lyi ty £0 for k>2. 


Hence, from (8.3.3), after applying the Bauer—Muir transformation to C1, we 
have 


Biot nh, wg ~¢ -@ 
: l+@twut+t1lt+q@t+w-—wqt+1l+q*+w-—wqt+::: 
vies __ w9q? —¢ 
l—wq@? +1+@+w—we? + 1+ ¢q4+w-—wq? +:-°’ 


(8.3.6) 


after applying an equivalence transformation. Combining (8.3.5) and (8.3.6), 
we have 


> wg _¢3 we? ~¢ 

Ln = —w + 2 4 2 
L+¢+ l-w9g? + 1t@etw—wg +14 gt tw —wg + 

2 3 
os va ie =a 8.3.7 
 l+q+ Go’ ee) 
Applying the Bauer—Muir transformation to C2 and proceeding as in the two 
previous applications, we find that if wy» = —w?q? and w; = wq?, for i > 1, 
then 


Ar =w'g? 40 and AX=—qG’t4wH40, K>2. 


Thus, bp) two = 1+ 7, by to, = Lt qty, by tun — worAn/An—1 = 
14+ q?*? +0 — g’w, and @nAn41/An = —@°, for n > 1. Hence, from (8.3.7), 
after using an equivalence transformation, we find that 


eee wq _@ wg? -@ 
7 l+q+t14+@trl+@twtltdtu-weP 
- 
+14+@+w—wq + 
~ yee Oe -¢ wq? 
"1l+qti1+q+1—we +14 qt*+w—-—w 
3 
—4 
+14+@4+w-—wq +::: 


7 eT wq -g —¢° -gn} (8.3.8) 
“T4+qt1+e@+1+8+--+ " 
where 
wg" =q" 
Cy =1-—wq"” 
"A we oy gel} ph —gigh Fh gee a leh 


nr 


—q 
+ 1+q?t3 + w— wa" fee. 
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after an easy inductive argument on n with wy = —w?q” and w; = wq”, for 
i> 1, after the nth step. Upon taking the reciprocal in (8.3.8), letting n tend 


to oo, and using (8.1.1), we deduce (8.3.4). 


8.4 Two Continued Fractions Related to 
(47; g°) 00/ (43 G7) co 


Two further continued fractions for (q7;¢3).0/(qq?)oo can be found on page 


27 of Ramanujan’s lost notebook. 


Entry 8.4.1 (p. 27). Let w be a cube root of unity. Then 


e3: 
Ww? Ww (4 1 )oo 
(P35 Jes 
7 1 w¢ wq w¢2 wq? w9q? wg? 
~ 4 1 1 1 1 1 1 
Ww 1 1 


1+q-}—1+q-?-1+q3-- 
Proof. By (8.1.1), 


(id le 4 q g g q’ 


(Ques, oh siseg = Meg? = eg? Leg® oe 


which is equivalent to the continued fraction 


1 1 1 1 
Lage ee gre ge a 


Taking the reciprocal, we find that 


(4; 9° )oo / 1 1 1 


(97; goo 1+q-) —1l+q-2 -l+q3 -°** 
Multiplying both sides by w and adding w? to both sides, we find that 


tod 1 1 
hig WO ooh yas 2 


(8.4.1) 


(8.4.2) 


(8.4.3) 


(G73 G3) oo l+q-!-—1+q-?-1+q3-::: 


eee Ww 1 1 
= 1l+q-i-1l+q-2-1+q3-:::’ 


which establishes the equality of (8.4.1) and (8.4.3). 
Now (8.4.2) is the continued fraction with the parameters 


2 
bo oa 0, ay = 1, a2n = —wq”, Q2n4+1 = —W q”, Dn = 1, n= 


ils 


Hence, the odd part of (8.4.2), by Theorem 5.5.1 of Chapter 5, is equal to 
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3 5 


Wd q q 
1+ . 8.4.4 


But (8.4.4) is equivalent to the continued fraction 


Ww 1 1 


1 
"Tre Seg ig 


y] 


which is (8.4.3). 


8.5 An Asymptotic Expansion 


In Entry 7.3.1 of Chapter 7, we established an asymptotic expansion, as gq > 
1—, for the continued fraction (8.1.1). Elsewhere on page 45, Ramanujan gives 
an asymptotic expansion for a continued fraction that generalizes that of 
(8.1.1), but as we remarked in the Introduction, Ramanujan evidently derived 
his result from a recurrence relation, (8.5.2) below, satisfied by the continued 
fraction. Since Ramanujan claims that his asymptotic formula is valid for 
both positive and negative values of x, where q = e~”, his assertion must be 
interpreted as an asymptotic expansion for solutions of (8.5.2). Because (8.5.2) 
does not have a unique solution, his asymptotic series includes a sequence 
0, $1, 62,.-. of arbitrary constants. In this section, we establish this unusual 
asymptotic series claimed by Ramanujan. 


Entry 8.5.1 (p. 45). Let 


1 1 
iN Gs oats coe (8.5.1) 
Then, as x > 0, 
1 
uy + =1+e (8.5.2) 
UXN-1 
and 
cigs OO gent Ag eS Dia go 4d) 
1— Ago 2 (1 — Ago)? 
8 aS 1)(A + 2) 
12 
2 + A(A? 1) (A? 4) (zs 3690 + Tre 0 3) 0) 
(1 — Ado)? 
x ee 5 
ae ae ie 
aaa (01+ A - br00)) ean, (8.5.3) 


where $0, $1, 62, .-. are independent of X. 
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Proof. From (8.5.1), 


= a 1 1 
~ [T+ er — 1+ eAtb«e — 14+ eAt2)@ —.-. 7 


Ud-1 


1 =1 AL 1 1 
Ur-1 7 1+ eQtle — {4 eAt2)e —.. 


=1l+e*-—w), 


which proves (8.5.2). 

To prove (8.5.3), we use the recurrence relation (8.5.2) and the method of 
successive approximations . We restrict our attention to solutions of (8.5.2) 
that have asymptotic expansions of the form 


Uy = Co(A) ter (A)a t+ c2(A)a? +--+, 


an assumption evidently also made by Ramanujan. We first calculate co(A). 
Now, from (8.5.2), the constant terms yield 


1 


co(A) + sO 2. 
Set 
eo(A) = 1+ f(A). 

Then i 

1+ f(A)+ 1+ fO-) = 2, 

FAA + fA —1)) = frA—1). (8.5.4) 
Next put 

0) = 755: 


Then, from (8.5.4), we easily deduce that 
g(A) — g(A- 1) = 1. (8.5.5) 


This is an inhomogeneous linear recurrence relation that has the characteristic 
root 1. Thus, the general homogeneous solution is 


(oS er Se 


Since 1 is the characteristic root, a particular inhomogeneous solution has the 
form kX. Therefore, from (8.5.5), 


k\—k(A—1) =1. 
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Hence, k = 1, and the general solution for the linear recurrence relation (8.5.5) 
is g(A) =c+4. Thus, 


1 1 
FQ) c+aA and col) a c+A 
Ramanujan sets c= —1/¢9. Thus, 
1 go 
N=1+ =1 . 8.5.6 
oy) X= 1/60 T— $A Sey 


For our second approximation, from (8.5.2), 


1 
oo(A— 1) +e(A— la ~ 


co(A) + er (A)a 4 24+ Ax, 


(co(A) + e1(A)x) (eo(A—1) +e1(A— 12) +1 = (2+ Az)(e9(A—1) te1(A— 12). 
Equate coefficients of x to obtain 

co(A — Ler(A) + eo(A)er(A — 1) = 2er(A—1) + Aco(A—1). (8.5.7) 
From (8.5.6) and (8.5.7), we have 


(1 4 doA)ei(A) (1 = dor = go)c1 (r = 1) (1 = dor) 


re te re) = Toy oe 
(8.5.8) 
Now 
X29) ere 2) 6a) pa 2) (8.5.9) 


Thus, from (8.5.8) and (8.5.9), 


e10) (AEP) + ean (EBA TH) - AO to) 


1+ ¢0 — b0A 1— God 1 = dA + do 
(8.5.10) 
Set 
fi(A) = (1 = G0A)er (A). (8.5.11) 


Then, from (8.5.10) and (8.5.11), 


fil) FitersL) = A(1 — $0) 
1+¢@0—-¢0A  1-— 0A 1— do + do 


Multiply both sides by (1 — ¢0A)(1 + ¢0 — 0A) to deduce that 


(1 — doA) fi(A) — (1 + 60 — b0A) f(A — 1) = ACL = G0A)?. (8.5.12) 


8.5 An Asymptotic Expansion 217 


Set 
(A) = (1 = G0) fi): (8.5.13) 
Hence, from (8.5.12) and (8.5.13), 
gd) — (A — 1) = AV — dA)’, (8.5.14) 


which has the characteristic root 1, and so the general homogeneous solution 
is 
oY = $1, 


for an arbitrary constant ¢,. Since 1 is a homogeneous solution, a particular 
solution for the recurrence relation (8.5.14) has the form 


gi(A) = fid+ for? + far° + far’. (8.5.15) 
Substitute (8.5.15) into (8.5.14) to find that 


fi- fot fs— fat Aho — 3f3 +4 fs) + 7(8 fs — 6 fa) + 2 (4 fa) 
= (1 — 260A + 27). 


Equate coefficients of like powers of \ to deduce that 


1 1 1 1 2 1 1 
fe OU, fo = 5 - Pot 790: fa = —360 + 500; and fa = 7 90- 


Substitute these values into (8.5.15) to find that 


1 1 1 1 2 1 1 
no) =( 500) A+ (5 bo + £08) M+ (—Fo0 + 508) P+ 308 


7a 
- we. + 1)(1 — 2604 ox) +> 


2 2 1 1 
300%? + ZAdo + 7HA* — 36? 


I 


1 1 2 1 

2 (1 — 2 2 1 2\2 

5+ 1)(1 = 40d)? + 0? = 1) (5 — Fada + 20802) 

by elementary algebra. Hence, the general solution for the recurrence relation 


(8.5.14) is 


drt 54+ 1)(1~ dod)? + 0? 1) (5 ~ Fadu+ 2087). (8.5.16) 


2 
From (8.5.11), (8.5.13), and (8.5.16), 


or + A? — 1) (5 — 3Ag0 + 4404”) 
(1 — $A)? 


1 


as claimed by Ramanujan. 
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To calculate the coefficient of x7, write uy = co(A) + e1(A)@ + c2(A)2?. 
Then, from (8.5.2), 


1 
co(A — 1) Fer (A — Te Ft c2(A — 1)2? 
2.2 
=2+Ar+ a ‘ 


co(A) + ex (A) + €2(A)a? + 


or 


(co(A) + €1(A)@ + €2(A)x?) + (eo(A — 1) + ex (A — 1)¢ + c2(A — 1)27) +1 


= (2+a0+ a ) (cota 1) + ex(A — 1)@ + e2(A—1)2). (8.5.17) 


Equate coefficients of x? to deduce that 


co(A)c2(A _ 1) + e1(A)er(A — 1) + c2(A)co(A — 1) 
= 2c2(r ane 1) + Aci (A = 1) + * a0) a 1), 


or 


c2(A)co(A— 1) +e2(A— 1) (e0(A) — 2) = co(A 1% t c1(A 1)A c1(A)e1(A— 1). 
(8.5.18) 
Recall that 
co(X) ee and co(A)—2= = ie Po (8.5.19) 
Set 


Now from (8.5.18), (8.5.19), and (8.5.20), 


L—goA —1+¢A-¢0  _ fa() JalA=— i) 
Nap aah Oe gg 5 =a a 
oA TOA sa eneaatod (8.5.21) 
iF Arak : neers a rad 
Set 
g2(A) = fo(A)(1 — bod) = €2(A)(1 — 60A)?. (8.5.22) 


Then, after multiplying both sides of (8.5.21) by (1 — d0A)(1 + ¢0 — oA) and 
using (8.5.22), we find that 


g2(A) a g2(r _ 1) = (1 p* gor) (1 + 0 — oA) 
(253 
2 1+ do — bod 


T Aci (A a 1) = cr(A)er(A o— 1) . (8.5.23) 
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Recall that 
91 (\) 


ane oer 


(8.5.24) 


with 


gi(A) = SAFI) bod)? + 0? 1) (5 = Ado 70%) + py. (8.5.25) 


The right-hand side of (8.5.23) is not a polynomial in \. However, by making a 
judicious change of variable, we will be able to determine the general solution 
of the recurrence relation (8.5.23). Now multiply both sides of (8.5.23) by 
(1 _ @oA)(1 + ~o —_ dod). Then 


g2(A)(1 — b0A)(1 + b0 — b0A) — g2(A — 1)(1 — G0A)(1 + Go — G0) 
= (1 — $0A)?(1 + 0 — bod)? 


2 1=dbodrA 
(3 Tt bo-— bod T Aci (A 1) ai(Aja(a~1)) 
2 
= * (1 bod)%1-+ bo ~ God) + deL(A— 1)(1~ b0A)2(0+ bo ~ 40)? 


— c1(A)er1(A — 1)(1 = $0A)?(1 + 0 — G0 A)? 


= ¥ (1 ~ God)®(1 + 40 — dod) + ACL — 40d)291(A = 1) — 1 )o1(A— 2), 


(8.5.26) 


where we have used (8.5.24) in the last step. Set 


ha(X) = g2(A)(1 — 0A). (8.5.27) 
Then we can rewrite (8.5.26) as 


ha(A)(1 — ¢0A + 0) — ha(A — 1)(1 — GA) 
= (1 ~ 60d) *(1 + bo ~ bod) + ACL ~ bod)2n(A— 1) ~ u(A)(A~ 1). 


(8.5.28) 


We see that the general solution of 


ho(A)(1 — god + bo) — ha(A — 1)(1 — b0A) = 


c(1 = ood), 
where c is a constant, since the characteristic root for the corresponding ho- 
mogeneous recurrence relation, g2(A) — g2(A — 1) = 0, equals 1. 
Note from (8.5.25) that gi(A) is a polynomial of degree 4 in A, and so the 
right-hand side of (8.5.28) is a polynomial of degree 8 in A. For a particular 
solution to the recurrence relation (8.5.28), let 
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8 
ho(A) = So gid’. (8.5.29) 
1=0 


Then the general solution is 


8 
c(1 = dod) + So 9X 


1=0 


8 
= (c+ go)(1 — $0) gobo + S> gid! 
i=l 


8 
= (c+ go0)(1 — 0A) + (godo + 91)A 4 So 9X 
i=2 


8 
= b2(1— Gor) + 91AF D0 Gi’, (8.5.30) 


1=2 


where ¢2 = C+ go and gj = godo + m1. From this observation, we do not 
need to consider the constant term, and so we need only to find a particular 
solution of the form 


8 
ho(A) = > ei. (8.5.31) 


By (8.5.31), (8.5.28), and (8.5.25), we have the system of equations 


2 
oy +e1 — €2 +e3 — e4 + e5 — eg + €7 — eg =O, 


M—¢1 — Fb0d1 + 2€2 + Goe2 — 3e3 — Goes + 4ea + Goes — Ses — oes 
+ 6eg + does — 7e7 — hoe7 + 8es 4 does) = 0, 


dN (—4 — kb0 + $5 + b1 + 20d + $Hhb1 — Hoe2 + 3e3 + 3be3 — bes — Ades 
+ 10e5 + 5@0e5 — 15e6 — 6ho0eg + 21e7 + Thoe7 — 28e8 8d0es) = 0, 


d?( 5 300 GB ori a d01 bo01 260€3 t de, t 6@0€4 
_ 10es = 10¢9€5 + 20e6 + 15¢@0€6 — 35e7 = 21¢0e7 + 56eg + 28d0es) = 0, 


"(4 + 340 — 3590 — 390 + 7690 + 34001 — 3h0e4 + 5es + 10d0es 
2 15e6 — 20¢0€6 co 35€7 + 35b0€7 = 70g = 56¢0€s) = 0, 


d°(—3 G0 — 1340 + 340 + 790 — 4d0es + bes + 15g e6 
= 21le7 = 35h0€7 + 56eg + 70d0es) = 0, 
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N° (22.45 + £43 — $46 — Shoes + Te7 + 21d0e7 — 28es — 56d0es) = 0, 
N (—443 — $6 — 6d0e7 + 8eg + 28¢0e8) = 0, 


and 
d*(7¢¢6 — Toes) = 0. 
If we solve this system of equations using Mathematica, we find that 


i a (21 — 542 + 1404, — 420¢2), 

j= aw 3! 34340 + 1543 — 210041), 

e3 = = (9 — 2740 + 1348 — 12¢1), 

a= 7 $0(80 108¢9 + 2143 — 24¢1), 

és = Fay (88008 — 4543), e6= 55 (2800 — 454%), 
2 3 

ne ao il int 


From the equalities above, (8.5.31), (8.5.30), (8.5.27), and (8.5.22), the coef- 
ficient of x”, after rearrangement, is equal to 


MA+DA+2) — b2 + AQ? — IQ? — 4) (a5 — 36Ad0 + Ta? + 390) 


2 (1 — 0)? 
r ia c 
| i. . 
aap (+ GU He) 
as Claimed by Ramanujan. This completes the proof. 
Ramanujan claims that if « < 0, the coefficients $0, 61, ¢2,¢3,... are 
arbitrary, but that if « > 0, then ¢; = ¢2 = ¢3 =--- = 0 and 


rg) 1/3,,—G(a) 
bo = 7h) &) c 


where G(a) has the asymptotic expansion, as 2 > 0*, 


2 


G(x) ~ aga? + aaz* +agx®+---, 
with the coefficients a, given by 


_ AD (W)(v)Lv + 1.) 

n/a) 
Here L(s, x) denotes the Dirichlet L-function associated with the character 
x(n) = (#), where (#) denotes the Legendre symbol. By rearrangement, 
Ramanujan is asserting that 
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1 1 


1— uy bee 


(8.5.32) 


as x — 0+. Note that when A = 0, the continued fraction in (8.1.1) is equal 
to 1/(1 — uo), with gq = e~*. In this case, the asymptotic formula (8.5.32) 
is identical to the aforementioned asymptotic formula of Entry 7.3.1 proved 
in Chapter 7. However, if \ > 0, the method of proof used in the previous 
chapter does not generalize, and so in this particular situation we cannot 
verify Ramanujan’s claim. As remarked at the beginning of this section, the 
constants ¢0, ¢1, ¢2,... are indeed arbitrary when x < 0, because (8.5.2) does 
not have a unique solution. 
Another proof of Entry 8.5.1 has been given by Hirschhorn [162]. 
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The Rogers—Fine Identity 


9.1 Introduction 


This chapter is devoted to consequences of the identity 
2 (Q3Q)n 
<= (8; 9)n 

This result was first proved by L.J. Rogers [235]. N.J. Fine [137, p. 15] dis- 
covered it independently in his exhaustive study of the series given by the 
left-hand side of (9.1.1). In [20, Section 4], (9.1.1) was proved combinatori- 
ally and was christened the Rogers—Fine identity. Subsequently, it was learned 
that G.W. Starcher [259, p. 803], in his doctoral dissertation at the University 
of Illinois in 1930, had also discovered and proved most of (9.1.1). Each of the 
three original proofs is essentially the same; the idea is to study a defining 
functional equation. 

While Ramanujan appears not to have stated this result explicitly, he did 
consider a closely related more general result, namely, Entry 7 of Chapter 16 
in his second notebook [227], [61, p. 16]. In fact, (9.1.1) follows from the last 
equation in [61, p. 16] by setting a = agr/8, c= Ta, and d= 7Tqa. 

It is quite amazing how many results follow from (9.1.1). We shall examine 
several g-series corollaries in Section 9.2. The remaining sections relate to false 
theta series, i.e., series that would be instances of classical theta series except 
for an alteration of the signs of the series terms. 

A.J. Yee and Berndt [85] have found combinatorial proofs for nineteen of 
the identities in this chapter. The difficulties of their proofs range widely, and 
four representative samples are presented here. 


LSS (a5 @)n(arg/ 8; @)nB"r"g" —"(1 — arg?) (9.1.1) 
n=0 


(8; @)n(T3 nti 


9.2 Series Transformations 


We begin this section with the first three entries from page 41. Define 
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22 gngn(nt1)/2 
o(a) = » ary) ae 

Note that (1) is the generating function for partitions into distinct parts 
when b= 1. 
Entry 9.2.1 (p. 41). If d(a) is defined by (9.2.1), then 

(a) = (b+ ag) d(aq) +1—- 6. (9.2.2) 
First Proof of Entry 9.2.1. From the definition (9.2.1), 


(9.2.1) 


co arg er ire (T _ bq”) 


g(a) — be(aq) = 5° 


ar (69; d)n 
CS ntl ,(n+1)(n+2)/2 
a eee £ 
n=0 ( qd; Q)n 
= 1-—b+ aq¢(aq), 


and this is equivalent to (9.2.2). 


Second Proof of Entry 9.2.1. As we noted above, ¢(a) generates partitions 
into distinct parts. In the definition of ¢(a), the power of a denotes the number 
of distinct parts, and the sum of the powers of a and b denotes the largest 
part. We now divide the partitions into two sets; one is the set of partitions 
having a part 1, and the other is the set of partitions not having a part 1. 
Consider now 


OO attig(nt1)(n+2)/2 
ago(aq) = S> 
oars (00; @)n 


The sum above generates partitions into distinct parts. But note that the 
smallest part is 1, since each summand generates partitions into exactly n+ 1 
parts by the numerator, whereas the denominator (bq; q), does not have an 
effect on the last part. The power of a is equal to the number of parts, and 
the sum of the powers of a and 6 is equal to the largest part. 


Examine 
Sed ba gn(n+3)/2 


bd(aq) := d, GE aes (9.2.3) 


In each summand, the exponent of g in the numerator is the sum of integers 2 
through n+ 1. Thus, we obtain a partition into distinct parts, but now there 
are no l’s. The power of a in (9.2.3) still denotes the number of parts, and 
the sum of the powers of a and 6 on the right side of (9.2.3) is equal to the 
largest part. But observe that the empty partition corresponding to the term 
1 is absent, and so we must add it. On the other hand, the term with n = 0 
in (9.2.3) is equal to b. Thus, we must subtract it. 

We have now accounted for all partitions into distinct parts on the right 
side of (9.2.2), and so the proof of Entry 9.2.1 is complete. 
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Entry 9.2.2 (p. 41). If (a) is defined by (9.2.1), then 


oe) —aq bsg parbrgrnt))/2 1+ aq?rt! 
yy , 


= =a (bq; 9)n 


(9.2.4) 


Proof. In (9.1.1), set a = —aqg/7r and @ = —bq, and then let t > 0. The 
desired result then follows. 


Entry 9.2.3 (p. 41). If d(a) is defined by (9.2.1), then 


@=145)! —aq/b; @)n— pa"br— 1 gnGe= Y/2(1 + aq? ey 


9.2.5) 
(aan 
Proof. By Entries 9.2.1 and 9.2.2, 
b-1 1 
o(a) = paar bag fta/ 4) 
bel, 1 3 (—a/b; gna" br qr @"—V/2(1 + aq?”) 
Bb. ba (bg; a) n 
pes 3 (—ag/bj q)y—1a%b”hghGe “VP + ag) 
arr (04; @)n 
as desired. 
Entry 9.2.4 (p. 36). We have 
so (— 1)"a2%qr" oe. aq” 
=l-a ‘ 9.2.6 
y (a?q?;@?)n » (—aq; 9)n yen) 


Proof. In (9.2.1), set r = a, 3 = —aq, and a = 0. Thus, 


s a” 7 1 3 (Ss 1)"a2%qr" 
4 (-ag;)n 1a > (49; 9)n(0G dn 
Consequently, 
cee (— 1)"a2%qr Sed qa” 
= (1—a) 
os (aq; @?)n dX (a9; q)n 
_ a” oo qnti 
=1 
227 —aq; ate Qn 
Y Conge hata 
seas ee 
rear ’ 


which completes the proof. 
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It is curious that the terms in a and q on the right side of (9.2.6) are the 
same as those on the left side, but with the powers diminished. 


Entry 9.2.5 (p. 32). We have 


Co 
Vee (aq; q 


Proof. Tn (9.1.1), replace q by q?, then set 6 = aqg?, T = —agq, and a = 0, and 
multiply both sides by 1/(1 — aq). Thus, (9.2.7) is proved. 


yr a” q” co 1) Qn 2n?+2n 


(—1)"a""q 
2 (@7q75q)nt1 eH) 


2 ae es 


Entry 9.2.6 (p. 30). We have 


_ (= LaPeer 


= iyo 
aq(—aq; "oo D> ae ee ata) 


n=0 


oe 


Proof. In Heine’s transformation, Entry 6 of Chapter 16 in Ramanujan’s 
second notebook [227], [61, p. 15], 


(0/459) n(n in — (BDoolG Moo F (4/6 9)n(Ai Onn 
> (dqn(qidn (03 4)o0(4: doe <4 (8:4) n(G Qn en ee 


replace gq by q’, a by t, b by —aq?, c by —a, and d by —aq?. Then let t > 0 
to conclude that 


3 aq” 249n _ ( ae ) s (—a)™ 
= ae 
4 (P39? )n(1 + aq?) A (—405 P)m41 


So, to finish our proof, we need only show that 
oo oo Me a™ q” (n+1)/2 


~ 2 = 


m=0 n=0 


(9.2.9) 


ad; q area a, aie 


By (9.1.1) with q replaced by q?, a = 0, T = —a, b = —agq, and both sides 
multiplied by 1/(1 + aq), we see that 


a2™ 2m2+m 


oo ym oo q 
Dia —49; P)m-+1 ae aq; ?)m+1(—@3 @? +1 
=> 2m q2m* +m 
i cee te a; d)2m-+2 
_ s 2m g2m* +m ((1 + ages) fa ag? *) 
m=O (—a; q)2m-+2 
oo 2m g2m*+m oo 2m g2m?+3m-+1 
=e —4; Q)am+1 x (—4; d)am+2 
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\% qa” grhirtt)/2 


a 


which completes the proof of (9.2.9) and therefore also of Entry 9.2.6. 


—a,; ee 
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It is quite surprising how many changes Ramanujan was able to ring on in- 
stances of the false theta series in the title of this section. While some of these 
are only remotely related to the Rogers—Fine identity, they are, nonetheless, 
so closely related to each other that it becomes compelling to record them 
here. We remark that Entries 9.3.2—9.3.7 were first proved in [25, Section 6]. 


Entry 9.3.1 (p. 29). We have 


= (=aq; 9") n(=aq)" _ So(-ayrgntn/2, (9.3.1) 


= 2. q2 
n=0 ( a a )n n=0 


First Proof of Entry 9.3.1. In (9.1.1), replace q by q? and then set a = T = 
—aq and 3 = —aq. Hence, 


co co 
S- iS aq; q’) -yo Qn gr +n = ag?"t!) *. So (-a)rgnrt/?, 
peor Ee) n=O 


as desired. 


Second Proof of Entry 9.3.1. This theorem is difficult to prove combinato- 
rially. We employ the concept of modular partitions first introduced by 
P.A. MacMahon [185], [21, p. 13]. Let m and k be positive integers. Then 
there exist h > 0 and 0 < 7 < k such that m = kh+ ]. Using the terminology 
of arithmetic progressions, we call k the modulus. A modular partition is a 
modification of the Ferrers graph such that part m is represented by a row of 
h k’s and one 7. 

On the left side of (9.3.1), (aq; q7)n/(aq?;q7)n generates modular parti- 
tions \“), where the parts are less than or equal to n and the parts ending 
with 1 are distinct, and aq” generates a partition \°) of only one part n. We 
form a new partition A, whose Ferrers graph has boxes of either 1 or 2, by 
putting the Ferrers graph of \“) immediately below that of \°). For example, 
when n = 3, let A) =64+643+424+1 and \?) =14+1+41 be given. Then 
we obtain with the Ferrers graph below. It is easily seen that A is generated 
by the left side of (9.3.1). Note that the exponent of a represents the sum of 
the size of the top row of A and the number of rows below the top row, and 
X has its sign defined by (—1)°, where o is the number of boxes with 1 in the 
rows below the top row. 
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2 1 

2 
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We define a sign-reversing involution as follows. Let s; and s2 be the last 

column and last row of the Ferrers graph of A, respectively. We divide the 
proof into three cases: 51 < S82, §2 < 81, and s; = sg. Here, for example, 
81 < S82 means that the sum of the elements in the boxes of s, is less than the 
sum of the elements in the boxes of 59. 
Case 1: s1 < 59. If the box in the last square of s; contains a 2, then put 
51 immediately below s2 with the entries arranged in weakly decreasing order. 
If both the first and last boxes of s; have 1, then remove the first box and 
change 1 in the last box to 2. Move s; immediately below s2, so that boxes 
of s,; are in weakly decreasing order. If s; has only one box of 1, then the 
box produces an additional negative sign after the move. If s; has one or two 
boxes of 1, then the move results in losing a negative sign. In summary, each 
move changes the sign. 

Case 2: 5, > 82. If sg has no box with a 1, then add an additional box 
with 1 in front of the first box and change 2 in the last box to 1. Move sg 
immediately to the right of s;, so that the first box has 1 and the other boxes 
are in weakly decreasing order. This move changes the sign as well. 

Case 3: 5; = 52. We separate two cases: when s; and s2 are even and when 
8, and s2 are odd. If s, and sg are odd, move s2 right next to s,, so that the 
box with 1 goes to the top. If s; and sz are even, then s; must have two boxes 
of 1. Remove the first box of s,, change 1 to 2, and move s; to immediately 
below s2, so that the box of 1 is rightmost. The move changes the sign. 

In each case, we see that the sign of a partition changes under the map. 
Thus the map is a sign-reversing involution, which results in cancellations 
among such partitions. 

On the other hand, there are certain partitions for which none of the moves 
described in Cases 1-3 is possible. These are the partitions whose Ferrers 
graphs are (j + 1) x 7 rectangles or (j +1) x (j + 1) rectangles for some j > 1. 
Furthermore, these graphs contain boxes of 1’s at the top row and boxes of 2’s 
in the other rows and so have no image under the maps described above. These 
are partitions of 2r? +r = 2r(2r +1)/2 or 2r? + 38r +1 = (2r +1)(2r + 2)/2 
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elements. These are counted on the right side of (9.3.1). On both sides the 
power of a equals the largest part plus the number of parts minus 1. 


Entry 9.3.2 (p. 13). We have 


SS (=1)"a" (Gn nent 
3. een ; = ey q pega (9.3.2) 
n=0 o] nm 


n=0 


Proof. We first record a transformation formula of Andrews [12, p. 67, The- 
orem As], namely, 


(a; q7)n(b; dan in — (8 mo “= _ S _ Q)n( 


@)n 
(97:47) n(G dan (Gq ce 


Gee 


iM 


In (9.3.3), replace ¢ by —q?, b by g, and t by q?/a, multiply both sides by 
1/(1 + q), and then let a — oo to deduce that 


co _])rgrt+n co 
ee "a "(GP )n Rod 


<4 (-@ Mansi om 


(9.3.4) 


ee 


i=} 


Next, recall Heine’s transformation (9.2.8). Set b= c=0andd=a=q in 
(9.2.8) to find that 


Co 


Selo (9.35) 


(GD 


Combining (9.3.4) and (9.3.5), we complete the proof. 


Entry 9.3.3 (p. 13). We have 


oe a5 Lytegenirt), (9.3.6) 


+ q2 
Ge ma a 


Proof. Tn (9.1.1), replace q by q?, next set a = 7 = q and 3 = —q?°, and lastly 
multiply both sides by 1/(1+q). After an enormous amount of simplification, 
we deduce (9.3.6). 


Entry 9.3.4 (p. 13). We have 


> is Dnt” 


nao 95 Q)an+1 


= (eg, (9.3.7) 


n=0 


Proof. Replacing q by q? in this entry, we see that the right-hand side is 
identical with the right-hand side in Entry 9.3.3. Hence, we need only to 
prove that 
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esd 2. ,4)2 ,2n Of ee n 
Ss (q if Jn =. (a4 nd . (9.3.8) 
& (-97:@? Jong. 4 (-95. 9") nt 

To prove (9.3.8), we begin by replacing q by q’, then setting a = t = b = q’, 
and c = —q*, and lastly multiplying both sides by 1/(1 + q?) in Andrews’s 
theorem (9.3.3). It follows that 


Pie ty ty Wt GP )en(—G 97) ng” 
Se = (25 9")o0(945 d*)oo D> —_ 
a0 (-@73 @7 )on41 fren q?3q7)2, 
= 57 GP nat 
ai es 


by Heine’s transformation (9.2.8) with q replaced by q?, with a = q?, d= q’, 
c = q, and b = —q’, and lastly with both sides of the resulting equality 
multiplied by 1/(1+ q). Hence, (9.3.8) follows, and the proof is complete. 


Recall the definition of the Gaussian binomial coefficient 


4 9 4 — ___ (Gdn 

my |M} (Gd) m(95I)n—m’ 

where 0 < m < n. Recall also the following two special instances of the 
g-binomial theorem. First [21, p. 36, equation (3.3.6)], 


N 
yy f (—1)f 23g G-Y?? = (2; a) (9.3.9) 
j=0 


second [21, p. 19, equation (2.2.5)], 


— 1 
S- (9.3.10) 
n=0 


(Gan (t Qo 


Entry 9.3.5 (p. 12). We have 


S (=aqrtts g)ng” 1 3 3n(n-+1)/2 
ss ——— arene, (9.3.11) 
(Gan (9; Doo <= 


Proof. Employing the g-binomial theorem (9.3.9), replacing n by j +m, and 
lastly invoking (9.3.10), we find that 


Se (—aqg"*1; g)ng 


% — (GOn i 


7A gmgnmtntmim+1)/2 


cama (Gn 
Z s 5 atgnmterm(m+1)/2 


ODml(G acm 
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oOo Cx am gitmmtitmtm(m+1)/2 


(4; @)m(93 9); 


m_,~3m(m-+1)/2 1 


oe. 
one fart eas 


= 4s, S- peer ye. 


(9; doo 


m=0 j=0 


This completes the proof. 


We note that (9.3.11) was proved in [25, p. 159, Lemma 2] but was inad- 
vertently not attributed to Ramanujan, and we also note that P. Hammond 
[147] has independently discovered and generalized (9.3.11). 


Entry 9.3.6 (p. 13). We have 


n Co 


3 ae = (-1yrgenrty2, (9.3.12) 


Sap Q)an+1 m0 


Proof. By (9.3.3) with a = 0, b= t = q, and c = —q?, and with both sides 
multiplied by 1/(1 + q), 


¥ if P)n” _ (GG) 3 (=Gd)m(G ma (9.3.13) 


“ (-Gdant1 — (— G4) 00(G 9?) 00 


Now it is easily verified that for each positive integer m, 


(-—GamlGe n= ("ida 
Thus, (9.3.13) can be written in the form 
(G5) nd . One — 3n(n-+1)/2 
AG )nd” gg) Sy Dm _ SY (_yyngantmty/2, 
X& (—4; Q)an44 <=  (GDm = 


by Entry 9.3.5. 


Entry 9.3.7 (p. 13). With q replaced by —q in Ramanujan’s formulation in 
[228], 


SS (-I)"(-Gang" an(n-+1) 
= —|l "@ (1 J 
» (G9) n41 2 


Proof. By Entry 9.3.5 with q replaced by q?, 


Co 


So(-1yrginety) = (973) oc > (gta pear? 


2+ q2\2 
=, ee Gay 
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£5 (97: q7) 0 S Ses 


= 7349 
(G77 )n(—G D2nd 
’ n\_ Gs 2n 
=(q349 
Joo dD (475 9?) n 
2 57 an(=a” q3 @)n(—4)" 
n=0 (Ge )n41 5G) n41 


where we have applied (9.3.3) with a = q, b = —q, c= 0, and t = q’, and then 
multiplied both sides of the resulting equality by 1/(1 — q). This concludes 
the proof of Entry 9.3.7. 
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While Section 9.3 was based on a false theta series variation of a famous 
theta function of Gauss associated with the triangular numbers, this section 
is devoted to a false theta variation on Euler’s pentagonal number series. We 
remark that Entries 9.4.1 and 9.4.2 first appeared in [235, Section 10]. Entry 
9.4.1 may also be derived from two entries in S.O. Warnaar’s paper [284], 
where analytic methods are employed. Replace a by —agq in the identity at 
the top of page 388 in [284] and multiply it by ag. Add this resulting identity 
to the identity above (6.14) on page 390. After simplification, (9.4.1) follows. 
Entry 9.4.2 is equivalent to (6.15) in Warnaar’s paper [284], with q replaced 
by q? there. Entry 9.4.3 appears in [13, Section 5]. 


Entry 9.4.1 (p. 37). For any complex number a, 


oS 2n grirrl)/2 


ee 


= = Soa n(3n+1) /2(4 sag???) (9.4.1) 
—a9;9)n 


First Proof of Entry 9.4.1. Tn (9.1.1), set a = a?q/7 and 6 = —aq, and then 
let 7 + 0. The desired result follows. 


Second Proof of Entry 9.4.1. Replace —a by a in (9.4.1). Then, 


\" az” geen? io) 


32 é = we ie ange Dea = agent) 
n=0 G4 n=0 


= (— Deans ee ie aan gnen— 1)/2, 
(9.4.2) 


This entry then immediately follows from the Franklin involution. Note that 
the power of a on both sides of (9.4.2) gives the number of parts plus the 
largest part. This completes the proof. 
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M.V. Subbarao [267] was the first to recognize the possibility of refining 
the Franklin involution in this way. See also [20, Section 3]. 


Entry 9.4.2 (p. 37). We have 


co (— 1)"q n(n+1)/ 


x (= = = Soar q’ n(3n+1) 2 (4 geet, (9.4.3) 
n=0 ud 
Proof. Set a=1 in Entry 9.4.1. 
Entry 9.4.3 (p. 37). We have 
co n(2n+1) co 
Barer os =) gested -_ gor (9.4.4) 
= (-43 Q)on4i =6 


Proof. It suffices to show that the left sides of (9.4.3) and (9.4.4) are equal. 
To that end, 


Kast (1 rger Dy 7 gr(2n+1) sess gt Dn) 
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“4 (Gan 


Gdn 4 (—G dant 


ie 
3 q” n(2n+1) ((1 +4 ger) = Gn 
n=0 


(—9; Q)2n+1 
7 grant) 
4 (=G dant 
and so the proof is finished. 
Entry 9.4.4 (p. 37). We have 
es ail (3n-+1)/2(q _ gant 
Dean ae de ” nny (9.4.5) 


Proof. It suffices to show that the left side of (9.4.5) is identical to the left 
side of (9.4.3). Thus, 


as he q” (n+1)/2 Oo gran-1) os grant) 
= 
ae 2d (—@Q)on-1 <4 e Gs Q)2n 
hg > gr2n—1) ((1 aft gq?) a2 7g") 
= (—4G Gan 
Ce n(2n—-1) 
q 
= 2 —_— 
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and the proof is complete. 
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We note that (9.4.1) was first given by Rogers [235], and the equivalence of 
(9.4.3), (9.4.4), and (9.4.5) was proved combinatorially in [15, p. 38]. Identity 
(9.4.5) was also proved in [13, p. 140). 


Entry 9.4.5 (p. 39). If 


-> ae"q n Cerne gd Seg); (9.4.6) 
then 
22 yr ee 1 
ie 2 = 5 (9(a) — 9(-a)). (9.4.7) 
—a q?; qt )n41 


Proof. In (9.1.1), replace q by gq’, set a = a*g®/r and 3 = —a?q’, let rT > 0, 
and lastly multiply both sides by a?q?/(1 + a?q3). It follows that 


7 oul miglnts gaat) ~ n n2+7n n 
s- ( ot = So a® +3 q6n?+7n42(1 _ g2gint3), (9.4.8) 
n=0 , 1 n=0 


On the other hand, 


1 (g(a) _ g(—a)) = S- gent D geet ent) 21 _ eg ett) 
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n=0 
oe) 


= S- gers or ee = arg), (9.4.9) 
n=0 


Comparing (9.4.8) and (9.4.9), we deduce (9.4.7). 
Entry 9.4.6 (p. 39). If g(a) is defined by (9.4.6), then 


aay es Dy An ,2n? 1 


a = 5 (lo) + (0). (9.4.10) 


& (-0765 4") n41 


First Proof of Entry 9.4.6. In (9.1.1), replace q by q*, then set a = atq?/r 
and 3 = —a?q°, let tT > 0, and multiply both sides by 1/(1+a?q). This yields 


Siri aon gor’ + 2 4n+1 

See - ps Sacre Ue ia paca (9.4.11) 
(—a?q; q*) 

n=0 


On the other hand, 


1 = (2n n 
5 (g(a) + g(—a)) = S- g3(2n) g2n(3 (2 aor _ azqe? )+1) 
n=0 
Sy he), (9.4.12) 


A comparison of (9.4.11) and (9.4.12) produces the desired result. 
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Second Proof of Entry 9.4.6. A.J. Yee has indicated to us a second proof. By 
the definition (9.4.6) of g(a), we find that (9.4.10) is equivalent to 


Co 
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n=0 


Co 
6n _6n2+n 6n+2_6n?+5n+1 
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Replacing a?q and q? by a and q, respectively, we find that 


= n n(3n— n n(3n ~ 1 a ~ 
S-(a Sn gn(3n—1) __g3n+1gn(3nt1)) — yo ) (9.4.13) 
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However, if we take (9.4.7), divide both sides by a?q?, replace a?q and q? by 
a and q, respectively, and then lastly replace ag by a, we obtain (9.4.13), and 
so the proof is complete. 


Entry 9.4.7 (p. 36). We have 


Co 


aera = Soar (3n+1) WG Syeee (9.4.14) 


Proof. Tn (9.1.1), replace q by q? and then set a = 0, 6 = —q?, and t = —q. 


This yields 
— (-1)"q" a 
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and the result follows from Entry 9.4.3. 


Entry 9.4.8 (p. 41). We have 


By GE 


Proof. In Heine’s transformation (9.2.8), set b = 6, c= 7, and d = rq, and 
then let a > 0. Hence, 
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where we applied (9.1.1) with a = 0. 
Hence, replacing q by q? in (9.4.17) and then setting 7 = —1 and 6 = —q 
we see that 


142) 


gr +2n co n?242n 
Ps 2 : 2 
AG nail g") 4 (9759? )n(1 + 9”) 
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by Entry 9.4.3. This concludes the derivation. 
Entry 9.4.9 (p. 29). We have 
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Proof. In (9.3.3), set a= 0, b=t=q, and c = —q. Consequently, 
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Now in (9.3.11) we first substitute @ = —1/q and then a = —q. Adding the 
two results after multiplying the second by gq, we see that 
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Comparing (9.4.20) with (9.4.19), we see that we have completed the proof. 


We note that (9.4.18) was proved in [31]. 
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9.5 The Series °°, q3™°+?"(1 — q?"+1) 


The five entries to be considered in this section are in a sense natural compan- 
ions to (9.4.18). However, given that this sequence of exponents {3n? + 2n} 
is not the pentagonal number sequence {(3n? + n)/2}, it seems reasonable to 
consider these results separately. 

Earlier in this chapter, in our second proof of Entry 9.4.1, we demonstrated 
that some entries in this chapter can be established combinatorially by ap- 
pealing to Franklin’s involution. In this section we give another example, but 
in a different kind of setting. In our application below, we consider a variation 
of Ferrers graphs by putting either 0 or 1 or 2 into boxes. We put 0 in the box 
at the upper left corner, 1’s into the boxes either in the first row or column, 
and 2’s in each box except those in the first row and column. Such a Ferrers 
graph represents a partition of n, where n equals the sum of all numbers in 
the boxes. For example, the figure below is the Ferrers graph of a partition of 
16. 


Entry 9.5.1 below is identical to the identity at the top of page 388 in 
[284], if in [284] we replace q by q? and then replace a by —aq. As pointed out 
in [284], this identity yields an identity of Rogers [235, p. 333, equation (4)]. 
The methods of both Warnaar [284] and Rogers [235] are analytic. 


Entry 9.5.1 (p. 37). For any complex number a, 
DP. (-1)"a 2n grr) 


aro 


n=0 


— -> a?" q 3n? mene _ aa 
aq; q*)n41 


First Proof of Entry 9.5.1. Tn (9.1.1), replace q by q?, then set 3 = —aq? and 
a =a’q?/r, and let tT > 0. The desired result then follows. 


Second Proof of Entry 9.5.1. We rewrite the identity as 


- —1)"(a eager”) = n ~n(3n— m n(3n 
so! a =i (ag thr) = (ag) righer™). 
n=0 it: 2) n+1 = 


The left side of the identity above generates partitions described above with 
distinct rows and weight (—1)°~!, where c denotes the number of columns 
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of the Ferrers graph. Moreover, a keeps track of each box with a 1 in it. By 
applying the Franklin involution, we obtain the right side. 


Entry 9.5.2 (p. 29). We have 


Co Co 


SGP ng” = SoH 1yrghr tnd + Pt). 


n=0 n=0 


Proof. We apply the second iterate of Heine’s transformation [61, p. 15, sec- 
ond line of equation (6.1)] 


(439) n(; Dn yn (€/b5@)o0 ie z & n(abt/c qn (e\” 
yD (andr (Gaox oe iz aa (;) ae) 


Q)n(G an GQ)n 


n (9.5.1), replace q by q?, then set a = q, b = q’, and t = q, and lastly let 
c — 0. Consequently, 


lo) co 2 
92) on (ape = an?+2n¢q _ g2ntl 
YiG@a )n@ = oe ye ), 
n=0 n=0 ; he 
where we put a = 1 in Entry 9.5.1. 
Entry 9.5.3 (p. 37). We have 
pie = => ¢ 1)%g6?" +491 + grt), (9.5.2) 
= *)n+1 n=0 


Proof. Tn (9.1.1), replace q by q’, then set a = 0, 8 = —q, and r = q, and 
lastly multiply both sides by 1/(1 + q). Thus, 


oo oo (-1)" an? 4+2n 


ae = ae 


*\nt1 2 (P54) n ta 


and (9.5.2) now follows from Entry 9.5.1 with g replaced by g? and a = —1 in 
that entry. 


Entry 9.5.3 has also been proved by Andrews [22, equation (1.2)] and 
Warnaar [284, third equation, p. 380]. Following his proof of (9.5.2), Andrews 
(22, p. 100] remarked, “It would be nice to have a cominatorial proof of this 
result.” Berndt and Yee [85] have found such a combinatorial proof. 


Entry 9.5.4 (p. 36). We have 


» oe = "Sey 4 ge): (9.5.3) 


acy *)n+1 n=0 


9.5 The Series }>>°_, gr +20 (1 — gr") 239 


Proof. Equation (9.5.3) is simply (9.5.2) with q replaced by —g. 
Entry 9.5.5 (p. 30). We have 
asd Py eel 2 oo 


So S-( pani cri ae a _ (eg), 


n=0 —4q —q?) n=0 


Proof. This result follows from Entry 9.5.1 if we set a = —i and replace q by 
aq. 
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An Empirical Study of the Rogers-Ramanujan 
Identities 


10.1 Introduction 


On pages 358-361 of The Lost Notebook and Other Unpublished Papers [228], 
we find fragments (possibly from a letter or letters) by Ramanujan on em- 
pirical evidence for the Rogers-Ramanujan identities and related formulas. 
Recall that the Rogers-Ramanujan identities are given for |q| < 1 by 


q” 1 
= 10.1.1 
4 (GQ)n (44? )oo (9459) oo ( ) 
and 4 
ee q” +n 1 


L(G On (473.9? )00(975 G00 | ae, 
The history of these identities is now well known, and for this history, proofs, 
and surveys of proofs, we refer readers to the notes in Ramanujan’s Collected 
Papers [226, pp. 344-346], G.H. Hardy’s book [148, pp. 90-99], Andrews’s 
book [21, Chapter 7], Andrews’s survey [30], Berndt’s book [61, p. 77], and 
his survey with Y.-S. Choi and S.-Y. Kang [77] of Ramanujan’s problems 
in the Journal of the Indian Mathematical Society. In the following pages, 
we consider the four indirect arguments that Ramanujan provides in support 
of (10.1.1). All four arguments are found on page 358, with some details 
supporting the first argument given on pages 359-361. For each of the four 
assertions, we quote Ramanujan at the beginning of the corresponding section 
below. 


10.2 The First Argument 


“Mr. MacMahon has verified up to q®° and found the result correct up to that 
term.” 
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To support this appeal to authority, Ramanujan calculates both sides of 
(10.1.1) through qg°°. He does this by successively adding terms in the manner 
we now describe. If we define 


29 
VN) _ en Wee. (10.2.1) 


then we can easily determine v(N) from the recurrence relation 
VN) =(1-qX)u(N-1)+¢q%, N21, v(0)=1. (10.2.2) 


He calculates congruences up to N = 7, with the last for v(7) being 


(7) =1-@—-Gt ge +299 —g?—q—4q gi? + gi? + 8 + gq 
4 g20 — g?t — 923 — 4 + g?7 + 98 — g2? — g34 + g?8 (mod q3”). 
(10.2.3) 


Using Euler’s corollary of the g-binomial theorem (equality (6.2.5) of Chapter 
6) and (10.2.3), he then computes 


> gq’ _ (7) _ (7) 


— — 8. 
Ga. Or @at = 
( 1)5qiGtD/24+75 


_ u(7) (= 
~ af » (q); 


=a —-@—@t+q?+q) —q™ —q™) (modq?’), (10.2.4) 


which agrees with the product on the right side of (10.1.1) up to q°”. In effect, 
Ramanujan now observes that 


. agree 1)/2 n 
alim_v(N )a1+ C1 (1+q") 


- jee SO) (Cha las (Cra ose 4a acs (10.2.5) 


by the Jacobi triple product identity, given in Lemma 1.2.2 of Chapter 1. 
Upon letting N — oo and putting (10.2.5) in (10.2.1), we immediately deduce 
(10.1.1). We thus want to find a representation for v(N), defined by (10.2.1), 
from which (10.1.1) follows upon letting N > co. 

This quest was fully accomplished in [33], and we follow that development 
for the remainder of this section. Our objective will be to prove that 


N 
v(N) = are ae 55I-Y)/2(1 4 gf )W(j,N)$, (10.2.6) 
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where W(j, N) is a polynomial in g of the form 1+ O(q?%*"), uniformly in j. 
Since as N - oo, (qN*1)n 4 1 and W(j, N) > 1 uniformly in j, as we saw 
in the previous paragraph, (10.1.1) will then immediately follow. 

To prove (10.2.6), we must study a small variation on Bailey chains, a 
topic extensively developed in [250], [27], [28], [29], and [33]. Bailey chains 
concern pairs of sequences {a,}°2, and {8,}°2 9 of rational functions of the 
variables a and q. They are said to form a Bailey pair, provided that for all 
n= 0, 


Rey, aaa (10.2.7) 


r=0 ie (aq) n+r , 


A limiting form of Bailey’s lemma asserts that if (10.2.7) holds, then [29, 
p. 27, equation (3.33)] 


co 1 co 
>> a a"8, = —— ara, (10.2.8) 
n=0 (29) o0 r=0 
We now consider what happens when particular instances of (10.2.8) are 
truncated. We shall require the Gaussian polynomials 
(GQ)n 


—_——.,, if 0<m<n. 
4 = "| —_ (q; d)m(4; Q)n—m 
q 0, otherwise. 


Theorem 10.2.1. /f in (10.2.7) a=1, then 


u 2 1 ~ 2 
> a” Bn = —— od" a, W(r,M), (10.2.9) 
w=0 (q)om “20 
where 
. 2M 2M 
= (M+j+1)(M—j) a 
W(r, M) = Di (pee eal (10.2.10) 
j=r 


If in (10.2.7) a=4q, then 


M i 1- M 2 
Se q” Baie = ene Sig +7 a,U(r, M), (10.2.11) 
n=0 (q)om+1 oO 
where 
= 2M +1 2M +1 
a (M+j+2)(M-—j) _ 
U(r,M):=S oq (ee Fee: (10.2.12) 


j=r 
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Proof. We begin by truncating (10.2.8) in full generality. Thus, by (10.2.7), 
Yer eee a "yo 
r=0 (Q)n—r (AQ) n+r 
M 
r=0 n=Pr 


ny 


Vi 7 (Q)n—r(4Q) ner n+r 


M M=? in? +2nr gn 


t a (aq)am 
= wie ae 10.2.13 
(ag)om & ze e d n(@Q)n+2r ( 
Thus, to establish (10.2.9) and (10.2.11), we need only to show that 
M-r n242nr 
Wiha yo (10.2.14) 
n=0 (q)n(@)n+2r 
and 
M—r n?24+2nr+n 
U(r, M)= 5° 4 (Qa (10.2.15) 
n—0 (Q)n(@)n+or+1 
respectively. 


We require a transformation formula for the g-hypergeometric series 


a,b,c {| = (BalDinlelat” 
302 | 7 = 2 @a(alea” lt} <1. (10.2.16) 


The transformation formula we need was found by D.B. Sears [240, p. 174, 
equation (10.1)] and is given by 


00 ae ee aoe [partes 4/4] 


where t = df/(abc). We apply (10.2.17) with a = 6 = 1/7, ce = q™*", 
d=eq-™+", f = q?"+*+! so that t = r7eq?"t+*+1. Hence, for r< M, 


(10.2.17) 


M-r 


> (neta atatege tet aye _ (Ger ta eget ten ies 
coor MI COL Cane oC lca RM C coat) Ce a 
—M+r)2/,—M+r (M+r+s+1)n 
Te a 
* oD : a 2 iS aaa 
< (g)n(eq )n(T?eq MW 
(10.2.18) 


Now let 7 + 0 and e > 1 in (10.2.18) to deduce that 
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M-r gq? +2rn+sn (q q 


4 (angry, (PMH) (@)n 


M-+r+s+1) M-r_ (M+r+s+1)n 
co 


(10.2.19) 


n= 


On the left side of (10.2.19), multiply the numerator and denominator by 
(q°t+)o, and then multiply both sides of (10.2.19) by (q2"t8*+)ayy_2,. After 
simplification, we find that 


M-r gt’ t2rntsn/ att) 


qd 
n=0 (q)n(q?*))nter 


2M 


M—r gi@trtetln 


pea ievaaen Fy — u(r, s, M). (10.2.20) 


aces (qn 
By (10.2.20), 


M-r gMtr+s+)i 


(q); 


j=0 
M-r-1 giMtr+s+2)i 


M-r-1 
te (9); 


| Martetay Martotly - giMtr+st+)i 
qd M-r-1 1-q — an 


fo (qttte) 


AOS 
M-r-1 g(Mtr+s+2)j 
am; (9)5 
= (qMtrts+2).) 4 og einer as , gi Mtr tet G41) 
= ane 
= © se (9); 
M-r-1 giMtrt+s+2)i 
rm; (9)5 
1 yauense te M-r-1 gMtrtst)i — g(M+rt+s+1)(M—r) 
=z (q )M-r-1 + 
=r (q)j-1 (q)M-r 
a giMtrts+)G+1) 
om (Q)3 
M-r-1 ; = 
(ghttrte42) a, ‘ r giMtrts+1)3 i gQiareUe r) 
= save: 
(q)j-1 (q)m—r 


ji 
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M-r+1 giMtrtst1)j 


j=l (q)j-1 


M+r+s+1)(M-r) gMtrtrst+)Ut—r) 


( 

— (gM+r+st2 qd 

c no a Gu 
ge te PUM Seth) } 


(q)M—r 


o ican sy Meee Cena cea cae (al _ gerrert) 
(q)M—r 
_ (M4trt+s+1)(M—r) [{|2M+s] | 2M+s 
=4q ie | Pee (10.2.21) 


Clearly, then, by the fact that v(M + 1,s,M) =0 and by (10.2.20), 


M 
Wir, s,M) := (vj, 8, M) — vj +1, 8, M)) 


= v(r,s, M) — v(M +1,s,M) 


n?24+2rn+sn (qo*+)om 


= CCL ae (10.2.22) 


Note that W(r,0,M) = W(r, M) and W(r,1,M) = U(r, M). Thus, setting 
s = 0 and s = 1 in (10.2.22), we see that both (10.2.14) and (10.2.15) and 
hence both (10.2.9) and (10.2.11) have been proved. 


n=0 


We can now easily deduce (10.1.1). The identity follows immediately 
from Theorem 10.2.1 by letting a = 1, BG, = 1/(q)n, ao = 1, and an = 
(—1)"qr@"-)/2(1 + q”) for n > 0, where we have appealed to [29, p. 28, 
equations (3.34), (3.35)] to secure (10.2.7). To justify the limit as N — oo, we 
note from (10.2.10) that 


M-2 

Ay 2M 2M 

wear = 5 gweonnoen (aM Jf aM) 
jer 


where, with the help of the penultimate equality in (10.2.21), we see that this 
approximation is uniform in r. 
In exactly the same way, we can prove that if 
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N -2 
N ia) 
Cee So -, nz, (10.2.23) 
q)N 7=0 (Qi 
then 
1 fl ne , 
uN) = Chea ae So (-1)F qh O92 — P!+1)0G,.N), (10.2.24) 
j=0 


where U(j, N) is a polynomial in q of the form 1+ O(q?%+?), uniform in j. 


The proof now relies on (10.2.11) and (10.2.12) with a = q, Bn = 1/(q)n, and 
An = (—1)"grrt+D/2(1 — g?"*1)/(1 — g), n > 0. That a, and 6, form a 
Bailey pair was established by L. Slater [250, p. 468, equation (B3)]. 


10.3 The Second Argument 


“Tt can be shown independently that, 


TT 
) sql 10.3.1 
log {L H S of (10.1.1)} Bizg “27 (10.3.1) 
as well as 
12 
eit 1” 10.3.2 
log {R H S of (10.1.1)} Batp |e (10.3.2) 


These assertions are in the literature, and each has been proved indepen- 
dently at least a few times. The first assertion was established by G. Meinar- 
dus [198], who also proved the second assertion [197]. The first assertion can 
be proved using a version of the saddle point method. The second assertion 
probably first appeared in J. Lehner’s Ph.D. thesis [176]. 

In his third notebook [227, p. 366] and on page 359 of his lost notebook 
[228], Ramanujan offers an extensive generalization of (10.3.1). This was first 
established independently by Berndt [62, pp. 269-273] and by R. McIntosh 
[195], who proved an even more general theorem by applying the Euler-— 
Maclaurin summation formula in a skillful fashion. See also [62, pp. 273-286]. 
The asymptotic formula (10.3.2) has been generalized by Berndt and J. Sohn 
[83] in a slightly different manner, and an account of this appears in Theorems 
7.2.1 and 7.3.1 of Chapter 7 in this book. 


10.4 The Third Argument 


“The numerical results of the cont. fraction go to prove the truth of the result.” 
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Here we must assume that Ramanujan is referring to the representation for 
the Rogers-Ramanujan continued fraction in terms of the Rogers-Ramanujan 
functions in (10.1.1) and (10.1.2) that is given by 


= (q; q)n g3¢° as g?3¢° a 
eee = r) ca r) ae ie ee (10.4.1) 
s gq” +n (a4 Joo (¢ 1 Joo 


(See (1.1.2) in Chapter 1.) 

If we choose a root of unity, say e?7*”/*, where (h,k) = 1 and 5+ k, then 
the continued fraction C(e?7*”/*) can be explicitly evaluated, as we shall see 
in the following section. On the other hand, the infinite product is a modular 
form. Consequently, using the transformations given by Lehner [176], one can 
also show that as q > e?7*”/* on a ray emanating from the origin, the infinite 
product in (10.4.1) converges to the same algebraic number in any particular 
instance. However, there is no evidence that Ramanujan was aware of such a 
theorem. Thus, maybe he examined only the cases g = +1. 

As we saw in Chapter 2, Ramanujan evaluated C(e~"V") in closed form 
for several rational numbers n. Because the Rogers-Ramanujan functions in 
(10.4.1) converge very rapidly, it is conceivable that Ramanujan’s “numerical 
results” arose from some of these evaluations. 


10.5 The Fourth Argument 


“Tf 
4 fF G 4g 
i+i+i+i+--: 


then + —v—1 vanishes when q is of the form e™”"/” where m and n are 
any two integers prime to each other, except when n is a multiple of 25. As a 
matter of fact, if v is the assumed product of the continued fraction 


UV 


q g qi? : 
1 


+1+ 1 +4::: 


The sentence above was not completed by Ramanujan in this fragment. 
Clearly, then, there is at least one page missing. Moreover, page 358 begins 
with 2., indicating that the first section of the fragment has also been lost. 
Note that in the notation (1.1.1) of Chapter 1, v = R(q°). Although we 
cannot determine what Ramanujan was going to write, we can prove his initial 
assertion. 
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In Section 5.2 of the present volume, we discussed Ramanujan’s evalua- 
tion of C(q) at roots of unity on page 383 of his third notebook [227]. As we 
demonstrated, a calculational error on page 57 of the lost notebook [228] prop- 
agated an error in Ramanujan’s evaluation. I. Schur [238, pp. 319-321], [239, 
pp. 117-136] independently proved a correct version, which we now record. 
See also [63, p. 35, Theorem 12.1]. 


Theorem 10.5.1. Let C(q) be the continued fraction defined in (10.4.1), and 
let q be a primitive nth root of unity. Ifn is a multiple of 5, then C(q) diverges. 


When n is not a multiple of 5, let X = (4), the Legendre symbol. Furthermore, 


let p denote the least positive residue of n modulo 5. Then for n #0 (mod5), 
C(q) = Aq’ -PM/BC()), (10.5.1) 


We now verify Ramanujan’s claim. Recall the elementary evaluations 


vo+1 ifn = 1,4(mod5), 
C(A) = 2 (10.5.2) 


—1 
ue F if n = 2,3 (mod5). 


Let tn := 1/C ((#2)). From (10.5.2), we easily deduce that 


5) 
vo+1 if n = 1,4(mod5), 
th = 2 (10.5.3) 


ae : if n = 2,3(mod5). 


Now, following Ramanujan, let G = e7’"/", a 2nth root of unity, where 25 {n 
and (m,n) = 1. By (10.5.1), if p is the least positive residue of 2n modulo 5, 


ee Seen q _ (an 
ug) C(@) (2) gi-2enc ((28)) = ( 5 Nis (10.5.4) 


since @ is a 2nth root of unity. From (10.5.3) and (10.5.4), we easily check that 
in all cases, 


as claimed by Ramanujan. 
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Rogers—Ramanujan-—Slater Type Identities 


11.1 Introduction 


The Rogers-Ramanujan identities 
2 
nm 


6) = OT 


n=0 


1 
(G5 )oold 


11.1.1 
ene ( ) 


and 


n2+n 1 


A(q):= 3 2 = (11.1.2) 
n=0 


(Qa fa7sa esta? sa? cs 


were examined empirically in the previous chapter. They have also appeared 
in other chapters, for example, in Entry 3.2.2 of Chapter 3 and in the proofs 
of Entry 4.3.1 and Corollary 6.2.6 in Chapters 4 and 6, respectively. In par- 
ticular, they are prominent in the theory of the Rogers-Ramanujan continued 
fraction. Moreover, various other continued fractions of Ramanujan can be 
established using analogues of the Rogers-Ramanujan identities; see, for ex- 
ample, the proofs of Corollaries 6.2.7 and 6.2.8 in Chapter 6, where certain 
identities relating infinite series with infinite products due to L. Slater [251] are 
required. Ramanujan also derived several analogues of the Rogers-Ramanujan 
identities, and these are the subject of the present chapter. In light of the fact 
that several results in this chapter are variations on Slater’s theorems, we 
have chosen to append her name to the more familiar appellation, Rogers— 
Ramanujan. 

After the definitive work of Rogers, Ramanujan, and Slater, an enormous 
amount of research has been devoted to analogues and generalizations of the 
Rogers—Ramanujan identities. Because of space limitation, it is impossible to 
cite all relevant papers here. However, sources with extensive bibliographies 
can be found in the monographs of Andrews [21], [29, Chapter 7], the pa- 
pers of Andrews [18], [19], [80], H.L. Alder’s paper [11], and the survey by 
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A. Berkovich and B.M. McCoy [57]. For several further new identities and 
for finite forms of many of the identities found by Slater and others, see the 
papers [245]—[248] by A.V. Sills. 

The identities considered by Ramanujan in the lost notebook have infinite 
products connected with the moduli 3, 5, 6, 7, or 12, or else they are instances 
of Rogers’s false theta functions. We have organized the sections of this chapter 
according to this classification. 


11.2 Identities Associated with Modulus 5 


In this section, we consider all the Rogers-Ramanujan-Slater type identities 
related to G(q) and H(q), defined in (11.1.1) and (11.1.2), respectively. 


Entry 11.2.1 (p. 54). We have 


(Gen (G4? )oo’ auloash) 
ey (Qanti (G3? )oo’ (11.2.2) 
“=, (Gan (Gi) (11.2.3) 
oo gh +2n 7 H(q*) es 


(q)on+1 - (95 97) 00 


These four identities appear near the bottom of page 54 of the lost note- 
book. Identities (11.2.1) and (11.2.4) appear as equation (3) in the paper by 
Rogers [235], and identities equivalent to these occur in Section 6 of Rogers’s 
paper [234]. Equivalent identities occur in Slater’s paper [251, p. 162, equa- 
tions (98), (94), (92), (96), respectively]. 


Entry 11.2.2 (p. 24). We have 


2 rt gr 7 Gq) 

LG -G@)n  (—G doo (11.2.5) 
eee os @) 

ee —G@)n (—GQDoo’ (11.2.6) 
- ee +2n 7 H(q) 

X (An(-GPnt1  (—G Doo (i247) 


These are the first three identities at the top of page 24 in the lost note- 
book. The first two were originally found by Rogers [235], and they appear in 
Slater’s list [251, pp. 153-154, equations (15), (19), respectively]. 
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Identity (11.2.7) does not appear in Rogers’s or in Slater’s list. However, 
it is easily deduced from (11.2.6) as follows. Noting that the right sides of 
(11.2.6) and (11.2.7) are identical, we form the difference of the left sides to 
find that 


e (—1)"q3r"+2n e (—1)"q3r"—2n 
SDD) n(-GP Intra (4G) n(-4 Pn 
ics ~] ng3n?—2n ? a 
= (-1) (q 1 = gn) 


4 (045) n(—95 P )n+1 
(—1)"%q3r"-2n 


4 (q45 G*)n(—95 P )n+1 
—1)r-1 3n?—2n OS 
( ) qd : ~ oe 


(Ga n-1(-G Pn Ah GP )n+1 


he gr +4n+1 


because the first sum on the far right side is identical with the second, once 
n has been replaced by n — 1 in the second sum. 
11.3 Identities Associated with the Moduli 3, 6, and 12 


Just as G(q) and H(q) played a central role in Section 11.2, the three infinite 
products 


Gea) := (4°; 9°)2.(9°: Joo = > (-1)"G2"" = v(-<°), (11.3.1) 
Ho(q) = (454%) 00(4°; 9°)00(9°s Joo = > (-1)"G2"-?" = F(—-g, -4°), 


(11.3.2) 


JQ) = GO a(S Qe iPia= >> ger”? =F(ae@), 


n=—Co 


(11.3.3) 


are pivotal in this section. Here we have employed Ramanujan’s notations for 
theta functions given in (1.1.5) and (1.1.6) in Chapter 1. In each of (11.3.1)— 
(11.3.3), Jacobi’s triple product identity, given in Lemma 1.2.2 of Chapter 1, 
has been invoked to provide the theta series representation of the product. 

As for Ramanujan’s identities, we begin with one that is stated twice in 
the lost notebook. It is the fourth identity on pages 6 and 16. 
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Entry 11.3.1 (pp. 6, 16). If Ge(q) is defined by (11.3.1), then 


‘ (-a:q?)ng™ _ Gola?) (11.3.4) 


J (GDan CES 


Entry 11.3.1 is immediate from an identity in Slater’s paper [251, p. 155, 
equation (29)]. 

The next identity appears as the fifth identity on pages 6 and 16 of the 
lost notebook. 


Entry 11.3.2 (pp. 6, 16). If He¢(q) is defined by (11.3.2) and y(q) is given 
by (1.1.6) in Chapter 1, then 


sy (=P Png) _ He(—a) (11.3.5) 
— (G Qant1 ea) 


The identity (11.3.5) is again one of Slater’s identities [251, p. 154, eq. (28)]. 
A related result appears as the seventh identity on page 6 and the third 
identity on page 12 of the lost notebook. 


Entry 11.3.3 (pp. 6, 12). If He(q) is defined by (11.3.2) and y(q) is given 
by (1.1.6) in Chapter 1, then 


2 (=P :¢)ng” _ He(q?) (11.3.6) 


< (GQ)ant1 —-Y(—4) 


Proof. To the best of our knowledge, this result is not explicitly stated in the 
literature. However, it follows easily from Heine’s transformation [21, p. 19, 
Corollary 2.3] that 


a a)n(d)n es (0) 60 e Vas =f ae eh (11.3.7) 


(c)n(@)n (C)oo n(Q)n 


Replace q by q? and then set a = —q, c= q°, and t = q in (11.3.7). Then let 
b > 0 to find that 


a 
3 (=23@)ng” _ (=G 4?) 20 ie eee 
“4 (GMant1 Gd Yon. ee —GP)n+1 


7 ~ Joo ae . 

GP YZ Gi — Bee 

fe H6(q’) 
y(—q) 


’ 


where in the penultimate line we used an identity of Slater [251, p. 157, equa- 
tion (50)], and where in the last line we used the familiar product represen- 
tation for y(q) given in (1.1.6) in Chapter 1. 
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The next identity, found as the third identity on page 6 of the lost note- 
book, but incorrectly stated there by Ramanujan, is a natural companion to 
(11.3.6). 


Entry 11.3.4 (p. 6). If He(q) is defined by (11.3.2) and y(q) is given by 
(1.1.6) in Chapter 1, then 


(= q)anq"  _ He(q) 


4 (GQn(-Ga)n (4) (11.3.8) 


Proof. In this proof, we use the second iterate of Heine’s transformation given 
by [21, p. 38, last line] 


. (@)n(0)n Ni bene ~ pos n 
X40 ies aa (5) . (11.3.9) 


Replace g by q? and then set a = —q, b = —q?, c = 0, and t = q to obtain the 


equality 


SS (=93 97 )n(—97 Png” — (-9 Poo (—¢?; @2)nq” * 
4 (9; q?) (G9 )oo d (975 @)n(—@ 9? )n+1 
2G ee(HO 38 es 
Ra es . Case NS He(4) 
= H6(q) 
y(—q)’ 


where in the penultimate equality we employed another identity of Slater [251, 
p. 154, equation (28)], and in the last line once again used (1.1.6) in Chapter 
1. 


The final identity in this section occurs as the sixth equation on page 6 
and the second on page 12 of the lost notebook. 


Entry 11.3.5 (pp. 6, 12). If Je(q) is defined by (11.3.3) and y(q) is given 
by (1.1.6) in Chapter 1, then 


2 (=G@)ng” _ Je(=9)_ (11.3.10) 


<4 (GMan 9(—4) 


Proof. Again we require Heine’s transformation (11.3.7). Replace q by q?, 
then set a = —q and c=t=4q, and finally let b > 0 to discover that 


—¢°; 9" )oo x (=1)"(4,¢2)nq™ 


Ge ecg ra 
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by an application of another identity of Slater [251, p. 154, equation (25)]. 
Now, if we replace q by —q above, we find that 

Ss (G597)n(=9)" _ (975 4? Joc (Pia) 

3 


<* (=G Gan (— 49? )o0 (975? )oo 


by (1.1.6) of Chapter 1 and the definition of Jg(q) given in (11.3.3). The last 
identity above is (11.3.10) with g replaced by —g, and so the proof is complete. 


11.4 Identities Associated with the Modulus 7 


Ramanujan found three identities connected with the modulus 7. These appear 
on page 24 of the lost notebook as the fourth, fifth, and sixth identities. 


Entry 11.4.1 (p. 24). Recall that Ramanujan’s general theta function f(a, b) 
is defined in (1.1.5) of Chapter 1. Then 


oo 2n(n+1) _b/2 
S- q - a it : ~ q) (11.4.1) 
= (=G P )nlQ4s On (475 9? )oo 
°° gr a ey 
LE 7 _ ft ) (11.4.2) 
ark GT )n (97; Poo 
i g2n(n+)) —7 —_ql/2 
aie : _ fl re ) (11.4.3) 
= P)n+1(Vs W)n (P39) o0 
These identities were first found by Rogers [235]. They were rediscovered 
by A. Selberg [241] and are often referred to as the Rogers—Selberg identities. 


They are listed as equalities (32), (33), and (34) in Slater’s compendium [251]. 


11.5 False Theta Functions 


We have already encountered identities for false theta functions in Section 6.2 
of Chapter 6 and in the study of the Rogers—Fine identity in Chapter 9. In 
this section, we focus our attention on three identities that are most naturally 
proved by reference to Slater’s elaborate applications of Bailey’s fundamental 
ideas. We refer the reader to [29, Chapters 2, 3] for the relevant history. 
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Theorem 11.5.1. If 


ae 2 (45 9)n—r (095 D)ntr’ ey 
then 
S imaytene\ (22) 
Daal :Q)n (=) Bn 
_ (aq/Y; 9) 0 (49/2; Doo )n(239)n aq)" 
© (495; 1oo(ag/ (yz); oe ane rE aae q)n (“ 7 


This theorem is given by Slater [250, p. 462, equations (1.3)], with «x re- 
placed by aq. 
If we now let y > oo and set a = z = q, Theorem 11.5.1 yields 


SO(-" (qe angnertY/? Bn = (L— 9) S2(-1) greta. (11.5.2) 
n=0 n=0 


The three identities of this section are the fifth identity on page 12, the 
sixth identity on page 12, and the third identity on page 34 of the lost note- 
book. 


Entry 11.5.1 (pp. 12, 12, 34, respectively). We have 


Sv (1) (gy ng cane anton - 
so ntl. : Se (Ste a gy. . 5.8) 
n=0 qd >W)n+1 n=0 
2224) (S @ ngint3)/2 oo a ance: : 
aE a : aS (alge eg), Cb) 
n=0 qd >7)n4+1 n=O 
2 —1)” nr q* ner) oo ean , 
Dy a = ge beg): (11.5.5) 
= (—9; )an+2 ~ 
n=0 n=0 


Proof. Identity (11.5.3) follows from (11.5.2) by appealing to Slater’s table 
(250, p. 471, third line of table]. Namely, if 


ge, ifn = 4r or 4r—1, 
An = 
gb +8r+2 ifn =4r+1 or 4r4+ 2, 
and Z 
g, = En 
(97: Q)an ’ 


then (11.5.1) is satisfied. Inserting these values of a, and @,, into (11.5.2) and 
dividing by 1 — qg, we deduce that 
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— nal 
ye ae 


n=0 ian 


CO 
a s g2ntantl)+8n? S- gir Dnt) +8174 8n+2 
n=0 


n(n+1)/2 


oe 2 - 2 
dX greats res +8n+2 _ S- genres srr) 


n=0 
oe) 


=e ie gi” +n a e he gir EE. 


where we combined the first and third sums and the second and fourth sums. 
This is (11.5.3), and so the proof is complete. 
We next prove (11.5.4). Set 


2 . 
—¢®" a ifn = 4r — 2, 
2 . 
ge par ifn = 4r—1, 
An = 2 l 
ora ifn =4r, 


git +4r ifn=4r+1, 


and ? 
By = TAGE )n 
" (P5Q)2n 
Then (11.5.1) is satisfied [250, p. 471, fourth line of table]. So, we may insert 
these values of a, and 3, into (11.5.2) and divide both sides by 1—g to arrive 
at 


3 ne rg hy eee 


(qr; Q)nt1 


n=0 


CO co 
= S- g2n(ant1)+8n? +4n ce S- g2nti(ant1)+8n?+4n 
n=0 n=0 


oo F oo Pe ern 
_ S- grrr eats) Te lort) —A(n4+1) _ S- g2” 2)(4n4+3)+8(n+1)*—4(n+1) 


n=0 n=0 
ioe) 
= S (—1 Ne ge +3n Ae Yt yn" gr’ Re ae 


which is (11.5.4). 
Finally, we examine (11.5.5), the right-hand side of which is the same 
function as that on the right-hand side in (11.5.4) with q replaced by —g. 
Now we must consider (11.5.1) and (11.5.2) with q, a, and z all replaced 
by q*. Replacing ¢ by q* in [251, p. 150, equation (M2)], we obtain the pair 
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grat ae go) 
1—q* 


and 2) 
—Gd )an+1 
Bn = Pr(@) = 
(a) (qs ¢*)on41 
which satisfy (11.5.1) with q and a both replaced by q+. Hence, 


oS GV a Car s (—1)" (97; q* ong errr) 
ae Gi Q)an+2 (5 4) nti(—G Vane 
S- BN ger Pt) Baa) 
= (1-q4) So (-1)"@?? MM an(—4) 
n=0 


_ =o yo qa Sage eal 1)*g2r" "(1 Gg 


pom -Ya 4n? ds ="), 


as desired. 
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Partial Fractions 


12.1 Introduction 


G.N. Watson, in his celebrated London Mathematical Society Presidential ad- 
dress [289, p. 67], [82, pp. 334-335], noted that many of the identities that 
Ramanujan had found for the third order mock theta functions could be de- 
duced from a theta-function expansion that was, in fact, a limiting case of a 
partial fraction decomposition. In his lost notebook, it is clear that Ramanujan 
had a complete working knowledge of this method. 

In this chapter, we shall examine several identities amenable to this ap- 
proach. The only identities of this nature from the lost notebook that we 
exclude are most of those examined by Watson in [289]. It should be noted 
that in [24], several results were proved by a much clumsier technique. In 
private notes made in preparing [24], this method is referred to as “pseudo- 
partial fractions.” It is possible that the method of [24] may apply in some 
situations in which partial fractions do not apply; however, to our delight, this 
is not the case with the formulas in the lost notebook. 

In many of the identities to be considered, we encounter the q-series 


5 (-1)"(q;¢7)nq” 

& (—a9?; 4?) n(—4?/05 @?)n’ 
which provides a partially unifying thread in this work. The case a = 1 of 
this series has been called a fourth order mock theta function by R. McIntosh 
[196], and as such has been related to the Mordell integrals in both [24] and 
[196]. 

In Section 12.2, we present the fundamental partial fraction decomposi- 
tions. Section 12.3 then features those identities that follow most easily from 
the fundamental identities. Section 12.4 contains further identities that are 
appropriate for this chapter; they are closely related to the q-series from Sec- 
tion 12.3. However, these identities often require some tools besides a partial 
fraction decomposition. 
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We conclude this chapter with some speculation about the role that partial 
fractions may have played in Ramanujan’s general outlook on q-series. 

Throughout the sequel, we frequently need to show that certain series, 
usually theta functions, vanish identically. Usually, the argument one needs 
is elementary and arises from a judicious change of the indices of summation, 
showing that the sum in question is equal to the negative of itself. Alterna- 
tively, to make the same deductions, we can employ two elementary results 
about Ramanujan’s theta function f(a,b) (defined in (1.1.5) of Chapter 1) 
from his second notebook [61, p. 34, Entry 18(iii), (iv)], namely, 


f(-1,a) =0 (12.1.1) 
and 
f(a,b) = aP PV /2pr(@—Y)/? F (a(ab)”, b(ab)-”) , (12:12) 


where n is any integer. 


In manipulating products, we frequently use Euler’s famous identity 
! ( ) (12.1.3) 
Ta, —~ 4 @) oo: wl. 
(45.9? )oo 


Throughout this chapter, we shall be taking limits as N — oo of various 
special cases of (12.2.1) below. In taking such limits, we shall repeatedly use 
without comment 


li q q :Q)n = ( Legere, 


12.2 The Basic Partial Fractions 


The fundamental identities in this section are all specializations of Watson’s q- 
analogue of Whipple’s theorem [140, p. 242, equation (III.18)]. If a, b, c, d, and 
e are any complex numbers such that bcde # 0, and if N is any nonnegative 
integer, then 


a, qx/a, —q,/a, 6, c, d,e, q~7% “| 
8Y7 


— aq aq aq ad ;q, —— 
Va, Va, b? Cc? d’ Sag 2 bcde 


a a 
(aq)x (4) wa d,e,q7N 
= Fagy ag — 493 | aq aq deg-Ni%9|- (12.2.1) 
Cele Me 


Although we cannot find a statement of this theorem in Ramanujan’s works, 
he recorded many deductions from it. In particular, see [61, p. 16, Entry 7] 
and the pages immediately following. 
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If in (12.2.1) we let a = 1 and b=1/c, let d,e — ov, and then divide both 
sides by (1 — c)(q)n, we obtain, after some algebraic simplifications, 


aan +> fe] ne e-e) 
> Ne 


where |] denotes the Gaussian polynomial defined in Lemma 8.2.1 of Chap- 
ter 8. Clearly, the left side of (12.2.2) is the classical partial fraction de- 
composition of the sum on the right side. For brevity, we have deduced 
(12.2.2) from (12.2.1). However, one can prove (12.2.2) ex nihilo by noting 
that the right side is a proper rational function of c with simple poles at 
c= q-%,q-%*1,...,q°,q',...,q%; the residue at each of the poles may be 
calculated using nothing more than the g-Chu-Vandermonde summation [140, 
p. 236, equation (II.7)]. 

Our main interest in (12.2.2) lies in the limiting case N — oo. We note 
that each side converges uniformly for |g] < 1 — e, for each € > 0, because of 
the quadratic exponents on q. Hence, letting N — co and collapsing our two 
sums into a bilateral series, we conclude that 


— (12.2.2) 


oo ( 1)"q n(3n+1) 


ye ae ee 


@e 2s : (12.2.3) 


C)n+41 Oar 


Our next specialization of (12.2.1) closely resembles (12.2.2). In this case, 
we take a = q, replace c by cq'/?, then set b = q'/?/c, and let d and e tend to 
oo. We then divide both sides by (1 — cq!/?)(1— q'/?/c)(q?)n, and after some 
algebraic simplification, we find that 


as 3n(n n 
ye Gh ee fs ip ae 
=o be (Q)ntN41 L—eqrtl2 © @— qnti/2 


a CagiP) — (12.2.4) 


Again, this is a classical partial fraction expansion, and again, it can be proved 
directly by residue calculations that involve nothing more than the g-Chu-— 
Vandermonde summation. As before, we are most interested in the limiting 
case as N — oo, which is given by 


1 CO 
@om 


n=—Co 


a eae a 9° gr +n 
Legh tlle (eg yt (a4 Oar 


(12.2.5) 


We require two further specializations of (12.2.1). Each may be derived by 
first taking N fixed and then letting N — oo. However, for brevity, we include 
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only the limiting cases. The first is actually equivalent to the last formula on 
page 1 of the lost notebook, and is given as identity (3.4) in [24]. 


Entry 12.2.1 (p. 1). Forc 40, 


(45 97) oc > qnre => ("GG ng (12.2.6) 


(G77 07 ep oe I Picg? —6 7 )n41(-@/65 97) n 


Proof. The result follows directly from (12.2.1) if we replace q by q? and c by 
—c, then set a = 1, b = —1/c, and d = q, and finally let e and N tend to oo. 
Multiply both sides by (q; q”)o0/{(1+¢)(q7;q@7)oo} to complete the proof. 


Secondly, 


Cs a 20 Die PL tnt tg D@nt) (=a 4")ngt” 
i = a —Prtti[e) + (eq q?)n41(9/e5 9?) n41 
(12.2.7) 
This result follows directly from (12.2.1) if we replace q by q?, then replace c 
by cq, then set a = q?, b= q/c, and d = —q, and finally let e and N tend to oo. 
Multiplying both sides by (—g?; q?)oo/{(1 — eg) (1 — ¢/c)(q4; q7) 0} completes 
the proof. 
Our last partial fraction expansion arises from a well-known corollary of 
(12.2.1), namely [140, p. 238, equation (II.20)], 


a, qa, —qV/a, deqo™ N+1 (aq) Nn (=) 
é :q, ——| = WN... (1928) 
615 aq aq N41- > de (=) (=) ; ror 
va, — a ee d/n\e/n 


Equation (12.2.8) is merely (12.2.1) with b = aq/c, which trivially reduces 4¢3 
to 1. 
If we set a= 1, d=1/c, and e = c, and divide both sides by (1 — c)(q)n, 


we find that 
N 
aang ery? 1 1 
aan oo, [= (Q)nt+Nn (Ge —F) 
_ (Q)Nn 
(c)w41(¢/¢)N 


As before, we let N — ov, and after some rearrangement, we deduce the 
following theorem. 


Entry 12.2.2 (p. 1). We have 


3 HEE 2? on oor (12.2.9) 


1 — cq” (C)o0(G/C)oo 


n=—Co 
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This is, in fact, the well-known expansion for the reciprocal of a theta 
function and is equivalent to the next to last formula on page 1 of the lost 
notebook. Another formulation is found on page 59 of the lost notebook, 
where it is recorded as the generating function for cranks. For applications of 
this formula to cranks, see the papers by Berndt, H.H. Chan, $.H. Chan, and 
W.-C. Liaw [68, Theorem 8.1], [69]. The oldest reference we have for (12.2.9) 
is the book by J. Tannery and J. Molk [273, Section 486, pp. 134-136]. Entry 
12.2.2 is also equivalent to a theorem discovered independently by R.J. Evans 
[136, eq. (3.1)], V.G. Kaé and D.H. Peterson [169, equation (5.26)], and Kaé 
and M. Wakimoto [170, middle of p. 438). 


12.3 Applications of the Partial Fraction Decompositions 


In this section, we analyze eight identities from the lost notebook that are 
fairly direct corollaries of the general identities in Section 12.2. 

We begin with the third identity on page 8 of the lost notebook (also 
proved in [24, p. 18, equation (3.8)]). 


Entry 12.3.1 (p. 8). If w(q) is Ramanujan’s classical theta function defined 
in (1.1.7) of Chapter 1, then 


(n+1)? oo a gr +3n+1 


ss (=4 T)nd aoe a (12.3.1) 


= (G4 rai = 


Proof. Apply (12.2.7) with c = 1 and recall the familiar product expansion 
for ¢)(q) given in equation (1.1.7) of Chapter 1. The result then follows. 


Next, we examine the fifth formula on page 8 of the lost notebook (also 
proved in [24, pp. 18-19, equation (3.8)]). 


Entry 12.3.2 (p. 8). Recall that Ramanujan’s theta function y(q) is defined 
by (1.1.6) in Chapter 1. Then 


4)nd™ 5 ED ng FY" 
Le etna Ga a aedam ae 
(454° )oovA(=9) (12.3.2) 


~ (4; Qoo(—G/45 Qoo 


Proof. Let L(q) denote the left side of (12.3.2). Then, by (12.2.6), (12.2.7), 
and lastly (12.2.9), we find that 


Qn? +n 


L(q) = woe 2S = aq2” 
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oe) (1 + g2?thygrt)@nt1) 
-( ei 1/a) a (1 + aqgzn+t)( 1 +4 q?"*1/a) 


eri 
(q; q PV Po n(2n+1) eed gt H(2@n+1) 
Cater ig ee Lig es 
(12.3.3) 
(GP) wa (—1rgrtD/?? 
cs, eae, aie ie ee 129.4 
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(97; G)oo(—45 9) 00(—4/43 q)oo 
_ (GP )wo¥(-9) 
(—4; 9) 00(—4/43 q)oo 
where we have used the product representation for y(—gq) given in (1.1.6) of 
Chapter 1. 


Next, we prove the second identity on page 4 of the lost notebook, which 
we also proved in [24, p. 20, equation (3.11)]. 


Entry 12.3.3 (p. 4; First Version). 


(DG? = —<D"GO)n 
eae: acca es 9G Dn (— Tn 
(G 9? )ooP(—4) 
2(—agq; q)oo(—q/a; Doo 


This identity has an obvious problem; namely, the first series on the right 
side of (12.3.5) is clearly a divergent series. However, as was noted in [24, 
p. 37], 


(12.3.5) 


Co 


(-1)"(aG Qnl(Ga@)n - 
Gar s =0 (4G @)n(—eagq; g)n(—agq/a3 Qn 


_ (459?) c0 > (1+ 1a)(1+a)grt? (12.3.6) 
~ 22 Jen 4 A Fag) tetfay 7 
which follows from (12.2.1) by replacing a by a, then setting b = —1/a, 


c= —a, d= —e = ,/q, and finally letting N — co and a > 1~. Thus, we 
replace the divergent series on the right side of (12.3.5) by the right side of 
(12.3.6) and restate the entry. 
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Entry 12.3.4 (p. 4; Second Version). 


Co [oe) 


oy (-1)"(qq2)nq” (4, ox S. (1+1/a)(1+a)q 


—aq?; q*)n(—97/4;97)n — 2(475 9? Joo (1 + ag”)(1 + q”/a) 


n(n+1)/2 


=— Co 


GP )ool(-a) 
cna ae. ee) 


Proof. There are obvious similarities between Entries 12.3.2 and 12.3.4, which 
we shall utilize. To more clearly light a path from the former entry to the 
latter, we shall, for brevity, set 


Si = BF gna” 


—aq?;q?)n(—9?/a; q?)n’ 
oO n(2n+1) iced (n+1)(2n+1) 
re et) ea oe Melani 
1+ aq?” 1+ aq2"t1 
n=—0o n=—0o 


oe (Segre? 


S4 = ys ia 
= BS Hag + ayn? 
= 2 Gand + e/a) 
(G5 7) o(—4) a ne MGs 
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Now, by (12.3.2) and ats we have shown that 


YS =X 
= pies 


or, since by (12.3.4) Sg — S3 = S4, we have equivalently shown that 


1 
S,—Y(S: S4) = X. 12.3.8 
Taran ¥ (82 — $4) ( ) 
Now, by (12.3.7), we want to prove that 
1 1 1 
ae Daa 


But by (12.3.8) and the obvious equality X = Y54, this is equivalent to 
proving that 


1 1 
Ba YS4 = Y Ss. 
Pa SOUE a Ol pera ag Pe 
Canceling Y and rearranging, we find that this is equivalent to showing that 
1 1 
S2 S4 Ss. (12.3.9) 


one Daa) 
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To that end, 
1 1 1 co (1+ 1/a)grrtD/? 
2 2(1 +a) 5 9 4 2 as ( + aq” \( + q”/a) 
7 oe) grint+1)/2 ES 1 > ( _ gq? =f 
ree a 2a K, t+aqr)t+aqr/a) 


because the last series is equal to its negative, which can be seen by replacing 
n by —n. Thus, (12.3.9) has been demonstrated, and so the proof of Entry 
12.3.4 is complete. 


Next on the agenda is the massive third identity on page 39 of the lost 
notebook, which we divided by 1+ a. 


Entry 12.3.5 (p. 39). Fora 40, 
oo 3n? oo 3n?74+3n41 


q 
ieee 


aq; @?)n+1(—q?/a; q?)n44 


q 
» (4; q?)n+i(—@?/a3q?)n A 
1 co 3n?4+3n4+1 2 
Ss . = (Doo . (12.3.10) 
a  (—4/a; g)n41(—4975 F)nt1 (933.93) o0(—4) 0(—4/4) o0 


Proof. To simplify the left side of (12.3.10), we apply (12.2.3) with c = —a 
and q replaced by q? to the first series, apply (12.2.5) with ¢ = —aq~!/? and 
q replaced by q? to the second series, and apply (12.2.5) with c = —aq!/? 
and q replaced by q? to the third series. The right side of (12.3.10) may be 
converted into partial fractions by (12.2.9). Upon multiplying both sides by 
(q?; @?)oo, we find that (12.3.10) has been transformed into the assertion that 


9 (Sl egenenro? oO (1) ngenrr att 
1. ae —1)rg9n(n4+1)/24+1 22 —])%gn(r+1)/2 
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However, this assertion is easily verified if we subdivide the sum on the right 
side according to residues of n modulo 3, thereby deducing that 


oS (=1)rgr ery? n ~3n(3n+1)/2 


ah Cla 
3 —  ltagth ey 1+ aq?” 


Pe —1)r (3n+1)(3n+2) /2 Koel —1)" (3n+2)(3n+3) /2 
S- ( ) q f > ( ) q 
i, Loge! oo Lena 


1)" 3n(3n+1)/2 oo 1)" 9n(n+1)/24+1 
(-)"4q ell 


oo 
= s: 1+ aq?” ys 1+ ag?rt1 


n=—Cco n=— Co 


12.3 Applications of the Partial Fraction Decompositions 269 
co lo) 
1 > (gear ant 7 q S (—1)"(1 4 rT ahead a ea 
a 1+ ag3n+2 a 1+ ag3n+2 


n=—Co n=— Co 


Now the last sum above equals 0, because replacing n by —n — 1 changes the 
sum into its negative. Alternatively, we can appeal to (12.1.1). Thus, we have 
established (12.3.11) and in turn (12.3.10). 


Our next formula, which is the first one on page 39 of the lost notebook, is 
almost a direct corollary of (12.3.10). The function on the left side of (12.3.12) 
below is f(q?), where now f denotes one of Ramanujan’s third order mock 
theta functions. 


Entry 12.3.6 (p. 39). We have 
oo 3n? oo 3n?43n41 


Cee AL cae ——— | #9) (12.3.12) 


ay ee nti(—@3@)nt1 (935 G3 )oo 


Proof. The identity (12.3.12) immediately follows from (12.3.10) if we set 
a = 1 there, multiply both sides by 2, and note that by the familiar product 
representation in (1.1.6) of Chapter 1, 

CHES ¢*(-4) 


(93; @)oo(—a39)2, (4? Boo 


The formulation of the next entry is slightly different from that given in 
the third formula on page 39 of [228]. In the aforementioned formula, set 
x = q’, replace a by aq, and divide both sides by (1+ aq). We will then obtain 
(12.3.15) below, provided that we can show that 


°° gor +6n+1 2e go” 
l-—a = : 
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(12.3.13) 
If we can prove that 
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» (02,3:14) 


for every nonnegative integer N, then letting N — oo in (12.3.14) would yield 
(12.3.13). We proceed by induction on N. For N = 0, it is easily checked that 
(12.3.14) holds. Assume (12.3.14) holds with N replaced by N — 1. Then on 
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the left-hand side of (12.3.14), the difference between the Nth and (N — 1)st 
cases is 


6N? 6N2+4+6N+4+1 
q ag®N* +6N+ 


+ 
(—aq; q°)n41(—9°/a;q®)n  (—aq; 9°) N41 


(—@?/a; 4°) 41 
_ a (1 + ag6N+1 + g®N+5 /q) 
( aq; q 8) v41(— q?/a; )N41_ 


On the other hand, on the right side of (12.3.14), the differences between the 
Nth and (N — 1)st cases is 


go(N +4)” Fi goN” 
(—aq; g°)n41(—4°/a;9°) wai (—aq; 4°) w(—4°/a; 9°) w 
g®X? (1 + ag®N+1 + g6N +5 /a) 
~ (—aq; 98) w41(—42/a; 8) 41 


Since the right-hand sides of the two foregoing equalities are identical, by 
induction, (12.3.14) is valid for all N > 0, and so as we have seen (12.3.13) is 
also valid. 


Entry 12.3.7 (p. 39). For a £0, 
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(12.3.15) 


Proof. The proof of (12.3.15) follows the same pattern as that for (12.3.10). 
To simplify the left side of (12.3.15), we apply (12.2.5) to each of the three 
series of (12.3.15), after replacing g by q°. For the first, second, and third 
sums in (12.3.15), we take, respectively, c = —a/q?, c = —aq?, and c = —a. 
Thus, (12.3.15) is equivalent to the assertion that 
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z ye gen(an+s) 
where we have dissected the sum after the first equal sign according to the 
residues of the index modulo 3. Now deleting the identical sums from each 
side above, multiplying both sides by (q°; q°).., and invoking Euler’s pentag- 
onal number theorem, given in (1.1.8) of Chapter 1, we find that (12.3.16) is 
equivalent to the assertion that 
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However, this last equality is almost immediate. The second sum cancels the 
first, and the last sum equals zero by an application of (12.1.1). The equiva- 
lence of (12.3.17), (12.3.16), and (12.3.15) reveals that (12.3.15) is true. 


Our next formula, which is the fourth formula on page 17 in the lost 
notebook, is an immediate corollary of (12.3.15). The series on the right side 
of (12.3.18) below is w(,/q), where w(q) is one of Ramanujan’s third order 
mock theta functions. 


Entry 12.3.8 (p. 17). If ~(q) is the theta function defined by (1.1.7) in 
Chapter 1, then 


foe) 2 love) 2 
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Proof. Set a= —1 and replace q by q'/® in (12.3.15). This yields, in light of 
the product representation for w(q) given in (1.1.7) of Chapter 1, 
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So we see that (12.3.19) is equivalent to (12.3.18), because 
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This completes the proof. 


We conclude this section with the seventh formula on page 5 of the lost 
notebook, also proved in [24, p. 17, equation (3.2)]. 
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Proof. To prove (12.3.20), return to (12.2.1) with q replaced by q?, a = q’, 
d = —q, e = —q’, and N + oo. Then set b = q/a and c = aq. Multiply the 
result by g(1 + 1/a)/{(1 — aq)(1 — g/a)}, cancel 1/(1 — q), and also multiply 
both sides by (—q; q)oo/(¢7;q)oo- After algebraic simplification, we find that 
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where we used the product representation for y(—q) given in (1.1.6) of Chap- 
ter 1. 


12.4 Partial Fractions Plus 


The first result of this section arises from Bailey’s transformation [49, p. 196, 
equation (2.4)], which we now describe. As usual, the bilateral basic hyperge- 
ometric series ,~, is defined by 
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Bailey’s transformation is then given by 


es i 2B, a _ (02) 00 (82) c0(19/(282)) o0(44/(A82))o0 


oF (4/0) 00 (4/B)00(Y)20(8)co 
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where f(a,b) denotes Ramanujan’s general theta function, defined by (1.1.5) 
in Chapter 1. 


Proof. We apply Bailey’s transformation (12.4.1) by replacing q with gq’, 
then setting a = g/t, 6 =a/q, y=T/q, 6 = aq, z =7T, and lastly letting 
7 approach 0. To obtain the final form of (12.4.2), one needs to apply the 
Jacobi triple product identity, given in Lemma 1.2.2 of Chapter 1, and also 
to divide both sides by —(1 — a/q)y(—q). 


Our next result is the sixth identity on page 5 of the lost notebook. It was 
proved as identity (3.1) in [24]. 
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Proof. We begin by noting that the right side of (12.4.3) may be transformed 
in the same manner that (12.4.2) was proved. Apply (12.4.1) with a = —q/r, 
B=-1,7y=T, z =arT, 6 = —q, and then let t > 0. We also use a familiar 
representation for y?(—q) as a Lambert series, due to Jacobi [166, p. 238, 
eq. (14)] and not surprisingly rediscovered by Ramanujan [227], [61, p. 114, 
Entry 8(v)], and then we convert it into its infinite product representation 
by (1.1.6) in Chapter 1. Alternatively, we can appeal to Entry 12.2.2 with 
c= -—1. Accordingly, we find that 
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Hence, replacing the right side of (12.4.3) by the right side of (12.4.4) and the 
series on the left side of (12.4.3) by its representation in (12.2.6), we see that 
(12.4.3) is equivalent to the identity 
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where we have used Euler’s identity (12.1.3). But (12.4.5) is simply a restate- 
ment of (12.2.9) with c replaced by —a. Hence, (12.4.3) has been proved. 


We now turn to a rather more problematic result, the fifth identity on page 
5 of the lost notebook. The technique we use is patterned after the method 
of Watson expounded in [289, pp. 67-68], [82, pp. 335-336] . We have divided 
both sides of the entry by 1+ a before stating it below. 


Entry 12.4.3 (p. 5). Fora 40, 
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Proof. If we apply (12.2.6) with g replaced by gq? and ¢ = a to the first series 


on the left side in (12.4.6), and (12.3.20) to the second series on the left side 
of (12.4.6), we find that (12.4.6) is equivalent to the assertion that 
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where we have invoked the product representations for y(—q) and ~(q?) given 
in (1.1.6) and (1.1.7) of Chapter 1, respectively. 

We now consider a partial product for the right-hand side of (12.4.7) and 
decompose it into partial fractions. In other words, we want to calculate the 
coefficients A(N,n) and B(N,n) defined by 
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(—aq?; q*) n(—4?/4; 94) N(475 9") 00 
(9; q7)2,(—a; q*) w41(—a4/a; a*) (aq; 9?) an (G/a; G7 )2N41 
N 2N 
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An _ 2n—1° 
n=—N 1 + aq n=—-2N 1 aq 


Observe that it appears that there is a pole at a = 0 on the left side of (12.4.8). 
However, it is a removable singularity. Also note that both the left and right 
sides of (12.4.8) tend to 0 as a — oo. An equality of the form (12.4.8) therefore 
follows from the Mittag-Leffler theorem. In light of the fact that all the poles 
are simple, we can compute A(N,m) by multiplying each side of (12.4.8) by 
1+ aq*” and then setting a = —q~*™. Similarly, we can compute B(N,m) 
upon multiplying both sides by 1—aq?™~! and then setting a = q!~?™. After 
algebraically simplifying each computation, we find that 
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If we let N — oo, we find from (12.4.9)—(12.4.11) that 
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We now let N — oo in (12.4.8) and use the calculations (12.4.12) and 
(12.4.13). Because by (12.4.9)—(12.4.11), the series in (12.4.8) converge uni- 
formly for |g] < 1-—, for each « > 0, taking the limits on N under the 
summation signs is justified. We therefore deduce (12.4.6), and the proof is 
complete. 


We now turn to a similar identity, which is the fifth one on page 39 of the 
lost notebook. 
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Entry 12.4.4 (p. 39). Fora £0, 
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where v(q) and f(a,b) are defined in (1.1.6) and (1.1.5), respectively, in 
Chapter 1. 


Proof. First, transform the two series on the left side of (12.4.14) by using 
(12.2.3) with c = —a and c = a, respectively, and then add the resulting two 
series together. Then apply (12.2.5) with q replaced by qg* and c = —a?/q. 
Replace y(q) by its product representation given in (1.1.6) of Chapter 1. 
Finally, apply (12.1.2) with n = 1 and then use the product representation 
for f(a”, q?/a?) from Lemma 1.2.2 of Chapter 1. After all of this, we find that 
(12.4.14) is equivalent to the identity 
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As with (12.4.7), we prove (12.4.15) by considering a partial fraction decom- 
position for a partial product truncation of the last expression on the right 
side of (12.4.15). To that end, write 
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As was the case with (12.4.8), it appears that there is a pole at a = 0 on 
the left side of (12.4.16), but as before, it is a removable singularity. Also 
note that both the left and right sides of (12.4.16) tend to 0 as a > ~, 
and so an equality of the form (12.4.16) therefore follows from the Mittag- 
Leffler theorem. In light of the fact that all the poles of the quotient on 
the left side above are simple, we can compute C(N,m) by multiplying each 
side of (12.4.16) by 1 — a?q?™ and then setting a? = q~?™. Similarly, we 
can compute D(N,m) upon multiplying both sides by 1 + a2q*™*+ and then 
setting a? = —q~*”—!. Upon simplification, we find that 
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If we let N — oo in (12.4.17)—(12.4.19), we find, after much simplification, 


that 
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Furthermore, it is clear from the representations for C(N,m) and D(N,m) 
given in (12.4.17)—(12.4.19) that the series on the right side of (12.4.16) con- 
verge uniformly for |q| < 1—, for each € > 0. We may then take the limit on 
N under the summation sign in (12.4.16) and use (12.4.20) and (12.4.21) to 
confirm the truth of (12.4.15). 


We now turn to Ramanujan’s first assertion in the lost notebook, the 
first identity on page 1. Perhaps it is to be expected that its proof is more 
intricate than any other in this chapter. The proof that we have fashioned 
requires several different g-series devices to accomplish the task. 
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Proof. If we repeat the argument given at the beginning of the proof of Entry 
12.3.9, we deduce that 
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Next, we apply Theorem Az of [12], namely, 
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with t = q?, b = q, c = 0, and a replaced by ag. After simplification, this 
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Hence, in light of (12.4.24), we may transform the right side of (12.4.22) to 
find that 
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where to obtain the last line, we replaced n by n+ 1 in the first sum and n 
by —n in the second sum of the previous line. Observe that in the last line we 
have used the calculation 
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Now let, as is customary, 
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We use below Ramanujan’s famous ;w, summation [61, p. 34, equation (17.6)], 
[29, p. 115, equation (C.2)] 
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and the special case [29, p. 115, equation (C.3)] 
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which arises from (12.4.26) by replacing t with t/a and letting a > oo. 
Returning to our avors above in (12.4.25); employing (12.4.27) twice, ne 
with q replaced by q?, b = q/a, and t = z, and second with q replaced by q?, 
b = q, and t = 1/(az); utilizing the Jacobi triple product identity (Lemma 
1.2.2 of Chapter 1); and lastly using (12.4.26) with q replaced by gq’, with a 
replaced by g/a, and then with b = q?/a and t = azq, and then dividing both 
sides by 1 — q/a; we find that 


_ (Deo 5,0 > (=1)"q™ "2% Sy (-1)™a™g™ 2 
RO) = (ag ao | De (q/4;@?)n » a? Van 
_ _(-49)0 20) BT ool G12; "oo (G"i Pee 
(aq; 9?) o0 (a/(42); 4?) 00 (4/45 97) o0 
J (1/(42z); 97) 00 (429q75 G7) 00 (975 97) 00 
(429; 97) 00(95 97) c0 


= ~[2"](1/(az); 7) 00(42975 97) 00 (975 oc 


(—2) (1/2; 47) 00 (297; g)00(4?; 97)2, 
Dia ie (4/95 4?) (429; 97) 00(4/(42); 9?) oo 


> (1g DP on _ (6 Goo (G/ti DoolG Dow (12.4.27) 


n=—Co 


m>=—Cco 


= —ngn?—n yn > __(azq)™ 

“de ae (2) ogee 

_ alee Samanta Ayartg 

es p> 1— gta 

_ (doo 5 (=a te 

~ A(J)oo 2s. 1—@rtt/a’ (12.4.28) 


where we replaced n by n+ 1 in the last step. 

Noting that the right sides of (12.4.23) and (12.4.28) are identical, we con- 
clude that their corresponding left sides are also identical, and this completes 
the proof of (12.4.23). 


12.5 Related Identities 


In this section, we prove three results. Two of these involve some of the series 
that have arisen in previous sections of this chapter, but they are not proved 
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using partial fractions. The third result was effectively proved by Watson in 
[289], and so we relegate it also to this section. 
We begin with the second identity on page 8 of the lost notebook. 


Entry 12.5.1 (p. 8). We have 


(97 g7)ng?t? SS (-a3 ng tt)” mee 
S ( : 2) — Ss ( : 2)2 ; ( ners ) 
n=0 G3 WV )n4+1 n=0 qq n+l 


Proof. We follow the proof given in [24, pp. 28-29] for identity (3.6) of that 
paper. We first employ a transformation formula from Gasper and Rahman’s 
treatise [140, p. 241, equation (III.9)], namely, 


a,b,c. de] — (€/4;q)0(de/(be); q) oo a,d/b,d/c. e 
ane id =|-¢ Die bags ie de/ (be) #% <|. 


Replacing q by q? and setting a = q’, b = —q3/T, c= —q, and d=e = q’, we 
find that 


S(=G 7 )ngQ@ety” —¢/ aid iP )n(Pid?)m on 
d (4597) ~ 7 rake (9? @?)n(q3; 9?) n 
= ae = vig 2) 8 
ee oe Oe 
Lage, G Pn 
_< ae 
= 2s (Giq7%)nt1 


as desired. 


We now turn to the first identity on page 8 of the lost notebook. This 
formula contains series that are specializations of series already examined in 
this chapter; see (12.3.11). Thus, this is a natural place to include this result, 
even though the methods of proof do not involve partial fractions. 


Entry 12.5.2 (p. 8). If y(q) and w(q) are defined by (1.1.6) and (1.1.7), 
respectively, in Chapter 1, then 


(a4) ne” ~ (=g)eng"t! g(a) 
Ea = 12.5.2 
dX (age * 2 enn (-4?) 


A(q) = 3 eee (12.5.3) 


12.5 Related Identities 281 


and 


u(q) = 3 (DG eng (12.5.4) 


2 2s W2)2 
pee ee oa ae 


Then (12.5.2) can be written in the more succinct formulation 


u(—q?) + 4A(q) = ath (12.5.5) 


In the following analysis, we shall employ the g-binomial theorem [21, p. 17, 
Theorem 2.1], (61, p. 14, Entry 2] 


‘ (45 Q)n yn _ (ab Q) oo | (12.5.6) 


<4 (Gn (t; Q) 00 


Now, by five applications of (12.5.6), first with g replaced by q*, a = —q?, and 
t = q*"*4, second with q replaced by q?, a = —q, and t = q*”*!, third with 
q replaced by q?, a = 0, and t = q*”*!, fourth with q replaced by q®, a = 0, 
and t = q*("+), and fifth with q replaced by q*, a = —q?, and t = q’, 


A(q) = 9 (6 PnP?) n( PP ng 
(P50 )a(—O3 Oana 

gee 

a *)n+1 


4n+6 n+1 


—93 9) n(—9*"*; g*) 009 
(750? nae ta) 
Cera ee qq 


q)n 
5D )oo A= (9? 0? 


2 n+1 4m(n+1) 


(=? 4) md 
» Cig. 


m=0 


q 
Jn 


Am+1 (—qt™*?; O" lies 


(-975¢*)0o M4, e. (q4°475 4?) 00 


Am 
tris Be (a4 a 


2m(q4; q*)m 


= 8.8 q 
=P oe De SO? in (Gog he 


co n(4m-+1) 


= 00 aa cor 
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OF n SL Am(n+1) 
8.8 q qd 
=UP31 oo 
oe Das 2 (48; @8)m 
8 — q" 
G37 )oo 
O10 Pea 
=a & (q; i pe oa: q Git ee > (q*;q°)ng?” 
a Janti (97; 4" oo A= ees 
2 se ae oS 4 gine > s a o) 2 @ ng?” 
<4 (P35 )onti (97; 9? )oo 3 O)n 
4) 2(n+1) 8. and 
-yf ae )n 4 gf if) "Jeol =a" 5a o . (12.5.7) 
(85 4*)n41 (045 )o00(475 9") co 
If we now define a6 
Gee. Jn gry, (12.5.8) 
n—0 2\ tl 
then we may write (12.5.7) in the form 
(9°; 4°) o0(—4*; a") 00 
q) = a(q?) +4 12.5.9 
rane (94; 4 )o0(9?5 Goo 
Now, by (12.5.1), 
co 7 8 (n+1)? 
aq) = > (Gand (12.5.10) 


ee AGP a. 
and so, by (12.3.2) with a = 1 and q replaced by —gq, we find that 


u(—q) + 4a(q) = Es. , (12.5.11) 


Hence, if we replace q by q? in (12.5.11), use the resulting equation to eliminate 
a(q’) from (12.5.9), and use the product representation for y(q?) from (1.1.6) 
of Chapter 1, we see that 


2 ANE esl OG ese vg (Ge os =0 5 ees 
EOE TINGS (a7; 42, (—a4 942, | 7 Cora micacg 


Using Euler’s identity (12.1.3), the representation f(1,q*) = 2w(q*) ((61 
p. 34, Entry 18(ii); p. 36, Entry 22(ii)]), the product representations for y(q) 
and w(q), given in (1.1.6) and (1.1.7), respectively, of Chapter 1, and consid- 
erable elementary product manipulations, we finally find that 


ae) Sr Yes 4, 4\2 (2, 4y4 4, 4)2 (4, 4y4 
rm aC ae ere ie {(@4307)2,(-—073 a4), + 4a(a4s o7)3,(-473 a5} 
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= TB a {p?(q?) + 4qv?(q*)} 


= an (12.5.12) 
where we have used the identity 
g(a?) + 4qv7(a") = 9°), 
which follows from adding the two elementary identities 
9"(q) — 9*(-4) = 8qh*(q"*) and (gq) + ¥°(—4) = 29°(4"), 


found as Entries 25(v), (vi) in Chapter 16 of Ramanujan’s second notebook 
[227], (61, p. 40]. Since (12.5.12) is (12.5.5), which is what we wanted to prove, 
the proof of (12.5.2) is complete. 


We conclude with a result effectively proved by Watson in [289, p. 72], [82, 
pp. 339-340]. Watson [289, pp. 62-63], [82, pp. 330-331] clearly suggests that 
it is strange that Ramanujan was unaware of such a result as this. Indeed, it 
is now clear that Ramanujan knew everything Watson knew, and much more. 


Entry 12.5.3 (p. 32). Fora 40, 
oo 8n? oe /2 


q 
ads (—a?; g®)n41(—98/a?; g® = Vid aq," 


n=0 


)n+1( —q/a;q?)n41 


grentt): v7 (-4a*)(q45 dco 


+ Dor —aq': @8 oC ®n41 a apaqa/ayfia?qta/a2)’ (12.5.13) 


where f(a,b) is Ramanujan’s general theta function in (1.1.5) of Chapter 1. 


Proof. Applying (12.2.3) with q replaced by g® and c = —a? to the left 
side of (12.5.13), applying (12.2.5) with q replaced by q? and c = —a and 
then with q replaced by q®? and c = —a to the two series on the right side of 
(12.5.13), utilizing the Jacobi triple product identity (Lemma 1.2.2 of Chapter 
1), and employing the product representation for y(—q*) arising from (1.1.6) 
of Chapter 1, we see that (12.5.13) is equivalent to 


a 2 (— 1)%qi2n?+4n a q > (—1)"%q3r" +30 
(230?) ee arg (Pye se Lager 
g co \"q 12n?4+12n 
(48; g)o0 SS ae 


(—97; - 9") 0004; 4) 00 


a (—aq; q?)o0(—4/4; G) o0(—@?q4; @") 00 (— 1/07} G*) oc (12.5.14) 
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Because the remainder of the proof is very similar to previous proofs and is 
highly computational, we now defer to Watson. Identity (12.5.14) was proved 
by Watson [289, p. 72], [82, pp. 339-340] in the case a = 1 by specializing 
his general partial fraction expansion [289, p. 67], [82, pp. 334-335] with his 
variable z = 0. If he had left z arbitrary, he would have proved precisely 
(12.5.14), which is equivalent to (12.5.13). We note that Watson’s proof of his 
general expansion is precisely analogous to our proof of (12.4.6) and (12.4.14). 


12.6 Remarks on the Partial Fraction Method 


In this chapter, we have considered a broad collection of results directly and 
indirectly related to partial fractions. Most of the identities we have chosen 
are related closely to what McIntosh [196] has called second order mock theta 
functions. The modular transformations of these functions were partially ex- 
amined in [24] and completed in [196]. 

Watson’s partial fraction decomposition [289, p. 67], [82, pp. 334-335] is 
presented in a form that is difficult to decode. M. Jackson [165] has stated the 
result in quite readable notation. 

It should be stressed that the ex nihilo approach to (12.4.6) and (12.4.14) 
can be used to prove every partial fraction decomposition of the type con- 
sidered here. Watson [289] used his general expansion to prove all the third 
order mock theta function identities including (12.5.13) in the case a = 1. It 
seems clear that this method was fully understood by Ramanujan and that it 
may well hold the key to many further developments in the theory of mock 
theta functions. S.H. Chan has employed partial fractions to effect a proof 
of Ramanujan’s ;w1 summation formula [120] and to derive many new gen- 
eral Lambert series identites, some connected with the theory of mock theta 
functions [121]. 
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Hadamard Products for Two q-Series 


13.1 Introduction 


The third identity on page 57 of Ramanujan’s lost notebook is given by 


fore) nn co 2n—-1 
yee ee = (13.1.1) 
( 2 ) 1 n 2n 3n 
nao Un py q¥u-G Y2-q Ya" 
where ; 
Yi (13.1.2) 
(1 — @)¥*(q) 
y2 = 0, (13.1.3) 
= (Qn +1)9q7"*" 
{og 
q+¢ n=0 
y3 = (13.1.4) 
(1—q)(1—47)(1 — @°)¥?(q) (1 — q)°0°(q) 
Ya = Y193; (13.1.5) 
and, as usual, 
> ght /2 — Carers ; (13.1.6) 


Ge). 


The series on the left-hand side of (13.1.1) is the series that arises in the stan- 
dard proofs of the Rogers-Ramanujan identities [61, Chapter 16, pp. 77-78]. 
On the other hand, the infinite product bears no relation whatsoever to either 
of the familiar products appearing in the Rogers-Ramanujan identities. For 
the worker grounded in g-series, Ramanujan’s assertion (13.1.1) is startling. 

If this were not enough, in the middle of page 26 in the lost notebook, we 
find the assertion 


oe = [ [G+ aq?" (1+ y(n) + yo(n) + --+)), (a7) 


n=1 
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where a 
( 1)igGt) 
y(n) = (13.1.8) 
So(-1 J(2j+1)q gi Ft) 
j=0 
and 
S-IPG 4 DPF | [S(t 
yo(n) = ~— —— = (13.1.9) 
YoY + YOY 
j=0 


The infinite series on the left side of (13.1.7) appears in several of Ramanu- 
jan’s identities. These were first considered in [25] and will be elucidated in 
a subsequent volume in this series. Again, one is struck by the fact that we 
should not expect such an explicit infinite product expansion for this series. 
Yet contrary to our lack of such expectations, Ramanujan not only thought 
differently, but in fact, determined the product expansion for this series. 

In order to obtain an overview of what is transpiring, one must step back 
from thinking in terms of q-series. The key lies in the fact that each of (13.1.1) 
and (13.1.7) are entire functions of the variable a. Hence, each has a Hadamard 
factorization [274, p. 246], and in each case Ramanujan is claiming that the 
products in question are, in fact, the relevant Hadamard factorizations. 

The problem in finding the Hadamard factorization is to locate the zeros of 
each function. Those familiar with entire functions know that this is usually 
a nontrivial task. A small alteration in the definition of a function has a 
dramatic impact on the location of its zeros. For example, e* has no zeros, 
while 1 + e* has infinitely many zeros, all lying on the imaginary axis. 

Our approach is to approximate each entire function by a convergent se- 
quence of polynomials whose zero distributions are determinable. In Sections 
13.2-13.7, we prove (13.1.1), and in Sections 13.8-13.11, we establish (13.1.7). 


13.2 Stieltjes-Wigert Polynomials 


In [269], G. Szegé extensively studied the polynomials [269, p. 245, equation 
(8)], (270, p. 33] 
K,(c) => "| q’ t’ 2”, (13.2.1) 
v=0 


where 0 < q < 1 and the Gaussian polynomials Ks 
8.2.1 of Chapter 8. In [269, §3], he sets g = e~!/2*” and quotes Wigert’s proof 


| are defined in Lemma 
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that the polynomials 
—] n PAT LIA Te = —1/2 
Qu(e) = eel = oe (13.2.2) 
Viagiag) S(t =@ 


are orthogonal on [0,00) with the weight function p(a) given by 


k 
p(x) = ae log? @. (13.2.3) 


see [294]. Szegé then applies standard arguments from the theory of orthogonal 
polynomials to deduce that [269, p. 250, Property III] the zeros of each K,(2) 
are simple, real, and negative. We can add a little bit to Szegd’s deductions 
from the general theory provided q is small. 


Theorem 13.2.1. For 0 <q < 1/4 and fori =0,1,2,...,n, 
(-1)'K,(-q"-*") > 0. 


Proof. From the definition (13.2.1), 


I 
iQ 
- 
Ny 
— 
| 
a 
~ 


Now for 0 < q < 1/4, we note that 


. 
~ LB] (Gao 1-q-qt@tq'’—::: 
1 1 16 


Toga aoe: i 


and since the coefficients of [3] are always nonnegative, we see that for 0 < 


B<A, 
| ee 
Bi — 


Therefore, for 0 <i<n, 
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8 32 
>1 
= ll 11-3-48 
>1 ae 
7 ll 48 
Se ees 
= ll oll 


which completes the proof. 


Corollary 13.2.1. For 0 <q < 1/4, the ith zero of K,(x) lies in the interval 
( ot ale -q'*), (es ine rere (1 

Proof. This follows immediately from Theorem 13.2.1 and the fact that 
K,,(«) is a polynomial in «x of degree n with alternating positive and neg- 


ative values at —q~!,—-q73,...,-—qv?"71. 


13.3 The Hadamard Factorization 


We begin this section by recalling that if f(z) is an entire function of order p 
with zeros 21, 22,... and f(0) 4 0, then [125, p. 174] 


f(z) = eH II (1 . =) (13.3.1) 


where H(z) is a polynomial of degree not exceeding p, 


— nlogn 
p= lim ———-—__, 13.3.2 
ri Tog(l/ lan) en 
and 3 
f(iz2= Si Ain Zs (13.3.3) 
n=0 
Let us apply this factorization to K..(z). In this case, 
—_ l 
0<p= lm wanes 
noo iL — 1 a sels 1 er nm 
oe ( a(a=@)---( "| 
q” 
— ] 
< im ie = (13.3.4) 
neo | log (4; g)oo| + n* log gq 
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Hence, e”*) is a constant, and since K..(0) = 1, we see that 


K.(z) = I (1 = =) (13.3.5) 


Furthermore, it follows from Corollary 13.2.1 and the interlacing theorem [124, 
p. 28] that z,, lies in the interval (-q°'?", —q'~?”) forn = 1,2,3,.... Hence, 
we have proved that for 0 <q < 1/4, 


2 


le) aq” co A 
= 1) 13.3.6 
dX (GQ)n U ( =) 
with —q!~2” > z, > —q7t°?”. 


What we need now is some way of obtaining explicit series for each zp. If 
we write 
Zn = —T "wa (q), (13.3.7) 


then for 0 < q < 1/4, we have q < w,(q) < qt. 


13.4 Some Theta Series 


In the next sections, we need information about 


CO 


Om,k = Omkl@) = > (-1)"n(n—-1)-(n—k+ 1g". (18.4.1) 


n=—Co 


These series are closely related to the classical theta series; indeed, in the 
notation of [292, Chapter 21], 


= 2 (qq) 
Oo,0= >. (-1)"g™ =72 = =8 13.4.2 
si ea) ) (GD). ( ) 
and ES 
a1= > (—1)"ng”’ *” = (¢?: @)%, (13.4.3) 


an identity of Jacobi [292, p. 472]. 

The following identities (most of which are scattered in the literature and 
can be derived from their definitions and fundamental properties [61, p. 34, 
Entry 18]) will be utilized in Section 13.5: 


P2m,0 = (—1)™qn™ 4, (13.4.4) 
$2m+1,0 = 9, (13.4.5) 


Pema = (—1)™ 1g" mB, (13.4.6) 
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Pom-ia = (qr "O11, (13.4.7) 
Bom, = (—1)™q-™ +16), + (—1)™m(m + 1)q-” 84, (13.4.8) 
mae = 2(-1)"* "(m+ 1)q7 "611, (13.4.9) 
Bom.3 = 3(—1)"—(m + 1)q7™ 16, + (—1)™—2m(m + 1)(m + 2)q7™ Oa, 
(13.4.10) 
Oom-+1,3 = (—L)™g- G+ 3(—1)™(m + 1) (m+ 2)q-™ O11, 
(13.4.11) 


Boma = 4(-1)™*(m + 2g "64 
+ 4(-1)"41(m +1)(m + 2)(m+3)q7™ —" O11, (13.4.12) 


where the prime / indicates differentiation with respect to gq. Each of these 

is proved in the same manner. We illustrate two proofs; the remainder are 
similar. We will see that four of the sums that arise are equal to 0. In each 
case, we can demonstrate this by taking the terms with negative index and 
replacing n by —n — 1. First, 


Co 


2 
eee = SS (—1)"n(n = 1)q” +n+2mn 


n=—Co 


= (-1)™q7™—™ S$ (-1)"(n-m)(n— m— 1g? 


(sy qm yc (n? +n — (2m + 2)n+m(m+1))¢ re 


=0+4+2(-1)" (m+ Ng Oey +0, 


and second, 
b2m,3 = 3 (-1)"n(n = 1)(n = 2)qh +?" 
=e 1)"(n = m)(n — m= 1)(n— m= 2)q™ 
=(-1)” = ed (n3 — 3(m+1)n? 


+ (3m? + 6m + 2)n — m(m + 1)(m + 2)) qr. 
= (-1)™q-™ (0 —3(m + 1)q6), + 0 — m(m + 1)(m + 2)64) . 


Comparable formulas can be found for all @,,, and elegant formulas for 
the coefficients can be produced using the methods of [44, Section 2]. 
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Theorem 13.4.1. Both gd” Oom,k and gt ™ Bomb 1k are analytic functions 
of q inside |q| < 1. 


Proof. We have 


q” Oam,k = S- (—1)"n(n —1)---(n-—k+ Lg)” 
=(-1)" SO (-1)"(n-m)(n-m-1)---(m—m-k+1) 
and 
q *omtik = S- (—1)"n(n —1)---(n— b+ lg tn" Hert) 
= (=1)” S- ( 1)"(n m)(n m 1)---(n—-m—k+1)q"*, 


from which the desired conclusions immediately follow. 


Corollary 13.4.1. icles acl aes is analytic in q for |\q| <1. 
Proof. We have 


2 2 
ght) Oy vik =q' (q + 65.41,4) 


and ; 
gh#—D 65,6 = qh *H (gh O2y,k) 
So our assertion follows from Theorem 13.4.1. 


13.5 A Formal Power Series 


Theorem 13.5.1. Let y; = yi(q), i = 1,2,3,..., satisfy, for each N > 0, 


NAS j qa J)(N—Jj+1)/2 
Cor N-j 


1 Kate tky ka... kig - Syke 
»; (—1) Vy - au G+ Lkitethy | 0, (13.5.1) 
ky +2ko+--+jkj=J ky ..+k,! 


where kj > 0,1 <%< gj. Then each y; is a uniquely defined function of q 
analytic inside |q| < 1, and the following identity holds as a formal power 
series identity in z: 
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Proof. We begin with N = 1 in (13.5.1) which asserts that 


—q0 
0= ee ia. 
—q 


Hence, by (13.4.4), 
o 04 7 1 
”"0-VEP 0-90" 


which we observe in passing is identical with the y, appearing in (13.1.2). 
For N = 2, in (13.5.1), we see that 


(13.5.3) 


3 
qd qd 
0= Og 9+ 
(aq2 °°" 4) 
and by (13.5.1), (13.4.9), and (13.4.6), 
yg = Y1 Ge q021 ) 
O44 2 (1 = q) 
_ ( 04911 = 04 ) ae. 
O14 (1 - q)O141 (1 = q) 
which coincides with (13.1.3). 
For N = 3, we find that 


1 ( GO40 ©g?yi93,1 — qy702,2 us 
(aq3 (G2 2(1-q) 6 


and, after simplification, with the use of (13.4.4), (13.4.7), (13.4.8), and 
(13.4.11), 


yi 91,2 


y10e1 + — y201 1, 


¥3 =o 


ee qt+¢q q (; 0, 1 ss) 
— 


Gaw@  G-OV@\2 & 6 As 
2. (2n — 1)q?"-1 
1-— 2n-1 


3 
= q 
ogee sun n=l (13.5.4) 


(Gast) (A 9) b°(a) 
where the final step requires logarithmic differentiation of the product rep- 
resentations of 64 and 0,1. We therefore have a result coinciding with the 
formula for y3 in (13.1.4). 
Putting N = 4 in (13.5.1), we find that 


1 (4650 1841 Py7 93,2 
Ya = + + 
Ar\(aasa (G93 2aGa)e 


qy} 02,3 4 W021 4 yO, 
6(1 — q) l-—@q 24 


+ 


ae nuntra): 
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Using (13.4.5), (13.4.6), (13.4.7), (13.4.9), (13.4.10), and (13.4.12), we may 
simplify this latter expression to one involving 04,64,01,1, and 0. Thus, 
after simplification and the use of (13.5.3) and (13.5.4), we deduce that 


2(q+q°)ui oe (Hs q 7) a oags 
1— g)(1 — q’) i 64 3 O14 j 


which is in agreement with (13.1.5). 

For larger N, we see that yy always appears uniquely in (13.5.1). Indeed, 
the only term containing yy arises from ky = --- = ky_; = 0 and ky = 
1, j =N. This term is therefore 


aes 


—yn 11. 


Consequently, for N > 1, we see that 


f ) J N J 1)/2 


(4) N-3 
k ka kj 
As ss (-1)"y7 »+ Yj" ON-541,k 
KalRol--» ie! 
ky +2kot--+jkj=3 ete oe 
k:=ki+kot+--+kj,ki>0 
excluding 

ky=-=kn—1=0,kn=1 


and proceeding by mathematical induction on N with the use of Corollary 
13.4.1, we see that each yy is analytic in q inside the unit circle. 

Now we turn to (13.5.2). Clearly, the left-hand side of (13.5.2) defines a 
formal power series in z and q. While it first appears that (zg”*}; Dog? t” 
might contribute a negative power of g, we observe that by Euler’s series [21, 
p. 19, equation (2.2.6)], 


co 
Ga a = 


m=0 


(ity et ie ene 


(9; )m 


Consequently, the exponent on q is 


7 m+1 m+n+1 n+1 |n| 
= > : 
n +n+( 9 ) + mn ( 9 + 9 Zl 4 >0 


Now (13.5.2) is equivalent to 


1 dN = n n n n? n 
wee Dl CDG = em — 2p) ea dood ™, 


n=—Cco 


0 = [2°] 


for every N > 0, where 
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Co 
[2°] S- Amz" = ao. 
m=0 


To find the formal Nth derivative, we need several facts. First 


d# oy " 5 (ae i (irene (eee = Be ae ee a 
ae? rae (qq): 
(—1) 2 Hight D/2+Hn 


(GQH 


Next, by the Faa di Bruno formula, 


[z qu YZ Yor” re ie 


M!n(n —1)-+-(n—k+1)(-1)*yft ys? + yi! 
kyl! > Rag! ; 


ky+2ko+--+Mky=M 
k:=ky+---+kyz,ki>0 


(For an excellent historical exposition of Fad di Bruno’s formula, see W. John- 
son’s article [168].) Also, by Leibniz’s rule, 


N N 
Steal) = @ } £90), 


j=0 \4 
Therefore, 
1 dv¥ <= 2 
lt ar (-1)"(1 — zy — z?y2 — +++)" (2q"**; goog” 1 
ee) N 
1 2 N 
—_ 1 no n-+n ( ’) 
N! 2 | d j 
n=—Cco I= 
. k; 
. jin(n—1)---(n-—k+ 1)(-1)F yf... y; 
ky lk! ---k;! 


ky+2ko+---+jkj=j 
k:isky+--+k;, ki 20 


HALEN : . ' 
ef iyv-a I)! (NI -541)/24(N—J)n 


(G3. ).N-5 
ied) ag ee (—1)kyh «ff On—s41,8 
7 yy (G9) N-j ae kylkgl «++ ky! 
k:ski+-+k;,ki20 
— 0, 


and (13.5.2) is established. 
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13.6 The Zeros of K,.(zx) 


We know from Section 13.3 that K.(z) has real, simple, negative zeros 


21, 22, 23,--.. with 
af" Sg Sag, (13.6.1) 


provided that 0 < q < 1/4. We shall sharpen this inequality. 
Theorem 13.6.1. For 0 <q < 1/4, 
Se ee ge, (13.6.2) 


Proof. We know that (—1)'K.(-—q~~1) > 0 from the proof of Theorem 
13.2.1. We also need to show that (—1)’K..(—q-”") > 0. We require Jacobi’s 
triple product identity from Lemma 1.2.2 of Chapter 1, namely, 


3 q” 2" = (4), (-20@),, (-271: 7). - (13.6.3) 
Now —_ 
Gos Sek oy cn 
ree aay eo, 
~(@ Tz PE OLE) 
a 2 
© m(Qm+1)—m2—m.—m © 


= (=4; Doo(—2975 Goo (=2715 go eae 


by (13.6.3). Hence, for any positive integer 2, 


(-1)'Koo(- 9") 
(S1ymgit sai 


(9; )2m—1 


; 21 2+47 
ye (iP )w( 5 2 ++ ‘), (13.6.5) 
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Now observing that i > 1 and 0 < q < 1/4, we see that the infinite series 
above is an alternating series and consequently has the lower bound 


27 242% 
a (1 t 5) >0 
1—q Sql) 


Hence, for any positive integer 2, 


(-1)'Kx(-q*) >0. (13.6.6) 

We already know that z, lies in the open interval (—q7'~?",—q'~?”). 
Furthermore, we have just established that K.(—q'~?") and Kx(—q-?") are 
of opposite signs. Hence, invoking Theorem 1324, we find that K..(z) must 
have a zero in (—q~?",—q!~?"), and z, is the only candidate for this role. 


Thus, Theorem 13.6.1 is proved. 


Next, we note that the zeros of each K,,(z) are algebraic functions of the 
coefficients of K,,(z), which are in turn polynomials in g. Thus, in turn, the 
zeros of K,,(z) are analytic functions of g for 0 < q < 1/4 (the domain specified 
in Theorem 13.2.1). This is an immediate corollary of the implicit function 
theorem [283], whose hypotheses are fulfilled here. Finally, for n > N the 
zeros of Ky,(z), say Gn,n, form a decreasing sequence in n (by the interlacing 
theorem [124, p. 28]). Consequently, ¢..,~ = zn is analytic in g. So, by (13.3.7) 
and Theorem 13.6.1, 1 > wn(q) > g. Therefore, we conclude that for some 
sequence {@n,;}, 7 > 0, 


oe) 

—2n } 

an = —q S Ong Q?'s 
j=0 


Hence, the equality Koo (Zn) = 0 implies that 


Sa ee 
a oe aa a = - (Chaka Pe amen ce oS ons) 


h=—oo 
carer" (Yra ?) 
Md lee) [eve) h 
j=0 n n? j 
= —~ DOE Ge i aaa) er 0S an st) 
a 


h=—oo 


h?+h— mils 4 


Therefore, 


co 


co h 
v4 P 
o= S12) eh") oxo" a) ingt?) (13.6.7) 
j=0 


h=—oo 
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and the a,,; are uniquely determined from (13.6.7) in the same way that 
the y; were determined in Theorem 13.5.1; however, this time we know in 
advance that the series }>?° 9 an,;q/ converges in 0 < q < 1/4. The change 
from Theorem 13.5.1 is that now (13.6.7) is valid as an analytic assertion for 
0 < q < 1/4 as well as a formal power series identity in q; recall that the 
derivation of (13.6.7) guarantees that there are no negative powers of q. 

The reduction of (13.5.2) to a formal power series in gq by the replacement 
of z by q” means that we must have the formal series identity 


So ang @ =1—S> yig™. (13.6.8) 
j=0 i=1 


Substituting (13.6.8) and (13.3.7) back into (13.3.6), we conclude the proof 
of our primary theorem. 


Entry 13.6.1 (p. 57). Identity (13.1.1) holds for all complex a and real q 
withO<q< 1/4. 


13.7 Small Zeros of K..(z) 


The primary consequences of our work are the remarkable formulas (13.1.2)— 
(13.1.5), which provide the series expansions for the zeros z, of K.(z). For 
example, 


zm =—-q 7*(1-qt¢ —2¢° +4q' ----) 
z= —q *(1—9@? +g — 2q* +: 4q° — 74° + 11g’ — 189° + 33q° — ---) 
23 = —q §(1— 9? + q* — 2q° + 4° — 7q" + 119° — 179° 


+ 27q'° — 43q"' + 68q'? — 112q"° + 196q'4 — ---) 
za = —q 8(1— qt +g? — 2q° + 4q" — 7q° + 119° — 179" 
27q1! 42q'2 62q'? 91q'4 138q1° 
— 213q'° + 3349" — 549q'8 + 957q"° — ---) 
25 = —q (1 — g® +48 — 2q7 + 4q® + 79° + 11g?” — 17"! 
+ 279)? — 42g! + 62914 — 90g" + 132q°° 
— 192g!” + 275q'8 — 398q9 + 59197? 
— 90097! + 1417q?? — 2327973 + 3971q74 — ---). 


13.8 A New Polynomial Sequence 


In order to prove (13.1.7), we must study a new sequence of polynomials 


298 13 Hadamard Products for Two q-Series 


n 27 
n q 
Pn(a) = (475 4°). (-4G9"), " a (13.8.1) 
(PP) a0 )S [i] ey 
Theorem 13.8.1. If p,(a) is defined by (13.8.1) and |q| < 1, then 

love) _& 

i = igi 
Jim pn(a) = De es (13.8.2) 

j= 


Proof. From (13.8.1), we see that 


lee) 25 
li n = a ‘ oo (aq; . 4 
Jim Pn(a) = (131 )oo (—a9; 9 )oo de (AP), (ane), 
= (307), (—aa; 47) ., 261 (0,0; —aq; q?, g”) 
(69°) 


= (39°), (-49; 4") ,, lim 


b 2.1. 72 b 
© b>0 (qa) (am @),,2% | aq/ Pel ; 0; ’ ) 


by Heine’s transformation, equation (9.2.8) in Chapter 9. 


Theorem 13.8.2. For0 <m<nand0<q<1, 


pa(—g -™ |) > 0. 


Proof. We know that the coefficients of [5] are positive. So assuming that 
q 
0<m<nand0<q<1z, we see that 


1 —2m-1 : " —2m+2j, 2 25 
Pn(—4@ ee ie |g Fe) eet 
(9°). j= “ Va 
. n j—2m n—-2m— j 
=) " a ig ae maa 
jom1 la? 
> 0, 


because each term of this sum is clearly positive. 


Theorem 13.8.3. For 0 <m < (1/2)(n—1) and0 <q < 1/4, 
Pn(—q 4"~?) < 0. 


Proof. We start with some auxiliary inequalities. First we recall that ae is 
the generating function for partitions with at most B parts each not exceeding 
A-— B (see [21, p. 33]). Therefore, if p(n) is the number of partitions of n, by 
(21, p. 4] and the pentagonal number theorem, (1.1.8) in Chapter 1, 
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2. 
aes (q?;47) 
_ 1 
1-@~-qGt+_qo+q"—-- 
1 1 8 
2. 4 i i 27> 
hog 9 1 — 36 — 356 Lg Lt 
(13.8.3) 


Also, 


Seg =) 0=¢") 
State =e) 
3 is 1? # 
oA (1 16 ss) ~ 1024 ~ 10’ ee) 


To avoid confusion in our subsequent calculations, we also note that for 1 < 
j < 2m, we have j(4m — j) > 0. 
Hence, for 0 <q<1/4 and0<m < (1/2)(n—1), 


1 : 2 
Os = dS KP Cees Coe qs 
56 2, 
=(q —4m—1. ca y i [sk (qr 1435, ?),-; q? 
te 3 ms (q-4m—1425, Gite: qi 


g=2m+1 q? 


= (ax 4 eee (a Gael 


2m a : : 
a S- " 5 (gr cere ae pe j (q; q leat q”? 
j=l 


q 
7 n 
re " Cae oe q? 
joam41 LI @ 
( 


a se (q; ae (a i ee eee 


2m 
+o Cec NOVO Ch Re ie ae a 
j=l JJ @ 


=—4q 


" gu am 1425. 2 
j=2m+41 IJ ¢ 
—(2m+1)? (4; ?). 


[oe) 


<—-4q 
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2m 
> " x —(2m41)?+4mj—j?+4j +4 ss " qh 
q@ 


g=2m+1 


n 


<= Pr | (gq?) - > " q! 
iq? 


ja 4 


2 oo 25 
_ -(2m+1)? 7 8 1 
ee (35) 7 y 4 


869 _(om41)? 


a 


by (13.8.3) and (13.8.4). 


The final results in this section concern a related sequence of polynomials 
Dn(a) defined for n > 0 by 


Pn(a) 1). >, E ic aia ae (13.8.5) 
j=0 
Theorem 13.8.4. For n > 0, 
Pn+i(a) — (1+ .aq?"*")p_(a) = 9?" ** py (a97). (13.8.6) 


Proof. From the definitions (13.8.1) and (13.8.5), 


g=0 
an So gi ke = 1 gt 
x 9-1 qe (-09;0"), 
n-1 
an n- i 1 
I Ne Geng") 45 


_ _ "Pr-1(09") 
(7:7), (-aa:4°),, 


Multiplying this identity by (—aq; q?)n(q?; ¢q7)oo and then replacing n by n+1, 
we obtain Theorem 13.8.4. 


Finally, we establish the positivity of p,(a) in certain intervals. 
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Theorem 13.8.5. For 0 < i < (1/2)n, 0 < q < 1/4, and -q>*"*! > a> 
—4i-1 
—q ? 


Dn(a) > 0. 


Proof. We first examine the case i = 0. In this case, —q > a > —q7', and so 
—q? > aq > —1. Consequently, for h > 0, 


1+aq7**1 >1+aqg>1-1=0. 


Therefore, every term of p,(a) is positive for a in this interval. So, 
Dn(a) >0 for -q>a>-—q"!. 

Now we assume that 0 < i < (1/2)n and 0 < q < 1/4, and also that 
—q "+! > a> —q-*-!. Thus, 


Every term of this last sum is positive, and every factor of (—aq*'t!;q),_,, 


is positive, while (1+aq**~') is negative. So to prove that P;(a) > 0, we must 
prove that 


2i-1 


= (—a9;9") 95-4 = ye "] ; (Sage neat ss > 0. (13.8.7) 
q 


j=l 


Now, 


 iteceen 1 1 1 
— (a9; 97), . = (—a)?* gD (1 1 =) (1 I =) an (1 a <r] 


; 4y2 
Sag baa a er 
S (—a)2*-1g-" (1 = g me q’) 


os §—1)2 1 1 
S(-ar 1g@ 1) (1-5- a) 
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2-1, (2i—1)? 7 
> (—a)2*-1q 7 (13.8.8) 
Recalling (13.8.3) and using (13.8.8), we see that 


2i-1 
n 5 
a. (—aq;¢°),, 4 a. oe " - (age ga7) ge 
qd 


j=l 
2i-1 
i— 1-127 8 i-1—j i—1—J) (23 i- 
> |a|2# 142 1) Ts = lal? 1 igh/DE 1—j)(2j+1+4i—3) 
j=l 
2i-1 
5 w-p2 [7 8 woh 
=a) ger 8. 7 lal 7g? 
j=l 
2i-1 
= q|2#-1 gi) i ® gti Di-P 
8 74 
j=l 
ea 8 eee ee 
> lal? 1 (2 1) (F-35e 
j=l 
0 J 
2i-1_(2i—1)? 78 1 
Bale ea ( 7 16 
671 oa 5-1)? 
= eal cee 


and with the establishment of this inequality, the inequality (13.8.7) is proved. 
This then completes the proof of Theorem 13.8.5. 


13.9 The Zeros of p,,(a) 


Theorem 13.9.1. If 0 < q < 1/4, the zeros of pn(a) are simple, real, and 
negative. If we denote them by tn4 (1 <i<n), then 


-¢' > fn >-G? > In2>-G? 
>= > tng > —¢ ° > ana > —g >: 
In general, 
—4j— res Eppes 
—q tS Tn2j+1 > — se Se In.2j42 >-q 7 3, 


Proof. The assertion follows immediately once we recall from Theorems 
13.8.2 and 13.8.3 that each of the values 


pi(—a *), Hla 8), ae Rie) 
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is positive, while each of the values 


Pn(—4”), Pn(—a*), «-.) Pn(—q “**?)) 
is negative, where 4s + 2 is the largest number less than or equal to 2n that 
is congruent to 2 modulo 4. 

If 2n—1 is congruent to 3 modulo 4, this gives n sign changes in the appro- 
priate intervals. If 2n — 1 is congruent to 1 modulo 4, then up to —q7@”"—), 
there are n — 1 sign changes, and there is one more in (—q~?"—)), —q7@”), 
In either case, the n zeros are necessarily simple, real, negative, and in the 
designated intervals. 


Theorem 13.9.2. In the notation for the zeros of py(a) given in Theorem 
13.9.1, {tn i}n>i 1s a decreasing sequence in n if i is odd, and an increasing 
sequence if i is even. 


Proof. First consider {%p,2i-1}n>2i-1. By Theorem 13.9.1, 


—4i+3 —Ai+2 
—q "> an-1 > - 


and by Theorem 13.8.4, 


Pn+1(@n,21-1) = gn, (q7a@n,24—1) ; 


Note that 
a ln 2i-1 >-q- 


and so by Theorem 13.8.5, Pn(q?2n,2i-1) > 0. Therefore, 


Pn+1(@n,2i-1) > 0. 


But by Theorem 13.8.3, 
Pn4i(—q “t?) < 0, 


and so 
—4i42 


En 2i-1 > Ln+1,2i-1 > —| , 
which establishes that {@n,2i-1}n>2i-1 is decreasing. 
Now consider {%n,2:}n>2:- By Theorem 13.9.1, 


_ —4i+2 


—4i+1 
qd > In, > —q on , 


and by Theorem 13.8.4, 


Pn41(£n,2i1) = GPS ig ainide)s 


Note that 


45 —4i+4 


qd > —qd 
and so by Theorem 13.8.5, Pn(q?@n,2i) > 0. Therefore, 


2 —4i 
> X£n,21 > —q ae, 
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Pn+1(Ln,21) > 0. 


But by Theorem 13.8.3, 
Pasig“ "*) <0, 


and so 


—4i+2 
—q > In+1,21 > Ln,2i; 


which establishes that {@n,2i}n>2: is increasing. 


Theorem 13.9.3. For 0 <q < 1/4, the entire function 
ae 2 
Poo(a) = So aq” 
n=0 


has simple, negative, real zeros x; that satisfy 


gs" Se L4 > age >%2> a a > a >%3> a >%4> ag 


> eee 
Proof. Given that poo(a) is the uniform limit of the sequence p,(a), that the 
zeros Lp; are Simple and lie in the same interval as indicated for x;, and that 
the x,,; are monotone in n, the desired result follows. 


13.10 A Theta Function Expansion 


Theorem 13.10.1. /f |q| < 1 andw=1+4¢/a, then as w > 0, 
oa 2 
(a7; 4”), (-aa97),, (-a-*a; 47), = w 5] (-1)"(2n + 1)q” *” + O(w?). 
n=0 


Proof. Using Jacobi’s triple product identity (13.6.3), we find that 


(q7;07) ., (-a9;9"), (-a-*G 4"), = p>, ar tg 
= ere ATi) 
= pre Arg" (1 — nw + i. w+ o.w®)) 


Replacing n by 1 — n reveals that 
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and 


3 car (Q)anrn=- s car(S ar 


n=— Co 


and so each series is identically zero. Therefore, 


(97; 07), (-aa;4")., (-a-"a =w we q” —" + O(w?) 


n=—Cco 


= wc (Qn + 1)q”’ +” + O(w), 


as desired. 


Theorem 13.10.2. [f 
F(a) = (9°; @°),, (a9; ¢") , (-a-*G 4"), ; 
then for any integer N, 
F(a) =a q™ F(aq?). (13.10.1) 


Proof. The identity (13.10.1) is a special case of Entry 18(iv) of Chapter 16 
in Ramanujan’s second notebook [61, p. 34]. 


13.11 Ramanujan’s Product for p.(a) 
Entry 13.11.1 (p. 26). The expansion (13.1.7) holds for0 <q < 1/4. 
Proof. We define 

F(a) := Poo(a = oan" (13.11.1) 


and 


G(a) = F(a) -1= Soa g™. (13.1.2) 


Hence, 


(7:47), (-a9:4") . (-a-*a 4), = So an" q” = F(a) = F(a) + G(a). 


- (13.11.3) 
By Theorem 13.9.3, we see that the zeros, x;, of F(a) satisfy the inequality 


| 
ys lai < ©. 
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Consequently, by the product theorem for entire functions [125, p. 174], 


yora = F(a) = Il (1 7 <) ' (13.11.4) 


i=1 
Furthermore, by Theorem 13.9.3, we know that 
—gi-2N 


Ee (13.11.5) 


IN 
where 
Y¥i(N) = O(q), (13.11.6) 


and Y;(N) is analytic in q by the implicit function theorem [283]. 
Therefore, by (13.11.3), (13.10.1), and (13.11.5), 


G(xn) = F(an) — F(an) = Fen) 
= ang’ F(an@) 


_ (Cire ™ q 
= eae tan): (13.11.7) 


Consequently, rewriting (13.11.7) and using Theorem 13.10.1 and (13.11.2), 
we find that 


Saar natiameneetne ext ae (fae) 
= -¥(N) S(-1"(2n +1)g”'*" + O(YS(N)), 
and so 7 
dren +¥,(N))""* 
= Y,(N) S2(-1)"2n +1)q” +" + O(Y3(N)). (13.11.8) 
at 


But by (13.11.8) and the analyticity of Y,;(V), we see that the lowest 
power of q appearing in Y,(V) must be gh +N, Hence, by (13.11.8) and the 
definition (13.1.8), 


2 (—1)"g?" +" 
ON eee = yi(N) (mod@"’+2%), (13.119) 
>(-1)*(2n + 1g 
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Now let 
¥o(N) = ¥4(N) — y1(N), (13.11.10) 
and substitute for Y,(N) in (13.11.8). Hence, 


Co 


S>(-1)"g™ "(1 + yi() + Ya(N))"* 
n=N 
= (vi(N) + YN) YO(-1)"(2n + 1g” ™ (mod g¥"9%). 
n=0 


Because Y3(N) = O(q2N*+2%) by (13.11.9) and (13.11.10), we find that 


CO 


(yi(N) + Y2(N)) So(-1)"(2n + 1)gh 
n=0 
= J (-1)"9" "(14 y(N))"* 


TT 
Ms 
si 
iw 

= 

3 
Q 

3 

nN 
; 


1+ (mn + 1)yi(N)) (mod 242%). (13.11.11) 


Hence, recalling from (13.1.8) that 


Co 


La y"q” “+7 = yw (N) So(- 1)"(2n+ Dg? t, (13.11.12) 


n=0 


and substituting (13.11.12) into (13.11.11), we find that 


wi(N) S\(-1)"(2n + Lg™ *” + Yo(N) So (-1)"(2n + 1g™ *” 
n=0 n=0 
=y(N) 5-(-1)"(2n + 1)q™™ 
n=0 
+yi(N SC (n+1)q” 24m (mod gon’ t3N), 
n=N 
Therefore, 
y(N) So (-1)"(n+ gh” 
AG) = yo(N) (mod q2%" +3), 

> (-1)"@n+ 19" 
n=0 


In conclusion, we see that 
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1-2N 
—4d 


~ 1+ y(N) + yo(N) 4 --* 


IN 


2N°+2N which is quantitatively 


“...” in the formula above. 


and the denominator of xy is valid modulo q 
stronger than what Ramanujan intends by the 
This completes our proof. 


W. Bergweiler and W.K. Hayman [56] and Hayman [151] have established 
very general results for large classes of basic hypergeometric series satisfying 
certain general q-difference equations, in which the zeros are prescribed less 
precisely than those in the two theorems of Ramanujan proved in this chapter. 
We conclude this chapter with a statement of Hayman’s theorem [151], which 
includes Entry 13.6.1 as a special case. 


Theorem 13.11.1. Let 
LO Ds 
Paes 


and let the zeros zn, n > 1, of f(z) be arranged according to nondecreasing 
moduli. Then, if k is any positive integer, as n + oo, we have the asymptotic 


expansion 
k 
ln = sage ( ‘. x bygr’ aa O (arm) | ; 
v=1 


where the constants b, depend ona and q. In particular, 
l+a 
(1 — q)b?(q) 


We have used Hayman’s theorem in the case a = 0 to verify the values of 
Y1,---,Y4 given in Entry 13.6.1; the difficulty of the calculations is the same 
as in the presentation we have given above. 


by =— 


14 


Integrals of Theta Functions 


14.1 Introduction 


On pages 207 and 46 in his lost notebook [228], Ramanujan recorded eight 
evaluations of integrals of theta functions. Two of these give integral repre- 
sentations for the Rogers-Ramanujan continued fraction defined by 


5 ¢ gt @ 


1 +i+i+1.+¢-’ 


lq| <1. (14.1.1) 


For example, on page 46, Ramanujan asserted that 


= 1 _ 4)5 a P49, 
Rq) = V2 ‘exp ( 7 (i=9) 20) “") 4.1.2) 


2 5 eae t 
_v5-1 
2 ‘ 3+ V5 (=e? aide & de \. 
v 2 vt Ca a ld eee ale 


(14.1.3) 


where 0 < q < 1. The first of these representations was proved by Andrews 
[26], and the second was proved by S.H. Son [255]. 

However, the deepest result is the following claim, which appears on page 
207. For0<q<1, 


Tre Ce) penta att ae 1 f° f'(-t) at 
p(-0 st) 


Coy Garr aa pe 
(14.1.4) 
where ve 
BV3 ny 1 
Ga (=) oom 14.1.5 
4 a 3/ n? ( ) 
where (3) denotes the Legendre symbol. In fact, after his formula for C, 


Ramanujan appends two question marks, indicating perhaps some uncertainty 
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about the value of C’. The formula (14.1.4) was first established by Son [255], 
but he did not determine the value of C’. The first proof of (14.1.4) that was 
also accompanied by a proof of (14.1.5) was given by Berndt and A. Zaharescu 
[86], who used an argument different from that of Son. Note that the product 
on the left side of (14.1.4) can be regarded as a character analogue of the 
Dedekind eta function. 

Quite remarkably, (14.1.2), (14.1.3), and (14.1.4) are special instances of 
one general theorem, namely a theorem on integrals of Eisenstein series moti- 
vated by (14.1.4) and proved by S. Ahlgren, Berndt, A.J. Yee, and Zaharescu 
[10]. This theorem will be briefly discussed at the conclusion of this chapter. 

Our objective in this chapter is to prove the eight integral formulas found 
on pages 46 and 207, which have been proved by Andrews [26], Son [255], and 
Berndt and Zaharescu [86]. Representations of certain products and quotients 
of theta functions as Lambert series are the key ingredients in our proofs. 

Before proceeding with some ancillary lemmas, we note some related work 
by N.J. Fine [137, pp. 88-90] and L.-C. Zhang [301]. Fine evaluated three 
definite integrals using formulas for the number of representations of an integer 
by certain diagonal quadratic forms. Zhang used the theory of modular forms 
to generalize one of Fine’s integrals and to evaluate two similar integrals. 

Furthermore, Ramanujan recorded several identities involving integrals of 
quotients of Dedekind eta functions on the left side and incomplete elliptic 
integrals of the first kind on the right side. These theorems were proved by 
S. Raghavan and S.S. Rangachari [213] and by Berndt, H.H. Chan, and S.— 
S. Huang [70]. An account of this work will be provided in Chapter 15. 


14.2 Preliminary Results 


We first review some notation from Chapter 1. It is assumed throughout the 
sequel that |g| < 1. Ramanujan’s general theta function is defined by 


aD Saye (14.2.1) 


n=—Co 


where |ab| < 1. Furthermore, define 


f(-@) = f(-4.-) = (Geo: (14.2.2) 

g(@) := f(a,a) = oe (14.2.3) 
= 3) _ (97597 oo 

V@:=faer)= ie (14.2.4) 


The product representations of these theta functions can be derived from the 
Jacobi triple product identity, Lemma 1.2.2 in Chapter 1. 

We need the following well-known transformation formula [61, p. 43, Entry 
27(iii)]. 
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Lemma 14.2.1. If a, 3 >0 and af =n?, then 
eee f(—e-7%) = pire are le 7?) (14.2.5) 


Lemma 14.2.2. Let m and n be positive numbers. Then as q tends to 1—, 


f(—¢™" v2 27 J —7? si ™m™ 
= = ~N xX 1m 
ie (m+n)|logq]» \2(m+n)|log ql m+n 


(14.2.6) 


and 
20 


CEPTET (14.2.7) 


f(g" ,a") ~ 
Proof. For a proof of (14.2.6), see [61, p. 141]. 


To prove (14.2.7), the argument is similar. By the definition of f(a, b) in 
(14.2.1), 


Co Co 
2 


fas Sy ee es Sea 
j=—00 j=—00 
where a = (m+ n)/2 and b = (m—1n)/2. Observe that 
f(q™,q") = 03(z,7) = S> (eT) ee, Im > 0, (14.2.8) 
j=-oC 


where z = —i(blogq)/2 and 7 = —i(alog q)/z. 
Applying the transformation formula [292, p. 475] 


‘ Pa z 1 
65 (21) = (in exp (=) 65 (2,-2) 


in (14.2.8), we find that 
T b log q oS m5? mjbe 
m nm a, 1 
F(a", 4") \ Tew ( da a pS is alogg © a 
re 
—alog q’ 


as q tends to 1~. 


In the sequel, six Lambert series identities are needed. 
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Lemma 14.2.3. Recall that the theta functions py and w are defined by 
(14.2.3) and (14.2.4), respectively. Then we have the Lambert series repre- 
sentations 


ng” > ng” 
lave) = oe iF a io 
SS co 3n 
on 2 “ 
(ii) e (ay? Steer poe Lea)" 
oo gor 
(iii) w?)= >> a ies 


n=0 1- q 
(iv) Pe Daas 


For proofs of (i)-(iv), see [61, Entries 3(iii), (iv), p. 223 (especially, a 
formula at the middle of p. 226); Example (iii), p. 139; and Entry 8 (ii), 
p. 114, respectively]. To derive two additional Lambert series identities, we 
need the following identity from Fine’s book [137, p. 22, equation (18.86)]. 


Lemma 14.2.4. For |q| < |t| < |q|~1, 


{(€1q; dooltiDoo}t ~ (1-23 net 


Lemma 14.2.5. Recall that f(—q) is defined in (14.2.2). For |q| < 1, 


» 7)6 —2,. 28 ©2 
(93 Qoo(t G; Qoolt 5 Qoo 1+t 4+¢71 S- Pea a ieee aia (14.2.9) 


2 _,3n—2 


(8n—1)?q?""*— (8n-2 
a =149y0 {O= “ri : a \. (14.2.10) 


Proof. If L(q) and R(q) denote, respectively, the left and the right sides of 
(14.2.9), with t = w := exp(27i/3), then 


_ : (q;9)%, 


{WG DoW; Qolt  (1—w)* {(w2a g)col(wi Doo}? 


L(g = Gx 50(WG; Qoo(W*; Doo _ 1-w 


— lt+w (g3a% — 144  f*(-a) 
Cao Gay. Gea Fa (14.2.1) 
and 
_ 1l+w -4 oe 2 k ee co ‘on 
R(q) yt Sore Big Soa 
(1—w) rae = 
22 k 
= — $wt SK (2isin mt) e (14.2.12) 
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Combining (14.2.11) and (14.2.12) and dividing both sides by (1+w)/(1—w)3, 
we deduce that 


f?(-¢) =F iv3(1 w)? s { (3n Lge (3n = egee* } . 


(5) - w(1 +w) mae! i goo = qe 


After some simplification, we complete the proof. 


L. Carlitz [107] was evidently the first mathematician to prove Lemma 
14.2.5. 


In our proof of Entry 14.3.6, a different representation for f°(—q)/f?(—q°?) 
arises, and we establish this in the next lemma. 


Lemma 14.2.6. For |q| < 1, 


9 oO Nn 2n 3n An 5n 
Ss i 6 
Fd _; 9st 4 cas ea (14.2.13) 
n=1 


P-#) (+a + ny 
Proof. Multiplying numerators and denominators by (1 — qg”)? and then in- 
verting the order of summation, we find that 


oe q’ gr 6q3” q’” qe” 


(gages)? 


3 
i 


l 
Ms” 
Q 


3 


Aq?” 13q4” 134°” +4q™ 2 ge” 
aa 


3 
Il 
ne 


i 
Nl rR 
ade: 
8 
Be 

3 

= 


4g?” 1a? 13q°” 4g” ge") un) 


n=1m=2 
1 ee gins gan—4 gn 
a) ys m(m — 1) (, — g3m—5 1— gamr-4 135 — gam? 
m=2 
3m—1 3m+1 3m+2 
qd q q 
135 = gpm v7 oF Ee gomti 1 ‘east | 


1 ies) rea teaiies isesd qt 
a De t lym ama a Dae PL gant 
3 oO. gar? 13 oO. grt 
To) pz m(m 1—-gm-2 8 Dy m(m 1); — gm-l 
love) gam? 1 co 3m—1 
+2 » (m 1)(m 2) 3m—2 y; (m 1)(m 2) 3m—1 
m=1 oe q 2 m=1 1 qd 
co 3m —1 a came 3m — 2 aia 
ae : 
eA i qa _ ge? 


where in the last step we merely added together the coefficients of each of the 
two distinct q-quotients. The result now follows from Lemma 14.2.5. 
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Lemma 14.2.7. For |q| < 1, 
af?(-a°) Sn?” end 
3 a a 1 n 2n* ( ca ) 
PG) eS ag 


Proof. After q is replaced by q? and t is replaced by q in (14.2.9), we let L(q) 
and R(q) denote, respectively, the left and the right sides of the identity. It 
transpires that 


L(q) = (Pee Ge lea es Gee oe) 


= = . (14.2.15 
{(47; G3) 00(4; G3 )oo }4 (39)% — f*(-4@) 
Since 
=. 2 gh, 
k*q 
DS 
we find that 
=: Go 20k akn 1S 12.-k W 3kn 
oD) yey ya He” eh Doe 
k=1 n=1 
=50e k-1 >> 3kn Sy —k-1 ge 
= q q q 1—o* 
k=1 n=1 k=l q 
oo e 1 a oo k2qh-} 
= Sv Ke q" x ) Sy > (149.16) 
| fag fae" ae er 


Combining (14.2.15) and (14.2.16), we complete the proof. 


With the left sides of (14.2.10) and (14.2.14) expressed as cubes of “cu- 
bic theta functions,” J.M. Borwein and P.B. Borwein stated (14.2.10) and 
(14.2.14) without proofs in their paper [100, p. 697]. That these cubic theta 
functions have the representations given in terms of f(—q) was proved by the 
Borweins and F.G. Garvan in [101, pp. 37-38]. A more general formula of 
Ramanujan was proved by Berndt, S. Bhargava, and Garvan in [66, p. 4212], 
(63, pp. 143-145]. 


14.3 The Identities on Page 207 


We shall use the Lambert series identities featured in Section 14.2 and asymp- 
totic properties of Ramanujan’s theta functions in Lemma 14.2.2 to prove the 
identities on page 207. 


Entry 14.3.1 (p. 207). For0<q<l1, 


Fen (2 Powe), 
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Proof. Using (14.2.3), we easily find that 


eS ea log(q°; q?)oo — log(—4?; g°)oo — 108 (GG) co + 1og(—4; a) 


= 5 ({log(1 — q°") — log(1 + q°")} — {log(1 — q”) — log(1 + q”)}). 


Taking the derivative of both sides, we find that 


by Lemma 14.2.3(i). Since y(0) = 1, we can integrate both sides over [0, q]. 
Thus, 


y(-q°) = 5 2 2/43 
oy =? | (td? (89) dt. 


Exponentiating, we complete the proof. 


log 


Entry 14.3.2 (p. 207). For0<q <1, 


ag 
pnt = exp G [Pare =) 


Proof. Using (14.2.4), we see that 


—@° oe. 
oe = D5 ({log(d — 9”) — log( + 4°"~*)} 


n=1 


log 


{log(1 — q*") — log(1+4°"~*)}). 
Taking the derivative of both sides, we find that 


ad (ie wt) 7 y (a (6n — | 
dq log) ps oA ig 
el (2n _ 3) 
_ eh t+ ees 


= = nq”! Sng? 
(Gr ) 
1 
4 


1 — (—9)*" 
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by Lemma 14.2.3(ii). Hence, integrating both sides and exponentiating, we 
complete the proof. 


Ramanujan expressed Entry 14.3.2 in terms of an indefinite integral, be- 
cause both sides tend to oo as q tends to 1~. To see this, we apply (14.2.6) to 


find that 
Ved) SER ee)... Few ( 7 ) 
wig). f(-ac—0") 3 12 log g 
Since 4 eee ; 
Se) 
t 9 tlog’t’ 
as t tends to 1~, the integral 
1 
dt 
[ eo 
q 


diverges. 
Entry 14.3.3 (p. 207). For0<q< 1, 
v(—4q) ( [ 4/42 
=exp|—2/ y(t*)dt). 
v(9) 0) 
Proof. Using (14.2.4), we easily find that 


V(-@) — (Ga )x 


¥(q) — (-43.4 oo 


Thus, 
ae = S- {log(1 ~ +) — log(1 + gry), 


n=0 
Taking the derivative of both sides, we find that 


$ (ion M2) = 5 {Geen _ Gre De” 


log 


n=0 q 
2 (2n+1)q""" 4/2 
= q S- of qint? = QW (q ), 


n=0 


by Lemma 14.2.3(iii). Noting that (0) = 1, integrating both sides over [0, q], 
and exponentiating, we complete the proof. 


Entry 14.3.4 (p. 207). For0<q<l1, 


ee) siltiegs (-5 {22 ia) 
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Proof. Using (14.2.4), we easily find that 


v(-@) — (45.97 )oo 
(gq?) (—4?5 4? oo 


Thus, 


= oat - g”—') —log(1+¢?")}. 


Taking the derivative of both sides, we find that 


d a0) io ica a (2n — 1)q 2n—2 | 
dq (8 v7) 2a ie Tee 


by Lemma 14.2.3(iv). Integrating both sides and exponentiating, we complete 
the proof. 


As q tends to 17, 
w(-q) _ f(-¢,-4°) ( 1 ) 
a ~ 2 eee 
we) fad) \Biloga| 


upon the use of (14.2.6) and (14.2.7). Similarly, using (14.2.7), we find that 


diverges. For these reasons, Ramanujan expressed Entry 14.3.4 in terms of 
indefinite integrals. 

n [7], C. Adiga, K.R. Vasuki, and M.S. Mahadeva Naika obtained integral 
representations for the ratios 


p*(+q"™) oe(tq") 
ertgh): y?(+q*) ’ wr(tq*) ” 


Adiga, T. Kim, Mahadeva Naika, and H.S. Madhusudhan [4] have found 
a pair of integral representations for Ramanujan’s cubic continued fraction 
G(q), defined in (3.1.6) of Chapter 3. 

We give two proofs of the next entry. The first is due to Son [255] and 
is expressed in terms of an indefinite integral. Ramanujan’s formulation is 
given in terms of a definite integral and the constant C' defined by (14.1.5). 
Our second proof, by Berndt and Zaharescu [86], establishes this more precise 
formulation of Ramanujan. 
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Entry 14.3.5 (p. 207). If0 <q<1 and (4) denotes the Legendre symbol, 


1/9 ry — g)\"(3) = ex c f?(-a) dq 
Ue pee xp (5 ee) a 
Proof. Let 
Aa) := 4° TJa-a"y@) 


Taking the logarithm of both sides, we find that 


log A(q) = = loga + S-{(8n — 2) log(t — 4°") — (8n — 1) log — g"4)}. 


n=1 


Taking the derivative of both sides, we find that 


d _ 1 ea (3n _ et iain —(3n = Ng 3n—2 
aq 1° A(q)) = 9q + Dy { 1_ gr = 


n=1 q i ie 
et aed) 
9qf*(—9°)’ 
by (14.2.10). Upon integration, we find that 
4 dq 
log A(q a —. 
q 


Exponentiating, we complete the et 


We now state and prove a more precise version of Entry 14.3.5. 


Entry 14.3.6 (p. 207). For0<q<l1, 
1 f* P(=) -d& 
ae q”) = exp ( CG / ) ’ (14.3.1) 
Ta 9Jq f(t) t 


C:= S70, x) = L'(-1,x), (14.3.2) 


where x(n) denotes the Legendre symbol (4), and where L(s,x) denotes the 
Dirichlet L-function associated with the character x. 


where 


We are grateful to D. Masser [194], who first informed us of the last equality 
n (14.3.2). 

Our proof of Entry 14.3.6 proceeds in four steps. First, we show that 
Ramanujan’s formula (14.3.1) implies (14.2.13), and conversely that (14.2.13) 
implies (14.3.1), except for the identification of the additive constant C. It 
then remains to prove that C’ has the prescribed value (14.3.2), which we do 
in three steps. We first show that C can be represented as the limit of a certain 
q-series as g + 1~. Second, we show that this limit can be represented by an 
integral. Lastly, we evaluate this integral to prove (14.3.2). 
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Proof. Assume throughout the proof that 0 < q < 1. Taking the logarithm 
of both sides of (14.3.1) and using the Taylor expansion of log(1 — z) about 
z = 0, we find that 


1 eS ny ng” 1 ff f?(—2) dt 
5 1osa- >> > (5) r =-C-5 CB) (14.3.3) 


n=1lm=1 


It is easy to see that 


n=1 1— q n=1 1— 
n=1 (mod 3) n=2 (mod 3) 
Differentiating (14.3.4), we find that 
_ = 1 + 2q? - 2 2q+¢' 
n-1 _ n-1 _ 
XP arep mt 
n=1 (mod 3) n=2 (mod 3) 
(14.3.5) 
Combining the two equalities of (14.3.5), we deduce that 
ng” = : 3. 
2AN3)" ~ a4 qt 2)? 
Using (14.3.6) in (14.3.3), we find that (14.3.3) is equivalent to 
_ m 3m 1 £9 
q”’-—4q 1 1 f?(—t) dt 
=-] C4 P 14.3.7 
by mata rere 9 SIT og} F548) 3 oe) 


For brevity, let L and R denote the left and right sides, respectively, of 
(14.3.7). Elementary differentiations show that 


dL _ y (mq ‘e Sng at q’® 4 ye) 
Taq 4 m(1+ gm + @2m)3 
2(q’” — ae” )\(ma™* + ae) 
m(1+qg™ + g?™)8 


co m 2m 3m Am 5m 
Sp aes Sell ee (14.3.8) 
fom (ee gem) 
oe dR 1 1 f? 
= Prd) (14.3.9) 


"dq 9 9 f8(—93)’ 
Employing (14.3.8) and (14.3.9) in (14.3.7), we conclude that Ramanujan’s 
formula (14.3.1) implies the equality 
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co m 2m 3m 4m 5m 9/_ 
a og ne ts ee) (14.3.10) 


(1+ q™ + q?™)3 fF (-@) 


Conversely, (14.3.10) implies that (14.3.1) holds for 0 < q < 1 and for some 
constant C’. However, indeed (14.3.10) is valid by Lemma 14.2.6. Thus, it 
remains to prove that C has the value given by (14.3.2), which we now do in 
the three steps outlined above. 

First, by (14.3.7), it is clear that 


Co 


m 3m 
‘ q —@d 
C= 1 3 14.3.11 
poe ps m(1 + q™ 4+ q?™) ( ) 


Second, we prove that 


sinh u 
14.3.12 
om i, u(1 + 2 cosh u)? GRE ant) a ee) 


To prove (14.3.12), set g = exp(—1/N), where N is a large positive integer. 
Then (14.3.11) may be written in the form 


oo = - 
e m/N 2216: 3m/N 


C= Nim, 2 m(1 + e—™/N + e-2m/N)2 
Tc e7m/N _ e73m/N 


a Le —m/N —2m/N)2° 
Nooo NV AS my Np ei pe 2m ZN ) 


(14.3.13) 


On the far right side of (14.3.13), we have a Riemann sum. Taking the limit 
as N — oo, we deduce that 


C= [ e73u r i eu — eu ¥ 
U = U 
aa + et + e72u)? 9 ul(ev+1+e-%)? 


ae sinh u d i. sinh u d 
— 2 = a 
9 wu(l+2coshu)? oo U(1+2coshu)? 


since the integrand is even. This establishes (14.3.12). 
The function 


; sinh z 

G2) = z(1 + 2cosh z)? 
is meromorphic in the entire complex plane, and has double poles at the 
points 2nin/3, for each integer n that is not a multiple of 3. Let yr,,, 1 < 
m < oo, be a sequence of positively oriented rectangles with vertices +./Rm, 
and +/R» + R3/?i, which are chosen so that the points R7/?i remain at a 
bounded distance from the points 27in/3, as m tends to oo. For brevity, let 
Ly = Ly1(m) and Lz = L2(m) denote, respectively, the left and right sides, 
and let L3 = L3(m) denote the top side of yz,,. Then, it is not difficult to see 
that for j = 1,2, 


(14.3.14) 
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Rie Vo, (14.3.15) 


| o(2)az 


J 


as R,, > oo. It is also not difficult to see that 


| _ae)de 


as Ry, > co. In summary, the inequalities (14.3.15) and (14.3.16) imply that 
if VRin = Ly U Dg U Ls, then 


1 
Laas 14.3.1 
Sa (14.3.16) 


mm 


[ seae= ot), (14.3.17) 


as Rm > oo. 
Letting R(a) denote the residue of g(z) at a pole a, we find by the residue 
theorem that 


1 Rm 1 Qrin 
al edicts g(z)dz = > r( 5 i (14.3.18) 


SANT 1<n<3R3/?/(27) 
3tn 


Letting R,», tend to oo in (14.3.18) and using (14.3.17), we deduce from 
(14.3.12) that 


C=2niD R (=) (14.3.19) 


In order to compute the residues, we introduce simpler notation. If the 
positive integer n is not a multiple of 3, set a = 27in/3 and w = e?7*/3, Then 
e* = w if n = 1(mod3), and e* = @ if n = 2(mod3). We use the Taylor 
expansions, 


1 1 <z-a 
=e eet a e Saye 14.3.2 
ag ake eae (14.3.20) 
sinh z = sinha + (z—a)cosha+-:--, (14.3.21) 
and 
cosh z =cosha + (z— a) sinha + 3(z— a)? cosha+-:-. (14.3.22) 


Since 1 + 2cosha = 0, it follows from (14.3.22) that 


h 
1+ Boosh 2 = 2(2~ a) sinha (1 + (z 5 ten), 
sinha 


and so 
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sh 
ee ay BE. 
= sth =, (14.3.23) 
(1 + 2cosh z)? A(z — a)? sinh’ a 


Using (14.3.20), (14.3.21), and (14.3.23) in (14.3.14), we find that 


cosh a z—-a cosh a 
(14-2524...) (1- a +) (1 Se ee +) 


4da(z — a)? sinha 


(ee Sa 


4a(z— a)? sinha’ 


and so 
1 1 


4a2 sinha _ 2a?(e—% — e%) 


We distinguish two cases. If n = 1(mod3), then e~* — e® = ® —w = —iV3, 


and hence 
i 3V3i 


R(a) = 


— a : 14.3.24 
R(a) 223 8r2n2 e322) 
If n = 2(mod3), then e~* — e? =w — @ = iv3, and hence 
3/3; 
Ros ua: (14.3.25) 


2a2/3  802n?" 
Using (14.3.24) and (14.3.25) in (14.3.19), we conclude that 


which is (14.3.2). This then completes the proof of Entry 14.3.6. 


Entry 14.3.7 (p. 207). Let w := exp(27i/3) and 0 <q <1. Then 


1— qu Lore 5 1 — q?w 
(i) (a) (a) 
= toe et) 
= exp (-w-w ) | PD it). 


Proof. Let 


Then 
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log B(q Se Giang (1 — q"w) — nlog(1 — q"w”)}. 


n=1 


Taking the derivative of both sides, we find that 


icon) —nw n—1 —n7w? n—-1 9(__ 3 
7, (toe B@) = of . : \- (w wry A a) 


1—q™w 1—q"w* P(-@’ 


by (14.2.14). Since B(0) = 1, integrating both sides over [0, g] and exponenti- 
ating, we complete the proof. 


n=1 


14.4 Integral Representations of the Rogers-Ramanujan 
Continued Fraction 


Recall that f(—q) is defined in (14.2.2). The first entry below was first proved 
by Andrews [26], while the second was first established by Son [255]. 


Entry 14.4.1 (p. 46). We have 


R(q) = = ex ( :[ 2 ‘its B) 3). (14.4.1) 


Proof. Taking the logarithmic derivative of both sides of (14.4.1), we find 
that 


1 2 { (5n+1)q" (5n+4)q°"t3  (5n+2)q°"t! (5n + 3)q°"*? \ 


5q ear! 1-— gprti 1-— gon t4 1-— gon t2 1-— gpnts 
5(_ 
ae a (14.4.2) 
f(-4@) 


The equality (14.4.2) is a beautiful well-known identity of Ramanujan found 
in his notebooks [227], [61, p. 256, Entry 9(i)]. For several references to proofs 
of (14.4.2), see [61, pp. 261-262]. Hence, it follows that there exists an absolute 
constant A such that 


1 f' f>(—t) dt 
R(q) = Ae : 14.4.3 
y= aew(-5 f FGF) (14.43) 
Now let g > 1~. Recalling from Corollary 7.3.1 in Chapter 7 that 
v5-1 
R(q) a 2° 


as g > 1~, we conclude that A = (/5 — 1)/2. This then completes the proof. 
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In his famous (second) letter to Hardy [226, p. xxviii], [81, p. 57], Ramanu- 
jan communicated the following identity for the Rogers-Ramanujan continued 
fraction. The first proof is due to Watson [287]. The result can also be found 
in Ramanujan’s notebooks [227], [61, p. 83, Entry 39(i)]; references to further 
proofs can be found in [61, p. 84]. See also equation (3.2.9) of Chapter 3. 


Lemma 14.4.1. Let a,3 >0, a8 = 7?, q:= e7?% and Q := e779. Then 


(48 +R) (Se +R@)) = cea (14.4.4) 

Lemma 14.4.2. Let a, 3, q, and Q be defined as in Lemma 14.4.1. Then 
H(-Q), ie a) (a/54 nae 
7.0%) © og Q = 7 py! og q. (14.4.5) 


Proof. Applying (14.2.5) twice, we find that 


(ate eMaee ey = (Gre Ay (ere 
(ax/5)1/4e—/60 ¢(e—20/5) = (5G) eRe Fee 


Upon simplification, we find that 


51/4 qe—20/5 f(a) 514g fh’ (-@) 
Q 


f(-d'/*) f(-Q’) 


Since a = —5 + log q and B= —} log Q, we complete the proof. 


Lemma 14.4.3. Let a, 3, q, and Q be defined as in Lemma 14.4.1. Then 


1 f5(—t) dt 5(_t) 
[jaye V5 [oom “a8 oe (14.4.6) 


Proof. By the definitions of g and Q, we deduce that 
(log Q) (log gq) = (—2a)(—28) = 4n”. 
By differentiation, we find that 
dQ QlogQ 


dq qlogq 


Therefore, (14.4.5) becomes 


PQ 1dQ _ ge Pea) 1 


f(—Q°) Q dq pag ae: 


Integrating, we complete the proof. 
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Entry 14.4.2 (p. 46). For0<q <1, 


fo 
2 3+ V5 | 54) 
eae GPP amen) 


Proof. Let a, 8, gq, and Q be defined as in Lemma 14.4.1, let € := 
(/5 + 1)/2, and let F(q) := q7'/5R(q). By Entry 14.4.1 for 0 < Q <1 
and then by (14.4.6), we deduce that 


at 
oe F(Q) a “exp ( -[ 4 1 ia a 2) 
1 (-#) dt 
ae =| Poy a 


Adding € to both sides, we find that 


1 5(—t) dt 
e+ QV F(Q) =e+ exp ( ke f( 7 Los): 


Applying (14.4.4), we deduce that 


eV5 1 5(-t) dt 
arm 7 (I+: exp ( ve i “W haan) (14.4.7) 


eatin 1 sf? f7(-t) 
a ee exp ( oa f(t) <n) ; 


Using this notation in (14.4.7) and inverting both sides, we obtain 


aefileaighx 8 mee sw): 


1+z 1+ (1/z) 


1 345 5(-t) dé 
go a exp = | f( =a p/5 ’ 


we complete the proof. 


R(q) = 


Let 


Since 


Both Entry 14.3.6 and Entry 14.4.1 are, in fact, special cases of the fol- 
lowing theorem of Ahlgren, Berndt, Yee, and Zaharescu [10]. Generalizations 
and simpler proofs of their theorem have been found by Y. Yang [296] and 
R. Takloo-Bighash [272]. 


Theorem 14.4.1. Suppose that a is real, that k > 2 is an integer, and that x 


is a nontrivial Dirichlet character that satisfies the condition y(—1) = (—1)*. 


Then, for0O<q<1, 
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co pots 1 co dt 

TTC 1—q") = exp -c- | a-S°S > x(@ab" —]|, 

n=1 q n=1 d\n t 
(14.4.8) 


where 


C= L'(2—k,y). 


In special cases, such as in Entries 14.3.6 and 14.4.1, the integrand in 
(14.4.8) can be expressed in terms of eta functions. For a proof of Theorem 
14.4.1 and several additional examples, see [10]. 


15 


Incomplete Elliptic Integrals 


15.1 Introduction 


On pages 51-53 in his lost notebook [228], Ramanujan recorded several iden- 
tities involving integrals of theta functions and incomplete elliptic integrals 
of the first kind. We offer here one typical example, proved in Entry 15.7.1 
below. Let (in Ramanujan’s notation) f(—q) = (q;q)oo. (Detailed notation is 
given in Section 15.2. The function f is essentially the Dedekind eta function; 
see (15.2.4).) Let 
PSOne) 
v:= 0(q) (= d= 15.1.1 
t@) PEE) PP) 
Then 


. f(t) f(—0) f (0) f(t) at 
1 2tan~1(1/V5) dy 
Sic 


” 1-1ly—v? 2 
an~ # i TOnyeyy Tae 1— Ssin yp 


The reader will immediately realize that these are rather uncommon integrals. 
Indeed, we had never previously seen identities like (15.1.2) in the literature. 

In a wonderful paper [213], all of these integral identities were proved by 
S. Raghavan and S.S. Rangachari. However, in almost all of their proofs, they 
used results with which Ramanujan would have been unfamiliar. In particu- 
lar, they relied heavily on results from the theory of modular forms, evidently 
not known to Ramanujan. For example, for four identities, including (15.1.2), 
Raghavan and Rangachari appealed to differential equations satisfied by cer- 
tain quotients of eta functions, such as (15.1.1), which can be found in R. 
Fricke’s text [138]. 

In an effort to discern Ramanujan’s methods and to better understand 
the origins of identities like (15.1.2), Berndt, H.H. Chan, and S.-S. Huang 


(15.1.2) 
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[70] devised proofs independent of the theory of modular forms and other 
ideas with which Ramanujan would have been unfamiliar. In particular, they 
relied exclusively on results found in his ordinary notebooks [227] and his lost 
notebook [228]. It should be emphasized that at the time of the publication 
of Raghavan and Rangachari’s paper [213], many of these results had not yet 
been proved. Particularly troublesome were the aforementioned four differ- 
ential equations for quotients of eta functions. To prove them, identities for 
Eisenstein series found in Chapter 21 of Ramanujan’s second notebook and 
several eta function identities scattered among the unorganized pages of his 
second notebook (62, Chapter 25] were used. These three authors also utilized 
several results in the lost notebook found on pages in close proximity to the el- 
liptic integral identities. Furthermore, they owe a huge debt to Raghavan and 
Rangachari’s paper [213]. In many cases, large portions of their proofs were 
incorporated, while in other instances different lines of attack were employed. 

In Section 15.3, we prove two identities for integrals of theta functions of 
forms unlike (15.1.2). The first proof is virtually the same as that given by 
Raghavan and Rangachari, while the latter proof is completely different. In 
Sections 15.4—-15.6, we prove several integral identities associated with mod- 
ular equations of degree 5. Here some transformations of incomplete elliptic 
integrals due to J. Landen and Ramanujan play key roles. In Section 15.7, 
several identities of order 15 are established. Here two of the aforementioned 
differential equations are crucial. Differential equations are also central in 
Sections 15.8 and 15.9, where identities of orders 14 and 35, respectively, are 
proved. 


15.2 Preliminary Results 


Recall that Ramanujan’s general theta function f(a, b) is defined by 


fab) = Saher eS: abl ds 


n=—Co 


Theta functions satisfy the very important and useful Jacobi triple product 
identity [61, p. 35, Entry 19], 


f(a, b) = (—a; ab) 55 (—0; ab) o5 (ab; ab) oo. (15.2.1) 


Recall also that the most important special cases are given by, for |g| < 1, 


Aas fea) Or a _ ee (15.2.2) 


(—4?3 G7) 00 (4; G7) oo 


n=—Co 


Ho =flad =n — Weighs, (15.2.3) 
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and 
f(-a) = f(-a,-@) = So (-1)"g?@r" 9? = (GQ)00 
= eo Pmiz/24n(z) gg =e", Im z > 0. (15.2.4) 


The product representations in (15.2.2)—(15.2.4) are instances of the Jacobi 
triple product identity (15.2.1). The function n(z), defined in (15.2.4), is the 
Dedekind eta function. It has the transformation formula 


n(—1/z) = Vz/in(z). (15.2.5) 


The functions y, ~, and f in (15.2.2)-(15.2.4) can be expressed in terms 
of the modulus & and the hypergeometric function z := oF \ (4, $3 1; k7), For 
a catalogue of formulas of this type, see [61, pp. 122-124]. We will need two 
such formulas in the sequel. If a = k? and 


Ge 3; 1; 1 _ ~) 
q = exp ) 
oF (5, 33 1; q) 
then 
W(-g) = / dz {a(1 —a)/g}* (15.2.6) 
and 
f(-@?) = 22-3 {a(1—a)/g}/?. (15.2.7) 
The Eisenstein series P(q), Q(q), and R(q) are defined for |g| < 1 by 
P(q) := 1-24 —— 15.2. 
(4) »y era (15.2.8) 
Q(q) = 1+ 240 3 ae (15.2.9) 
CS Lag 2 
and 
R(q):=1 504 nd (15.2.10) 
q) = ing 2; 


(This is the notation used by Ramanujan in his lost notebook and paper [223], 
(226, pp. 136-162], but in his ordinary notebooks, P, Q, and R are replaced 
by L, M, and N, respectively.) 

The Rogers-Ramanujan continued fraction u(q) is defined by 


gil 


u:= u(q) := i 4 


2 3 
q 4 qd 
Ls 15.2.11 

ff aca. (ae (15.2.1) 
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This notation is different from the notation R(q) used in previous chapters; 
we have adhered here to the notation that Ramanujan employed in the entries 
of this chapter. With f(—q) defined by (15.2.4), two of the most important 
properties of u(q) are given by [61, p. 267, equations (11.5), (11.6)] 


1 7 fe q'/®) 
ack u(g) = area (15.2.12) 
nd 
; eee ee ee EsGom (15.2.13) 
u°(q) qf°(=@°) 


(See also (1.1.10) and (1.1.11) of Chapter 1.) Lastly, it can be shown that 
with the use of the Rogers-Ramanujan identities, given, for example, at the 
beginning of Chapter 10, 


5 4,5 
1/5 (GT )0(G5@)oo 
/ Zea (15.2.14) 


u(q) = 


(See also (1.1.2) of Chapter 1). 


15.3 Two Simpler Integrals 


Entry 15.3.1 (p. 51). Let P(g), Q(q), and R(q) be the Eisenstein series 
defined by (15.2.8)-(15.2.10). Then 


: dt Q??(q) - ria) 
/ Q(t)— = log | =~ ] . 
ee a Ge. + RQ) 
Proof. Following Ramanujan’s suggestion, let z = R?(t)/Q%(t). Then 


ldz_2dR  34dQ 
zdq Rdq Q dq’ 


(15.3.1) 


Using Ramanujan’s differential equations [223, equation (30)], [228, p. 142], 
(61, p. 330] 


gee PR—-Q? aan dQ _ PQ-R 
Pag. 32 rn 
n (15.3.1), we find that 
qdz R*—Q3 
=-— = —_—_. 15.3.2 
z dq RQ too) 


Hence, by (15.3.2), 


Ooi6 cuits: = aa pave 
Tag VOPR) dg. bale 
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d 1— /z\ dz 
= 0 tog (=) dq 


It follows that 


4 pad ft d Q3/?_R 
= QO> = = di 8 & + 5) a 


_ Q3/?(q) — R(q) Q3/2(e-2) > R(e~2") 
ae Lora + To) log (Sone rs a ; 


But it is well known that R(e~?") = 0 [123, p. 88], and so Entry 15.3.1 follows. 


See [211, p. 344] for some interesting comments by Raghavan on Entry 
15.3.1. 


Entry 15.3.2 (p. 53). Let u(q) denote the Rogers—Ramanujan continued 
fraction, defined by (15.2.11), and set v = u(q?). Recall that y)(q) is defined 
by (15.2.3). Then 


au = log(u2v3) + V5 log ees) ; (15.3.3) 


Proof. Let k := k(q) := uv?. Then from page 53 of Ramanujan’s lost note- 
book [228], or from page 326 of his second notebook [63, pp. 12-13], 


1—k\? l+k 
5 ss d 5 — 42 (|, 15.3.4 
u (3) an v (3) (15.3.4) 


(In this book they are recorded in equations (1.8.1) of Chapter 1 and (2.6.16) 
in Chapter 2; see also S.-Y. Kang’s paper [171].) It follows that 


1 1—k 
log(u?v?) = Z log (wit a a (15:3:5) 


If we set € = (/5+1)/2, we readily find that e? = /5 +2 and e~3 = 5-2. 
Then, with the use of (15.3.5), we see that (15.3.3) is equivalent to the equality 


> (<9 “ _ Io w(t 2) + V5log (255) ; (15.3.6) 


Now from Entry 9(vi) in Chapter 19 of Ramanujan’s second notebook [61, 
p. 258], 
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ae = 25¢20b(qv3(q°) +1 5a log a (15.3.7) 
By the Jacobi triple product identity (15.2.1), 
f@.e) _ (- an = Tid Joo 
flag) — (—4:4")oo(—4*5 4°) 00 
_ (G4 Me (gq ” (7757 )o0(G5 Goo 
(475g? ool 435 4°) 00 (975 G00 (G83 91°) 00 
zag ae: (15.3.8) 


v(q) 
by (15.2.14). Using (15.3.8) in (15.3.7), we find that 


a jdt 8 d 
40 [ qv(qw(q (@)dq+ f Saq—8 f + log (a'Pu/v) a 
= 40 / a(ab3(a°)dq — 8log(u/v) 


24 1—-k 


8 
=4 °(q°)dq + = log k l 15.3. 
0 f aB(au%(a?)dq+ Flogk— log iF, (15.3.9) 


where (15.3.4) has been employed. Comparing (15.3.9) with (15.3.6), we now 
see that it suffices to prove that 


1—k 1 l+e%k 
sf as(au(a)dg =log 73 + “aoe ( [=e ) (15.3.10) 


Upon differentiation of both sides of (15.3.10) and simplification, we find that 
(15.3.10) is equivalent to 


k(q)k'(q) 
DONO) = TaN — aM — AY ever 


We now prove (15.3.11). By (15.3.4) again, 


v 1+k 
oe ae (15.3.12) 


Taking the logarithmic derivative of both sides of (15.3.12), we find that 


k(q) _ 1v'(q) _ w'@) 
1—k(q) 22(q) — u(q) 


By the logarithmic differentiation of (15.2.14), 


(15.3.13) 
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/ 1 co 2n—-1 
v'(@) _» > (-)= sal 
v(q) Oo eat Soe Lege 
where (2) denotes the Legendre symbol. Using these derivatives in (15.3.13), 
we see that 


and 


kg) _ yam) rg 
6 224) [pe (15.3.14) 


However, from Entry 8(i) in Chapter 19 of Ramanujan’s second notebook [61, 
p. 249], 


aa = (D0?) — Sav (G) 7 ("). (15.3.15) 


From page 56 in Ramanujan’s lost notebook [228], which is Entry 1.8.2(ii) in 
Chapter 1 of this book, 


vq) _ 1- Fg) | 
qyr(q)  —kK(q) ; ieee 


which has been proved by Kang [171, Theorem 4.2]. Putting (15.3.16) in 
(15.3.15), we deduce that 


k(q) (- — k°(q) 
1— k*(q) k(q) 


It is easily seen that (15.3.17) is equivalent to (15.3.11), and so the proof of 
(15.3.3) is complete. 


1) oblqw*(a). (15.3.17) 


15.4 Elliptic Integrals of Order 5 (I) 


Entry 15.4.1 (p. 52). With f(—q), v(q@), and u(q) defined by (15.2.4), 
(15.2.3), and (15.2.11), respectively, and with € = (V5 + 1)/2, 


q £2(_4) £2(_45 m/2 
gt f Pe a2 f a (15.4.1) 
0 vt cos~! ((eu)5/?) V1 — €~55-3/2 sin? yp 


2tan~1(53/4,/gf3(—q°)/f3(—a)) dy 
= i (15.4.2) 
6 J/1 — €-55-3/2 sin? y 
2tan—* (51/4 yaw(q°)/v(a)) d 
aus, | = (15.4.3) 
0 J/1— 5-1/2 sin? y 
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To prove (15.4.1), we need the following lemma. 


Lemma 15.4.1. Let u(q) be defined by (15.2.11). Then 


*(=4) 
u'(q) = u(q) f q 
= Sq F(—) 
Proof. By (15.2.14) and the Jacobi triple product identity (15.2.1), 


u(q) = ql? GL Ieo(T Pee _ gays fl-a-a) 
(97; 9? oo (97; WJ oo f(-@, -4°) 
By logarithmic differentiation and the use of Entry 9(v) in Chapter 19 of 
Ramanujan’s second notebook [61, p. 258), 


way Lone J Ree) 
u(q) 5q dq _ f(-@, -4@) 


ae ee Hay} reg) 
bg Bq ( “ Feat) ~ 5q f(-a®)’ 


which completes the proof. 


Proof of (15.4.1). Let 
cos” y = €° u(t). (15.4.4) 
Ift = 0, then y = 7/2; if t = q, then y = cos”! ((eu)°/?) . Upon differentiation 
and the use of Lemma 15.4.1, 


dp 


a = 5e°u*(t)u'(t) 


5 w(t) f?(-t) 2, f°(-t) 


ee cs) aaa a ok 


Hence, by (15.4.5), (15.2.13), and (15.4.4), 
Ye Na Gl 2 al oe ) A 
5 a at 
OE) 2 (—t) f2(—0) -2tf (A) sing 
_ 53/4 
Ge ie Vi FD) cosy? 


—9.53/4 _ Gi) sin 
cos—!((eu 5/2) 


2 cos y(— sin y) — 


(15.4.5) 


f?(—t) cose 
1 sin y 


= 2. 5 | 
cos~! ((eu)5/?) V/1/uP(t) == w(t) cos ~ p 


=2. ce my dy. 15.4.6 
cos~! ((eu)5/?) Je — 11 cos? Pp e~* cos# ~ ° 
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Since e*5 = (5V5 + 11)/2, 


5 5 


€° — 11 cos? yp — €~*° cost y = & — 11(1 — sin? y) — €~* cos* yp 

=e °+11sin? y — €~* cos* yp 

= € °(1 — cos” y)(1 + cos” y) + 11 sin? y 
= sin? y(2 — sin? y) + 11sin? y 

= sin? y(2e—*® + 11 — €~* sin? ¢) 

BAAD -5 2 

= sin? y(5V5 — €~* sin? y) 

= 575 sin? y(1 — €°5—3/? sin? vy). 


Thus, from (15.4.6), 


pf OP gag ft - 
5 JT NSE ay 9 ; 
0 vt cos~1((eu)5/2) VAI — €~55-3/2 sin? yp 


which is (15.4.1). 


To prove (15.4.2), we need two transformations for incomplete elliptic inte- 
grals found in Chapter 17 of Ramanujan’s second notebook [61, pp. 105-106, 
Entries 7(ii), (vi)]. 


Lemma 15.4.2. [ftany = /1—2 tana, then 


a y 
| Ke = | Pa (15.4.7) 
0 Vl—azsin’ y 0 Wl-—<2«cos*y 
If cota tan(G/2) = V/1— asin? a, then 
a B 
2 | a =| oa (15.4.8) 
0 V1l—-2sin’ y 0 V1—-asin’ » 


Proof of (15.4.2). In (15.4.7), replace y by 1/2 — y and combine the result 
with (15.4.8) to deduce that 


n/2 
oo (15.4.9) 


i eae eee: 

0 V1l—-zsin’ y n/2-7 V1—xsin? yp 
provided that 

(i) cota tan(3/2) =V1— asin a, 

(ii) tany=V1l—a tana. 


Examining (15.4.1) and (15.4.2), we see that we want to set 2 = «~°5~9/? 
and y = 3 —cos7! ((eu)°/?) . We also see that, to prove (15.4.2), we will need 
to show that (i) and (ii) imply that 
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6 = 2tan“* (59/4 /af>(—a°)/f9(—a)) . (15.4.10) 


Since e*5 = (5V5 + 11)/2, a short calculation gives 


1— 6859/2 = 5-4/2, 


Thus, from (ii) and elementary trigonometry, 


= 1 —1/¢,)5/2 
tana = Via e056 -3/2 cot (cos (eu) ) 
5/2 3/4,,5/2 
niet ags (15.4.11) 
Jl—(eu® = /1— (eu)> 
Thus, by (i), 
3/4,/5/2 
PGF) aa eae ee (15.4.12) 
1— (eu) 


From (15.4.11) and elementary trigonometry, 
a Oe 
Lt eFub’ 


Using this in (15.4.12), we deduce that 


enbyD = 3/445/2 
1+ eu? ./1 — (eu)5 
53/4),5/2 
J+ a5) (1 — ud) 
53/4,,5/2 
v1 —11u> — ul 
53/4 
Ji/u® —11l— wv 
= Bah (-a)/f(—9), 
by (15.2.13). Clearly, the last equality is equivalent to (15.4.10), and so the 
proof of (15.4.2) is complete. 


tan(3/2) = 4/1 


For the proof of (15.4.3), we need another transformation for incomplete 
elliptic integrals. 


Lemma 15.4.3. [f0 <p <1 and 


1 l-p 
t ~(A-—B))= tan B 15.4.13 
on (5 (A-B)) = TF tam, (154.13) 
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dp 


A B 
(+2) [ =3/ 3 
0 2Q+p)\. 0 2+p 
1— p sin? 1—p{ —— in? 
i x (HE) 2 i (te 7 a 


This lemma is Entry 6(iv) in Chapter 19 in Ramanujan’s second notebook 
and is a consequence of a theorem of Jacobi; see [61, pp. 238-241] for a proof. 


Proof of (15.4.3). We apply Lemma 15.4.3 with 


1 
p= 62/5” 
where € = (/5+4+1)/2. Then 
3 3€ 
1+ 2p = — and 2+p=—, 15.4.14 
ar b= ( ) 
and so 
2+p eee 2+ p 2 € 
3 _— --5n-3/2 d eed, 
‘ =) oan a »(Tem) v5 
If we substitute these quantities in Lemma 15.4.3, and if we set 
A=2tan7! (5/4 var?(-a°)/F°(-@)) (15.4.15) 
and 
B= 2tan7} (5/4 vav(a?)/(4)) (15.4.16) 


we shall be finished with the proof of (15.4.3) if we can prove (15.4.13). 
Using the subtraction formula for the tangent function, (15.4.15), and 
(15.4.16), we deduce that 


1 _ A VER (—8)/ f(a) — 51/4 qv?) /¥@) 
tan (5 (A= 2) = ‘ca sgh (PO) 
* f3(—q)b(a) 


It will be convenient to use some results from the lost notebook proved by 
Kang [172]; see Entry 2.5.1 of Chapter 2. Set 


. (15.4.17) 


7b. AD _ 
i gs Ti oo and s= vol q (15.4.18) 
(-4 doo 9(—¢) 
where (q) is defined by (15.2.2). Then 
EOE cB) ocd)’ , SO! 28, (15.4.19) 


gS F(—g>) +t Vav(q) #3 
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Employing (15.4.19) in (15.4.17), we readily deduce that 


ne ie 
stan (5 (A= B)) = en a (15.4.20) 


Next, a simple calculation shows that 


t= Ss 15.4.21 
P= TE ( ) 


Hence, by (15.4.14), (15.4.21), (15.4.16), and the double angle formula, 
1— 
5-4 —P ton B= 57/4"! tan B 


1+ 2p 
—5-'/4e-ltan (2 tan! (5/4 vaw(a?)/4(a))) 


_ 2 * Vab(a?)/¥(@) 
1— V5 qy?(q>) /?(q) 
2e— 14.5 


© Pa V5 
Comparing (15.4.20) and (15.4.22), in view of (15.4.13), we must prove that 


2e—1t3s = J/5 ts — ts3 
—/5t6 s4+5¢6 


(15.4.22) 


After considerable simplification, the last equality is seen to be equivalent to 
st + 5t® = 5? + 3748, (15.4.23) 
Now, from (15.4.18) and (15.2.3), we find that 


g'!°b(q?) f(—4") 
vg t(—a" n) 


Replacing g by —q and employing (15.2.6) and (15.2.7), we find that 
Le ee (Momsen a (a - ae 
(9) f(-4"°) a(l-a)}  ” 
where 3 has degree 5 over a. On the other hand, from (15.4.18), 


t=t(g) = 


where m is the multiplier of degree 5. Hence, replacing q by —gq in (15.4.23), 
we see that this equality is equivalent to 
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m —5 (a) a =m—m (a) 7 (15.4.24) 


a(1l— a) a(l— a) 


Using formulas for m and 5/m given in Entry 13(xii) of Chapter 19 in Ra- 
manujan’s second notebook [61, pp. 281-282], namely, 


we), Gea) tae) 


ba(4) "+ (123) = (9)", 


we may easily verify that (15.4.24) does hold to complete the proof. 


and 
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Entry 15.5.1 (p. 52). As before, let € = (V5+1)/2, and let u(q) and f(—q) 
be defined by (15.2.11) and (15.2.4), respectively. Then 
Sey) iy ieee io dt, C dp 


0 VF(—t/5) F(t) 9/0 Jeos-1( yeu) ¥/1 — €-15-1/2 sin? 


(15.5.1) 
an7!(51/4q!/10, /f(=q5)/ flagi/8) 
= (5 q VF a°)/F( q'/®)) dy (15.5.2) 
0 V1 —€715-1/2 sin? @ 
- —g!/3)4q!/5 f(—¢® r(—g? 
4 1 (50 (fpr fee) ASH] dy 
V5 Jo J/1 — &5-3/2 sin? y 
(15.5.3) 
Proof of (15.5.1). Let 
cos? y= eu(t). (15.5.4) 


Thus, if t = 0, then y = 7/2; if t = q, then y = cos! (,/eu). Upon differen- 
tiation and the use of Lemma 15.4.1, 


2 cos y(— sin Bee =eu'(t) = pa) (15.5.5) 


dt 


Therefore, by (15.5.5), (15.2.12), and (15.5.4), 


5-3/4 7 f?(-t) dt 


0 VFA) f(—) 7 


340 15 Incomplete Elliptic Integrals 


_ 1/4 m2 t'/5 f(—#5) siny cosy 
=2°5 15 dy 
cos~1 (eu) f(-t ) eu(t) 
m/2 - 
= 2.504 f 1 Sana 
cos-1( Yeu) /1/u(t) — 1 — u(t) cosy 
m/2 a 
= 2.506 f oe dy. 15.5.6 
cos~! (feu) /€ — cos? y — €~! cost y . ( 


Now, 
e— cos? y — €! cost y = e— (1—sin? y) — €~! cos* 

=e '4sin? y— €~' cost y 
= e—'(1 — cos” y)(1 + cos” y) + sin? y 
= e'sin’ y(2 — sin? y) + sin? y 
= sin? y(2e~' — e'sin? y + 1) 
= sin? y(V5 — e~' sin? y). 

Using this calculation in (15.5.6), we find that 


53/4 - f°(-t) dt oe >) f 51/4 i dip 


o Vf(-t/>) f(—#) g/t os! (few) V5 —e-! sin? p 


from which (15.5.1) is immediate. 


Proof of (15.5.2). The proof is similar to that of (15.4.2). We begin with 
(15.4.9), set c= «~15~1/?, and put y = $ — cos! (,/eu) . Thus, 
ew 


tan y = cot (cos * (\/eu)) = (15.5.7) 


l-—ew 


As with the proof of (15.4.2), we want to show that conditions (i) and (ii) 
imply that 


p= ran (ster /F—aA/T-0)). (15.58) 
From condition (ii) and (15.5.7), 
ac ey NC (15.5.9) 
V1 —«7-15-1/2 1—eu 
and ‘ 
eee ee (15.5.10) 


l+tan?a  1+e— lu’ 
Using (15.5.9) and (15.5.10) in conjunction with condition (ii), we arrive at 


15.5 Elliptic Integrals of Order 5 (II) 341 


iy hanes i v5u ji =P 


l—eu 1+e—lu 


ned ee a FG) 
— 51/4 (eis oo n [Aco 


Hence, (15.5.8) follows, and so the proof of (15.5.2) is finished. 


To prove (15.5.3), we need another transformation for incomplete elliptic 
integrals from Chapter 19 in Ramanujan’s second notebook [61, p. 238, Entry 


6(iii)]. 
Lemma 15.5.1. If 


1 
tan (F(a + 5) =(1+p)tana, 
where 0 <p <1, then 
dy dp 


a B 
(1+2p) f ; =} 5 j 
7 +p \.o9 0 2+p ; 
je ee a4 ee 
i - (22) oR i) »( ae 


Proof of (15.5.3). We apply Lemma 15.5.1 with p = 1/e. Thus, 1+2p = /5 
and 2+ p= ?. Hence, 


ge ae »(?tP) = a 
1+2p eJ/5 1+ 2p 5/5 


We abbreviate notation by setting 


A= f(-q'*), B=f(-q), and C=". 


[CB 
—2t 1/4 
a an (5 [ax 
A+CB [CB 
= 2t is 
poeta (5 A+5CBV A 


Examining (15.5.2) and (15.5.3) in relation to Lemma 15.5.1, we see that we 
will be finished with the proof if we can show that 


Put 


and 


tan (500 + 5) = etana. (15.5.11) 


First, by the addition formula for the tangent function, 
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tan (50+) 
CB A+CB [CB 
= fan nh Bie tan~! [ 53/4 
os (1m (; Vay eee acon VA 


CB A+CB /CB 
1/4 eee Of ae pos 
SoA a) Ano Va 


- 1 _5CB AtCB 
A A+5CB 

_ 54 (A+5CB + V5(A+CB)) VABC (15.5.12) 
A? — 5B2C? a 


On the other hand, by the double angle formula for the tangent function, 


1/4,./ARGH 
etana = etan | 2tan7! { 51/44/ BON) se (15.5.13) 
A A-— V5 CB 


Comparing (15.5.12) and (15.5.13), we are required to prove that 


Qe _ A+5CB+V5(A+ CB) 
A=af/S-CB ~ A? — 5B2C2 


This can be established by elementary algebra, and so the proof is complete. 
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Entry 15.6.1 (p. 52). Recall that Ramanujan’s continued fraction u(q) is 
defined by (15.2.11). Then there exists a constant C' such that for0<q< 1, 


1 (9) (c+ * #(=t) at +125 Ee vat) 


5 —-5 _ 
ee » f(—) BP » FAB 


~ 2/G F3(-4°) 


(15.6.1) 


To prove Entry 15.6.1, we need to establish a differential equation for a 
certain quotient of eta functions. 


Lemma 15.6.1. Let 


6/_,5 
A= X(q) = ne (15.6.2) 

Then 
o“@(@) = VaF2(—@) f2(—4°) VIDE? DD? +A. (15.6.3) 
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Proof. By logarithmic differentiation, 


1d\ 1 ng Wg 
= 30 ) +6 ) : 
Adq q eee lea 


We now apply Entry 4(i) in Chapter 21 of Ramanujan’s second notebook [61, 
p. 463]. Accordingly, 


qdd__ V/fl?(—@) + 224 f%(—a) fo(—4@°) + 125¢? f 2 (—4°) 
r dq f(-Of(-@) 


= Yas*(—a)f*(-a" yf + 22-4 1259, 


dA 
19g = VIP OPP )Vd + 220 + 125°, 
and the proof is complete. 


Proof of Entry 15.6.1. From (15.2.13), in the notation (15.6.2), 


or 


ea (15.6.4) 


Considering (15.6.4) as a quadratic equation in x := u~°, we find upon solving 


it that 1 
Fp yk (11 4 4/195)? 2 1) 


r 
The other root of this quadratic equation is easily seen to be 


1 
—2u? = 5 (114 1 — 12502 + 22 4 1) 
Hence, 


1 
wtu = 5 V 125)? Nae 


1 
G(q) = 2Vd(u® + un) = 24/125 + 22 + x (15.6.5) 


Thus, by (15.6.5) and (15.6.3), 
dG 125—1/\? dd 


Thus, 


dq ~ Ji25 +224 1) dg 
2 2/0) £2(__,B 
= a a 1) /125N8 4 222 + A 
= rl af?(-@) 
= 125,/¢ pen @ Fetes. 
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upon the use of (15.6.2) again. 
Thus, for any go such that 0 < q < 1, 


Gla) — Gla) = f Spar = 125 f oe iat ih ae ad 


i dt —t5) 43/2’ 
or, by (15.6.5) and (15.6.2), 
wu? 
f(-@) = q f8(-2) dt 
s Ra (cr qo y+ a5 [Er Dat i ra 5 an) 
0 


f(a) ne : 7 fs) 
= es (ae o)-+ 125 f° oe 125 ce: y Vide 
( 


2,/af?(—9°) 
Lage (=o) dt f>(—t) dt 
q £3(—t) 18/2 . 4S Sr) 


-_ Fd (+125 [” PCE) apa te) 7 
0 : 


2V/af*(—9°) f*(—t) 7 M(B) BP 
where 
= sia il et 2) 1 f8(-t) dt 
C = G(qo) — 125 bs Pees H ved i FB) BF (15.6.6) 


Thus, we have completed the proof of Entry 15.6.1 and have furthermore 
shown that the constant C is given by (15.6.6). 


Now set go = e727/? 


of 6. 


. Ramanujan calculated G(e~?7/°) for three values 


Entry 15.6.2 (p. 52). We have 


5/2 
: —2n/VJ5) _ V5+1 
() Glen) = 4 (44) , 
(ii) Ge") = Ge") = 6 -51/4(3 + V5). 


Ramanujan erroneously claimed that 
G(e-?*) = Gle?"/5) = 16 -5-/4(2 + V5). 
Raghavan and Rangachari [213] used a different method to prove Entry 15.6.2. 


Proof. To prove (i), we need to evaluate 


Nec BA 8) a -an/vs fo(—0 V4) 


PE (15.6.7) 
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where \(q) is defined by (15.6.2). Recall the transformation formula [61, p. 31, 
Entry 27(iii)| for f(—q). If a, 8 > 0 and af = 7’, then 


eo Of Ya f(—e- 2%) = e F/? 4/8 f(—e7*9). (15.6.8) 


Applying (15.6.8) with a = 1/V5 and 6 = V5, we find, after simplification, 


that 


f(—e727/ V8) = e-*/(3V5) 51/4 f(_e-20v5), (15.6.9) 


Hence, using (15.6.9) in (15.6.7), we find that 
Me) a8. (15.6.10) 


Thus, from (15.6.5), 


G(e27/V®) = 2/125 - 5-3/2 4 22 + 53/2 
= 2y/2(53/2 ot ij? 


-«(S2)" 


2 
We now prove (ii). First, by (15.6.2), (15.2.4), and (15.2.5), 


e727 /5) — n° (i) = mi) meoee: 
125X( ) 128 55/3) i eee, Com 


Hence, by (15.6.5) and the calculation above, 


G(e-?"/5) = 24/125(e- 24/5) + 22 + 1/A(e-2*/9) 
= 2y/1/(e-2") + 22 + 125(e-2") = G(e~2"). 


Thus, it suffices to evaluate G(e~?7/°), and so we need to determine 


nents) = eons Le) (15.6.1) 


To evaluate A(e~27/>), we will use [73, Theorem 2.3(i)], which is proved 
again in Theorem 2.3.2 of Chapter 2 of this volume. Let G, denote the 
Ramanujan—Weber class invariant. Set 


Vie can (15.6.12) 
and 2 Jn 
Al = e2tval6 flee ) ; (15.6.13) 
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Then 
A? vV5v'_ 1 
vsvi AR V5 
Set n = 1/25. Then, by (15.6.12) and the relation G;, = Gy/n, 


(Ve=V'-%). (15.6.14) 


Gy; 1 V5—1 
Pi as gos 
V= eran Cr aa Tae (15.6.15) 


(See, e.g., [63, p. 190] for the value of G5.) Set « = (V5 + 1)/2. Then from 
(15.6.14) and (15.6.15), 


cA”? V5 4 


V5 «AR 4/5’ 


from which we easily find that A’? = «~!. Hence, from (15.6.13) and (15.6.11), 
A(e~27/5) = A’-6 = &. Lastly, we then conclude from (15.6.5) that 


G(e7 27/5) = 24/1253 + 22 + €-3 


= 21/270 + 126V5 
=6-5/44/144 6V5 


= 6-5/4(3 + 5), 


which completes the proof of (ii). 


Ramanujan claimed that 


m/2 
C= 59/4 (-- + 1/ V1 — €-55-3/2 sin? wdy 
0 


m/2 dy 
2 | (15.6.16) 
0 VW1—€-55-3/2 sin? y 


which is quite different from (15.6.6). Now in Entry 15.4.1, let q tend to 1. 
Then u tends to e~!, and so cos~!((eu)*/?) tends to cos~! 1 = 0. Thus, (15.4.1) 
yields 


1 £2 2 5 m/2 
ape fh EADIE) es dp 
5 | i dt = 2 f = . (5.6.17) 


55-3/2 sin? 


Thus, one of the integrals in (15.6.16) can be identified as an integral of eta 
functions. But this is the only progress we have made in identifying (15.6.16) 
with (15.6.6). 

S. Raghavan [212] has communicated to us the following curious observa- 
tion. Return to the integral 
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PCa at 
ie ey {3/2 (15.6.18) 


from (15.6.6). Suppose that we illegally factor out 1/X(t) from the integrand 
of (15.6.18), set t = e~2*/V>, and then use the value (15.6.10). Then the 
integral (15.6.18) becomes 


ee ee ee eee me 
yen | POOR = 3) [ PoorChSs, 
(15.6.19) 


Letting go > 0 in (15.6.19) and using (15.6.17), we obtain 


—2. 53/4 ie dy 
0 6 V1l—e 5-3/2 sin? y 


which again is precisely one of the terms in (15.6.16). 
Numerically, (15.6.6) and (15.6.16) do not agree. First, by (15.6.16), 


C = 59/4(—7 +. 4- 1.56762... —2- 1.57398...) = —0.06370....  (15.6.20) 


To calculate C via (15.6.6), we set gq = e~ 2" and use Entry 15.6.2. Accord- 
ingly, 


co, 8 . 1. 8/; 
C= 6-51/4(3 4 V5) — 250n f Z ita dx — an f v “) dx. (15.6.21) 
1 (32) o (Six) 


We used Mathematica to calculate the integrals in (15.6.21) and found that 


C = 46.978487 ... — 250m - 8.60104... x 1076 — 2 - 5.81407... 
= 10.44085.... (15.6.22) 


Thus, (15.6.20) and (15.6.22) show that Ramanujan’s claim (15.6.16) is erro- 
neous. Nonetheless, we are haunted by the possibility that a corrected version 
of (15.6.16) exists, for Ramanujan very rarely made a serious error. 

Below Entry 15.6.1 and to the right of Entry 15.6.2, Ramanujan wrote 
“corresponding integral for t+ 1/t.” (For consistency, we have used u instead 
of t here.) Raghavan [212] has kindly worked out for us the theorem implied 
by Ramanujan’s brief remark, and we give his proof here. 


Entry 15.6.3 (p. 52). Recall that Ramanujan’s continued fraction u(q) is 
defined by (15.2.11). Define 


_ ff (-¢) 


b= wg) = “Fl—qiv5) (15.6.23) 


Then there exists a constant C' such that for0<q< 1, 
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ees ee (c 5 fw? i=) as [or PH) at), 
0 q 


0a tf) tf) 
(15.6.24) 
where the constant C is given by (15.6.32) below. 
Proof. Define 
H(q) := 10,/u (u+ 7 ; (15.6.25) 


where ju is defined by (15.6.23). With the use of (15.2.12), it is a straightfor- 
ward task to prove that 


A(q) = 10\/5u+2+1/p. (15.6.26) 
It follows that F ‘ i 
vel —1 
te NDE ane (15.6.27) 
dq ?,/5u+24+1/p dq 
From Entry 3.2.4 in Chapter 3, by a direct calculation, we find that 
du _ u f?(-9) 
= 15.6.28 
dq 5q f(—4°) 
Thus, by (15.2.12) and (15.6.28), 
1 du 1 du 1+ u? f>(—-q) 
= +1 = ; 15.6.29 
ye? dq (a dq 5qu f(—q") 


Using (15.6. 29) and the formula \/5p + 2+1/p = /u(ut+1/u), from (15.6.25) 
and (15.6.26), in (15.6.27), we deduce that 


dH 5yu?—1 f?(-¢) 


ge a a (15.6.30) 
It follows that for 0 < qo, q <1, 
= Hom ey eT tes FD) 
(a) ~ Hao) =5 fw eae [wn ear 
= Paps t <b) * ajar F(—2) 
=c+5/ a Oat | pV (Fay 
(15.6.31) 


where C is given by 


do Sa: 1 5(_ 
C = H(qo) - 5 | p3/?(t) ae arf pr Ft dt. (15.6.32) 


With the use of (15.6.25) in (15.6.31), the proof of Entry 15.6.3 is complete. 
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15.7 Elliptic Integrals of Order 15 


The entries in this and the following two sections depend on remarkable dif- 
ferential equations satisfied by certain quotients of eta functions. For the first 
series of results, that quotient is defined by 


feel SOG N 
en Canary ey 


We need three ancillary lemmas. The first and third are found in Ramanu- 
jan’s notebooks [227]. 


Lemma 15.7.1. Let v be defined by (15.7.1), and let 


aid ( oa. 


ETE 
Then 
R+5+ oe ae 
hae 


For a proof of Lemma 15.7.1, see Berndt’s book [62, p. 221, Entry 62]. 


Lemma 15.7.2. Let R be given above, and let 


Pi (fh) us 0-3 (Fam) 


mele 125 135 486 729 
P+ =R-44+ + +H 
ane 125 9 
+ = F°4+6R?+15R-44+—, 
Q+G +6R? + ts 
Proof. From Berndt’s book [62, p. 223, Entry 63; p. 226, Entry 64], we have, 
respectively, 
125 
PQ + ws =VEKRF+4(K -9 15.7.2 
VPQ+ Try = VIP + AK 9) (15.7.2) 
and 195 
PQ - —sS =(Kk-4 K—-11)(k +1), 15.7.3 
Vv PO ( v( )( ) ( ) 
where i 
K=_-1, (15.7.4) 
v 


where v is given by (15.7.1). (The forms of Entries 63 and 64 in [62] are slightly 
different from those in (15.7.2) and (15.7.3), respectively, but their equiva- 
lences are easily demonstrated by elementary algebra.) Multiplying (15.7.2) 
by (4 + v) and (15.7.3) by K in (15.7.4), we deduce that 
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25... 125. pe,5 7 
De OE 0 = (K?+4)(K —9) (15.7.5) 

and 
-P= - +Q+ — = K(K —4)V/(K -11)(K +1). (15.7.6) 


From Lemma 15.7.1, we know that 


K=R+5+ =. (15.7.7) 


Hence, from (15.7.5), (15.7.6), and (15.7.7), we deduce that 


125 125 144 486 729 
P+ = = R?+6R?2+16R-8 15.7.8 
aes one aes ra) +p t+ prt zs ( ) 
and 
125 125 126 486 729 
P = R 2414 . 15.7. 
wer 0 R°+6R*+14R eT ee (15.7.9) 


Solving (15.7.8) and (15.7.9) yields Lemma 15.7.2. 


Lemma 15.7.3. We have 


Co 


kq* oo kg? 
‘ie ny 
k=1 k=1 


Pi-g Pee) 


For a proof of Lemma 15.7.3, see Berndt’s book [61, p. 463, Entry 4). 


- i f22(—a) + 224f(—4) F(—a°) + 1259 f(a) 


Lemma 15.7.4. Let v be defined by (15.7.1). Then 


= f(-@)f(—@) f(—@°) f (—¢"®) V1 — 10v — 13v? + 1003 + v4. 


Proof. From the definition (15.7.1) of v, we find that 


f3(—q?®) a f(a) 
Ldv — dlogy _ los {4°/?4a-tay } a dlog {a fe} (15.7.10) 
vdqg dq dq ag 7 
3 aes = ngien-} 
=— +49 5 
2q d 1 gn 2d 1 qidn 
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~ 2g PR® P(e) 
1 i f!?(—q) + 22af9(—a) f9(—@®) + 12592 f'12(—4°) 


3 je + 229° f°(—4°) f°(—q"*) + 1259° f?(—¢"") 


2q FPeOree) 


by Lemma 15.7.3. Simplifying (15.7.10) by using the definitions of P, Q, 
and R from Lemmas 15.7.1 and 15.7.2, as well as Lemmas 15.7.2 and 15.7.1 
themselves, we find that 


15, (3 id (—@) f(-@"”) 
i 1G T(-at(—@) 


125 1 iy fieatt-@) 125 
x 4/Q4+ 22+ O 54 Aoghareayy P 


_ 3 5 i, (3 1 125 
= uf (—a)f (-4@°) f (-@°) f(-4 (Ga O409 4 5 
== R poms 2) 
ao7 9 
=f (-a)f(-@)f(-@)F( °) (59 Ro +6R? +15R+ 18+ 5 
1 135 486 729 
-3.VRy/R+ 18+ ape e Ey 


= of(-a)t(-8 f(a) (VR- ) (VR+ Fe) 


= vf (-a)f(-@)F(-#)F( oy t uy; ee 


= f(—q)f(—¢) f(—@) f(—¢"®) 1 — 10u — 13v2 + 1003 + v4. 


This completes the proof. 


Entry 15.7.1 (p. 51). Let v be defined by (15.7.1), and let « = (V5 +1)/2. 
Then 


| " f(—t) f(—18) f(—t8) f(t) 
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ae, dp 15.7.11 
Bl bteaed 4. fey? 9 2 a) 
V5V It+u-v? 1— 55 sin“ y 


- at dy 
—~ 9 —ve? ve)(1—ve® 
9 veo (Hat iL re ji- asin’ 
(15.7.12) 


1 hr ale dy 
= ed —ve® fa ee 
= tan71 (© v5) ee | 1— 2 sin? YP 


(15.7.13) 


Proof of (15.7.11). Let 


tan(y/2) = ‘= al (15.7.14) 


5(1 + v(t) — v?(t)) 


Clearly, 


v5 5(1 + v(q) — v°(q)) 
(15.7.15) 
Differentiating both sides of (15.7.14) with respect to t, we find, after a modest 
calculation, that 


12(1+v(t)) du 
5(1 + u(t) — v2(t))? dt 


tam(‘p/2) sec?(p/2)" = (15.7.16) 


From (15.7.14) and elementary trigonometry, with the argument t deleted for 
brevity, 


6(1 —v—v?)V1— 1lu — v? 


tan(y/2) sec?(y/2) = Gd4v- wi? (15.7.17) 
From (15.7.16) and (15.7.17), it follows that 
dip/dt _ 2/5(1 + v?) 
du/dt (1 v— 02), /0— Mv — 0) + 0-0) 
a ava(1 + v*) (15.7.18) 


(1 — v — v2) V1 — 100 — 13? + 1003 + vt 
From further elementary trigonometry, 


5(1 — 11lv — v?)(1+ 0-0?) 


2 fain? 2 _ 
sin“ y = 4sin“(~/2) cos*(y~/2) {love ; 
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and so ( 2y2 
9 195 4(1+v 
eee = — 15.7.1 
1 5p sin Y Bl vv (15.7.19) 
From (15.7.18) and (15.7.19), we deduce that 
do /dt 5,/1— 2 sin? y 
Gh Se a (15.7.20) 
du /dt V1 — 10v — 130? + 10v3 + v4 
Using (15.7.15) and (15.7.20), we find that with v = v(q), 
[ronan ae ya 
1 2tan~+(1/V5) { Z e 
ie f-H)F(-@)F(-O) f(t) 
as (VES) 


ae 


dv 1 Lg 
Se in? 
a V 


Invoking Lemma 15.7.4, we complete the proof of (15.7.11). 


Lemma 15.7.5. (First version of Landen’s transformation) If 0 < a,B < 
m/2,0<a <1, and sin(2 — a) = xsina, then 


7 dy te i dp 
0 Vl—asin?y 142 Jo 1_ 4x din? 
(1 an)? 


Lemma 15.7.5 can be found as Entry 7(xiii) in Chapter 17 in Ramanujan’s 
second notebook [61, p. 113]. If we replace x by (1 — V1 — x?)/(1+ V1 — 2?) 
in Lemma 15.7.5 and interchange the roles of a and (7, we obtain the following 
second version of Landen’s transformation. 


Lemma 15.7.6. (Second version of Landen’s transformation) If 0 < a,B < 
m/2,0<a <1, and tan(G— a) = V1— 2? tana, then 


. dp = 1 i dp 
0 Vl—22sinr®2g 14+V1—2? Jo ' (= nae) 
sin® 
1+ V1-2? 


Proof of (15.7.12). We apply Lemma 15.7.6 with « = 3. Then tan(@—a) = 
4 tan a. Suppose that 


_ _1 /1—11e(q) — v7(q) 
a = 2tan 1 an a) (15.7.21) 
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If g = 0, then a = 2tan~!(1/V5). In comparing (15.7.11) and (15.7.12), we 
must prove that, with the agrument q deleted for brevity, 


tan(3/2) = e =a Gene e ney) (15.7.22) 


(1 + ve?) 1—ve-!)(1 + ve-5)’ 


for if g = 0, then @ = 7/2. 
Set t; = tan(a/2) and tz = tan ((6 — a)/2). Then 
2to 4 8ty 
(ag, Oe eae a) 
If we consider the extremal equality as a quadratic equation in t2, a routine 
calculation gives 


5(1—#2) 1 /250—#)? 
= LA 15.7.2 
2 8, 2 16 , 28) 


since t2 > 0. Using (15.7.21) and the definition of t1, we find that 


A(1 + 4u — v?) 
1-#= 15.7.24 
1 51+ —v?) eee) 
and 95(1 2)\2 1 2\2 
= 
Cte oe tae) (15.7.25) 


16¢7 (1+v—v?)(1 — lu — v?)’ 


after a lengthy calculation. Employing (15.7.21), (15.7.24), and (15.7.25) in 
(15.7.23), we conclude that 


J/5(1 + 4u — v?) + 3(1 + v?) 
2,/(1+ v— v?)(1 — 1lv — v?) 
e7(e —v)(e~° — v) 
J (1 — ve!) (1 + ve) (1 — ve®)(1 + ve-5) 


2 1—ve-!)\(1—ve® 
=€ i - aa Se. (15.7.26) 


to = 


Hence, by (15.7.21) and (15.7.26), 


tan(G/2) = tan (a/2 + (6 — a)/2) = htt 


ee eal eresmreer 


5(1 — ve-!)(1 4+ ve) (1 + ve)(1 + ve-5) 
€~?(1 — ve®) 


V5(1 + ve) 


= 
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| ee 9 are ) +e? V5(1 — vem 3) 
) 
(3V5 


(1 —ve-!)(1+ V5(1 + ve) — e-2(1 — ved 


i (1 — ve°)(1 + ve) 
Vi vet ve) es | 


Thus, (15.7.22) has been established, and the proof of (15.7.12) is complete. 


Proof of (15.7.13). We apply Lemma 15.7.5 with x = 3, and let a be given 
by (15.7.21). Comparing (15.7.11) and (15.7.13), we see that it suffices to 
prove that, with the argument q deleted for brevity, 


_ oe: (1 — ve—1)(1 — ve?) 
t := tan 6 = 2¢ aS (15.7.27) 


for if ¢g = 0, then t = 2e-? = 3— V5. 


Now the hypothesis sin(23—a) = 3 sina in Lemma 15.7.5, by the addition 


formula for the sine function and the double angle formulas for both the sine 
and cosine functions, easily translates to the condition 
sin(2() 5 tan 3 


t = = , 15.7.28 
3+ cos(23)  4-tan? 6 ( ) 


Using (15.7.28), (15.7.27), and (15.7.21), we have 


St _ 2tan(a/2) 
bet OO Tena) 
Vol = lly = v7) += 0?) 
= 15.7.2 
2(1 + 4v — v?) eee) 


Considering (15.7.29) as a quadratic equation in t, we solve it to deduce that 


2 1+ 4v—v? 20(1 + 4u — v2)? 
<3 V5(1 + 4u — v?) “fa O(1 + 4u —v M6), 


2 J(1 = 1 — v2)(1 + 0 — v?) 
since t > 0. Simplifying, we find that 
V/5(1 + 4u — v?) 
J =llv—v?)1+0 


_ 24 — ve“)(1 — v6) 
(1 + ve)(1 — vem) ’ 


3(1 + v?) 
v?) : J(1 = lv — v?)(1+ 0 — 0?) 


— 


by identically the same calculation that we used in (15.7.26). Thus, (15.7.27) 
has been proved, and the proof of (15.7.13) is complete. 
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For the remainder of this section, set 


hes fea sa")\ 
siGencor. ne 
Entry 15.7.2 (p. 53). If v is defined by (15.7.30), then 
q 1 2tan~*(1/V5) dy 
f(t) F(-#°) F(t) f(t? )dt = = Se. — 
| ° Jou (ets) /1— gain’ y 
(15.7.31) 


Proof. Because of the conflict in notation between (15.7.1) and (15.7.30), for 
this proof only, we set 


_ ( feas(-a))* 
wna (a) - oe 


In the notation (15.7.30) and (15.7.32), Lemma 15.7.1 takes the form 
1 1 
—~+5+9v=—-—u. 
v u 
By using this equality, we can easily verify that 
1—3v | 1—1lu- wu? 
1+3v VY 1lt+u-u 


Thus, (15.7.31) follows immediately from (15.7.11). 


15.8 Elliptic Integrals of Order 14 


As in the previous section, the primary theorem in the present section depends 
on a first-order differential equation satisfied by a certain quotient of eta 
functions and established through a series of lemmas. Let 


= 14) \ 4 
v:=v(q¢):=¢ Gaaraes : (15.8.1) 
Lemma 15.8.1. [fv is defined by (15.8.1) and 


_1( f(-af(-a) \" 
a (Gace) ia 


then : i 
R+74+5=04+-. (15.8.3) 
R v 
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Lemma 15.8.1 is a reformulation of Entry 19(ix) in Chapter 19 of Ra- 
manujan’s second notebook [61, p. 315]. To see this, replace g by —gq in the 
definitions of (15.8.1) and (15.8.2). Then use Entries 12(i), (iii) in Chapter 
17 of the second notebook [61, p. 124] to convert (15.8.3) into a modular 
equation, which is readily seen to be the same as Entry 19(ix). 


Lemma 15.8.2. Let 


Paige) om Saas (qaey) O58 

Fhe 49 48 64 
PLSZ=R-lt+ ate (15.8.5) 

and 49 8 
Q+ Gg =F +6R-1+ 5. (15.8.6) 


Proof. In the notation (15.8.4), Ramanujan discovered the eta-function iden- 
tity [62, p. 209, Entry 55] 


49 
J/PQ + —— = v9? — 8yl/? — By“ V/? 4 y3/? 
VPQ 
= 1 \ Ju ; 11 1 | Ju 
= € | °) € | °) 
= K(K? - 11), (15.8.7) 
where ; 


Letting c = K(K? — 11) and solving (15.8.7) for PQ, we find that 


c+ Vc? — 196 
/PQ= 


where the correct root was found by an examination of ./PQ in a neighbor- 
hood of g = 0. A brief calculation now gives 


(PO = AY a) D6 


= /K6 —22K4 + 121K? — 196 
= /(K2 — 4)(K4 — 18K? + 49). (15.8.9) 


Multiplying (15.8.7) by K (given by (15.8.8)) and (15.8.9) by 1/./v —.//v = 
Vk? — 4, and using (15.8.3), we deduce that, respectively, 
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4 4 
PEO Oe =e a 


i Q 
=(R+5+9) (n+ 5-2) 
(R+8)(R+1)(R? —2R +8) 


= a (15.8.10) 


and 
49 49 
p= ae 
ptI+G 


= (K? — 4)\/K4 — 18K? + 49 


= (n+ 845) (n+ 849) —18(2+ 8 +9) +4 


(R2 +5R + 8)(R?2 —8) 


= @ (15.8.11) 
Solving (15.8.10) and (15.8.11), we deduce (15.8.5) and (15.8.6). 
Lemma 15.8.3. We have 

RQ kq* a kq™* 

14455 ar 28) Tg 
k=1 k=1 
_ {feo + 13qf*(—a)f4(—a") + 49¢2,f8(—47) " 
f(-a) f(-4") 


Lemma 15.8.3 is part of Entry 5(i) in Chapter 21 of Ramanujan’s second 
notebook [61, p. 467]. 


Lemma 15.8.4. If v is defined by (15.8.1), then 


= f(-a)f(—@?) f(—a") f (—q"4) V1 — 140 + 19v? — 1403 + v4. 


Proof. From the definition (15.8.1) of v, Lemma 15.8.3, (15.8.4), (15.8.2), 
and Lemma 15.8.2, 


f*(<a"*) —1_f*(<a) 

qdv _ dlogy ___@log {@? FOP) \ Fr dlog {a 1 £9, } 
vdq — : dq : dq : dq 

2n-1 oS 14n-1 

nq nq 
= = — 56 
OS Tn-1 OS n-1 
nq nq 
—-42 4 
af + Peper” yt 
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~2 (fcr + 139? f(a) f4(-a"4) + ——)- ° 
_ 1 


(2 + 13¢f*(-a) f* 
—af 


2/3 
= af (-a)F(-@)F(-4") F( | a (w+ 0n+12+5) 


= af(-a)t(-P ta sa") (R- 5). (15.8.12) 
(x *)' (x 8) +14(n+$) + 49 u(r { 7+3) +17 
8 \? 8 
~ (+2) -14 (0+ =) 417 


_ 1-140 + 19v? — 140 +v4 
5 : 


(15.8.13) 
U 


Taking the square roots of both sides of (15.8.13) and substituting in 
(15.8.12), we complete the proof. 


Entry 15.8.1 (p. 51). [fv is defined by (15.8.1) and if 


V134+ 16/2 


7 2 


then 
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| " f(a) f(-2) (47) F(t) at 


cose 


1 d 
= —__ a a . (15.8.14) 
V8V/2 Jeos~1 (eq#?) yi- leva 18 sin? ¢ 
Proof. Let 
1+ v(t) 
= ¢—— 15.8.1 
cos Y ETC, (15.8.15) 


so that at t = 0,q, we obtain the upper and lower limits, respectively, in the 
integral on the right side of (15.8.14). Differentiating (15.8.15), we find that 


dp 2c du 
si = : 15.8.16 
am Pat 6 — v(t)? dt ( ) 
By elementary trigonometry, 
{aan 2b 2 
sin y = a ee (15.8.17) 
1l-—v 
Putting (15.8.17) in (15.8.16), we arrive at 
dp /dt 2 

PO ss 7 (15.8.18) 


dufdt = (1—v), /—v)?# -2 +0)? 
Next, by (15.8.17), 
16V2—13 ., _ 32V2(1— v)? — (16V2 — 18) {(L—v)? - (1+ v)?} 
yy al 32/2(1 — v)? 


_ (162 + 13)(1 — v)? + 7(1 + v)? 
7 32,/2(1 — v)? 


i 


(15.8.19) 


Thus, by (15.8.18) and (15.8.19), 


ful 16218 5 


dy /dt 32/2 ee 
JG aw a Fo? V (16V2 + 13)(1 — 0)? +70 +0)? 
2c 2/8V2 
__ 49 1 — v)? — (16/2 + 13)(1 + v)? / (16V2 + 13)(1— »)? + 71 +0)? 


4y/ 16/2 + 13\/8V/2 
V1 — 14u + 19v2 — 14v3 + v4 


8/2 


2 
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after a calculation via Mathematica. Thus, 


cos c 


| " f(t) f(-2) f(t?) f(-t!4) at 
1 


= Fe boo nyeptay SOFC 


. V1 — 140 + 19v? — ldv3 +04 
dv 16/2 —13 2 
ul + 
yi eg no 


dt 
=) 
7 1 cos” *¢ dy 
V 8/2 cos-1 (cy +t) Vt _ 16/2 — 13 2:2 ; 
sea sin’ yp 


upon the use of Lemma 15.8.4. 


15.9 An Elliptic Integral of Order 35 


To avoid square roots, we have modestly reformulated Ramanujan’s integral 
equality (Entry 15.9.1 below). Throughout this section, set 


_ a) #( 935 
glk DI q ) (15.9.1) 
iia?) F(a") 
(Ramanujan defined v by the square of the right side of (15.9.1).) Ramanujan’s 


theorem depends on a differential equation for v, which we prove through a 
series of lemmas. 


v= U(qg) = 


Lemma 15.9.1. Let 
_ fa F(-”) 
Pere 07 ae): 


Then 


Lemma 15.9.1 can be found on page 303 of Ramanujan’s second notebook 
[227]; a proof is given in [62, pp. 236-242]. 


Lemma 15.9.2. Let 
St OER). lp Spin SIME) 


Then 
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This eta-function identity is not found in Ramanujan’s ordinary notebooks 
[227], but it is recorded in his lost notebook [228, p. 55] and is given in Entry 
17.2.5 in Chapter 17 of this book. 


Lemma 15.9.3. We have 


iced kq® Send kq>* 
fey sat 
k=1 k=1 


_ i fi? (—@) + 224f°(-a) f5(—9°) + 1259? f?(-4°) 
f?(-a) f?(-4@) , 


For a proof of this result from Chapter 21 of Ramanujan’s second notebook, 
see Berndt’s book [61, p. 463, Entry 4(i)]. 


Lemma 15.9.4. [fv is defined by (15.9.1), then 


Proof. Set 


en ai (15.9.2) 
U 


Then Lemma 15.9.2 can be reformulated as 


125 
(PQ)? 


Considering (15.9.3) as a quadratic equation in (PQ)3, we solve it. Then after 
a tedious, but elementary, calculation, we find that 


125 
(PQ) 


Now multiply both sides of (15.9.3) by 


1 
— tu? =(K*+1)/K?+4 
U 


and both sides of (15.9.4) by 


(PQ)3 + (K3 — 7K? +9K +7)/K?24+4. (15.9.3) 


(PQ)* 


3 = (K-1)(K-4)V/(K + 1)(K3 — 5K? + 3K — 19). (15.9.4) 


1 3 2 

=e K(K* +3), 

and use the observation v = P/Q to deduce that, respectively, 
125 
‘Pe 


125 
P® 4+ —+QP+ oe = U; (15.9.5) 
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and 


125 125 
P® po as | ra = Ud, (15.9.6) 
where 
Uy = (K? + 4)(K? + 1)(K3 — 7K? +9K +7) (15.9.7) 
and 


Uz = K(K —1)(K —4)(K? + 3)\/(K + 1)(K3 — 5K? + 3K — 19). (15.9.8) 


Solving (15.9.5) and (15.9.6), we deduce that 


125 1 
6 
Pe+ ps = 5 (U, — U2) (15.9.9) 
and 125 i 
6 
Q? + ae 3 (U1 + U2). (15.9.10) 


Using the definition of K in (15.9.2), we can rewrite Lemma 15.9.1 in the 
form 


49 


ee ee = K? —5K?+3K —5. (15.9.11) 
Considering (15.9.11) as a quadratic equation in R?, we solve it and find that 
1 49 1 

R? = 3 (Vi + V2) and R2 — 3 (Vi — V2) ’ (15.9.12) 

where 
Vi:= K?-5K?+3K—5 (15.9.13) 

and 

Vo = (K —3)\/(K + 1)(K3 — 5K? + 3K — 19). (15.9.14) 


Now, by Lemma 15.9.3, we find that 


Reece") -1/6 £(= 
ldv — dlogy _ dlog {47° 7a) \ , dlog {4 v6 9) } 


v dq dq dq dq 
a 7 sass nq nye” 1 
— 6q : ts 1 ™m Py 1 geen 


7 (f(a) + 2247 £9(—a7) f9(—a25) + 125q"4 f 1? (— 93°) 
~ 64 Pa) Pa) 

1 {2 q) + 22a f°(—q) f9(—a°) + 1259? f!2(-@°) 
6q f?(—a) f?(-@°) 
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= qf( a 


12 
ya Oe4 8 a +224 e tec) ; (15.9.15) 


where we have used the definitions of P, @, and R in Lemmas 15.9.2 and 
15.9.1. 

Squaring both sides of (15.9.15) and simplifying with the use of (15.9.12), 
(15.9.9), (15.9.10), (15.9.7), (15.9.8), (15.9.13), and (15.9.14), we find that 


( 1 a 
at (—a)F( ae a) f(—4@?) dq 
v? 125 125 
-a{2 (o"4 a +22) 49 (pe + Fe +22) 
| (r+ 22 +2) (pes Se +22) | 


se (Vi — Vo) Ui+ U2 | 95 (Vi + Vo) Ui Ub 0 55 
36 2 2 2 2 


v? U; 


1 2: 
= 3g ) 5 (UV — UaVa) + 224 ua ( i 22) ji 


= v?(K* — 4K? — 2K? — 16K — 19), (15.9.16) 


where the last step involves a considerable amount of algebra. Lastly, by 
(15.9.2), we substitute kK = 1/v — v into (15.9.16). Upon simplification, fac- 
torization, and taking the square roots of both sides, we complete the proof. 


Entry 15.9.1 (p. 53). [fv is defined by (15.9.1), then 


[escort 
= t dt 
do A +t- 20 — Bt — 98 — 55 — 1) 


Proof. Let v(t) be defined by (15.9.1). Then the limits t = 0,q are trans- 
formed into 0, v = v(q), respectively. Thus, 


| t f(t) f(—1) f(t?) #1) 


= eg t)F(—O)F(1)F(-#*) 
0 du/dt 
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v(q) v dv 


0} =6f(l+u—v2)(1 — 5u — 9u3 — 5v® — v8) 


? 


upon the employment of Lemma 15.9.4. Thus, the proof is complete. 


15.10 Constructions of New Incomplete Elliptic Integral 
Identities 


It is clear from the previous sections that some of Ramanujan’s incomplete 
elliptic integrals arise from differential equations satisfied by quotients of eta 
functions. Berndt, Chan, and Huang [70] derived further differential equations 
and established several new results in the spirit of this chapter. In closing, we 
give an example and then briefly describe why such differential equations exist 
and how further integral identities can be found. 


Theorem 15.10.1. Define 


__ f(—¢?) f8(-¢®) 
qF6(<a) F938) : (15.10.1) 
Then 
a tH a) (-@) f(—a°) f (0) Vo(4v + 1)(6u + 1). 


We now offer an identity associated with an incomplete elliptic integral of 
order 6, which is derived from Theorem 15.10.1. 


Theorem 15.10.2. If v is defined by (15.10.1), then 


us 
2 


er err 
sin” Jar 4/1 — 3 sin? yp 
-1 1 


ay it dy 
2 Jo 1-3 sin? 


Y 


a 


1 
ae 


(—t)F(-) F(-) f (4°) dt = 5 


(15.10.2) 
The key to the proof of Theorem 15.10.2 is the substitution 
sin? y = no (15.10.3) 
4u+1° — 


We briefly describe here how we arrive at this substitution. Consider the 
equation 
y? = x(4x + 1)(16x +1) 
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for an elliptic curve E. By substituting 7, = 4% + 1, we may rewrite the 
equation in the form 

y? = £1(2, — 1)(a, — 3). 
Next, by setting yo = yx3 and x2 = 1/2, [208, pp. 42-43], we obtain the 
Legendre form of the elliptic curve E, namely, 

yy = (1 —23)(1 — $23). 
Our substitution (15.10.3) is obtained by letting 


1 61 
ay 4c+1 


sin? y = ne = 


We now describe how one can construct differential equations analogous 
to that of Theorem 15.10.1. The quotients of eta products that appear in 
Ramanujan’s integrals happen to be Hauptmoduls associated with discrete 
groups of genus zero of the form Ip(N) + W,, where p|N and W, is an 
Atkin-Lehner involution of I(N) (see [116] for more details). Suppose v is 
the Hauptmodul associated with a discrete group I of genus zero. Then the 
derivative of v with respect to q is a modular form of weight 2 under I. 
To construct a differential equation associated with v, we search for another 
modular form of weight 2 under I’ for which the quotient w+ qe is invariant 
under I’. Since every modular function invariant under I” can be expressed as 
a rational function of v, we can easily determine the relation between the two 
modular forms. 


16 


Infinite Integrals of g-Products 


16.1 Introduction 


On page 201 in his lost notebook [228], Ramanujan records five integral eval- 
uations that are related to the normal integral and that involve q-products, 
although this is not immediate, since Ramanujan set g = en 2k” and he des- 
ignated all products by just recording the first couple of terms. R. Askey [47] 
proved the last two of the formulas. Here we prove all five claims. All are 
dependent on the g-binomial theorem [61, p. 14, Entry 2] 


<> (4; Q)n in _ (423 Q) 20 
ng ee (blel<3 (16.1.1) 
n=0 WELT 2 co 
a limiting case 
oo (SD) rgre—Dge 
De = (23 q)oo; (16.1.2) 
rear (GQn 


or other special cases of (16.1.1). 
The five integral formulas of Ramanujan on page 201 are given next. We 
have taken the liberty of moderately altering Ramanujan’s notation. 


Entry 16.1.1 (p. 201). Jf |a| <1 andm and k are real numbers, then 


oo 9°. n~n(n+1)/2 
—27412m2x 2Qkx, _ (m+nk)? ad 
e€ —age***; q)oodx = mt y e€ ———_—-. 16.1.3 
ie ! am (GQ)n ( 


Entry 16.1.2 (p. 201). Jf |a| <1 andm and k are real numbers, then 


loo) m2 
—a2?+2mex —k?4+2kz, —2k? = Te 
J (—ae 3 € Joo dx => (ae2mk, @=2h7) (16.1.4) 
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Entry 16.1.3 (p. 201). Jf |a| <1 and m and k are real numbers, then 


Co 
d. " 
sp ct ame, aa), = VTE (a HF Hn, (16.1.5) 
—oo ’ co 


Entry 16.1.4 (p. 201). Jf |a|, |b] < 1 and m and k are real numbers, then 


co 
2 2 2 2 2 
‘i ee Teme Gee Rey le Velen = Bh em ak Joo dx 
—oo 


b —2k?. ,—2k? 
— Vre™ k2 (a 7 2 ae Jeo 3. . 
(ae—#? +2mk. e—2k) |. (he B—2mk. e— 2k?) 


(16.1.6) 


Entry 16.1.5 (p. 201). Jf |a|, |b] < 1 and m and k are real numbers, then 


i: ene +2mex dx 
—k2 ike. »—2k2 —_k2 Vike. ,—2k2 
a (ae k +2ike. e 2k Joo (be k ike. e 2k V0 


= Vre™ (—a 


OWT 2 29; 2 
e72k +2imk. 62k Joo(—be72* —2imk. 62k ) 


(abe BF, 62), CG Ae) 


In our proofs in the next section we repeatedly use the normal integral 
evaluation 


/ e* dx = Vn, (16.1.8) 


—oCo 


usually without comment. 


16.2 Proofs 


Proof of Entry 16.1.1. Using (16.1.2) and inverting the order of integration 
and summation by absolute convergence, we find that 


oo A Sect argh rt) /4 oo FS 
/ e® + Am ogo? ca). der = S- / e* +2ma+2knz Y, 
a Cy aa ree 


n=0 


( e(mtnk)? / en (t= (m+nk))? gon 


( elmtnk)? fe 


which completes the proof of (16.1.3). 


Proof of Entry 16.1.2. If we set q = e~2*° and b = ae2*™ and make the 
change of variable x = u+m, we find that (16.1.4) takes the form 
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co 
2 2 2 
iy et Tete gee? nee ae 2k Joodx 
—oo 


_ pm i ew (—by ge"; goodu = ic a (16.2.1) 


Inserting (16.1.2) and inverting the order of integration and summation by 
absolute convergence, we find that 


oo ie) pr n? /2 oo 
[cP eae adacdu = So PE feet 


n=0 


Seu! prgr /2 


= n? me, —(u—nk)? d 
= ——e e U 
2 (GQ)n I. 


eee 
GG, 
__v@ 


“(Ores 


by an application of the q-binomial theorem (16.1.1). We see that indeed, 
(16.2.1) has been established, and so the proof is complete. 


Proof of Entry 16.1.3. If we set q = e~2*° and b = ae2**™ and make the 
change of variable x = u+ m, we find from (16.1.5) that it suffices to show 
that 


te 2 du 

2. —b\/G3 Doo: 16.2.2 
|? Game = VIED (16.2.2) 
Employing the g-binomial theorem (16.1.1) and inverting the order of inte- 
gration and summation, we find that 


n=0 
= — b nk? [. —(u-ink)? yy, 
<4 (Gn —co 
22 pnign?/2 
7 py, (GQ)n 
= Vi(—b/G; Q)oos (16.2.3) 
by the q-binomial theorem (16.1.2). The last integral appearing in (16.2.3) 


can be evaluated by integrating e around the positively oriented rectangle 
with horizontal sides [-N, N] and [—N — ink, N — ink], and vertical sides 
[—_N—ink, —N] and [N—ink, N], applying Cauchy’s theorem, letting N — co, 
and lastly applying the normal integral evaluation (16.1.8). 
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Proof of Entry 16.1.4. If we set gq = en 2k ,e= ae", andid = be-2"", and 
make the change of variable x = u+™m, then we find from (16.1.6) that it 
suffices to show that 


I(c,d) := is enw (—ce**" @: q)oo(—de 7" 9: gq) odu = HEC 
(16.2.4) 


Applying the q-binomial theorem (16.1.2) twice, inverting the order of sum- 
mation and integration, and applying the q-binomial theorem (16.1.1) with 
a = 0, and then lastly invoking the g-binomial theorem (16.1.1) for a fourth 
time, we find that 


CO & in yn(n+1)/2 a@mgm(mtt)/2 


eng i —u?4+2k(n—m)u 
I(c,d) = / Boren du 
od) PS (Gn (eas. tls 


Co & cig gn(nt))/2tm(m+1)/2 


mapa ee 5 Q)n(Q; eerie 


(qq n q)m 


crgmgn/2+m/2+mn 
a. V0 
dd (GQ n(GQm 


nm yn /2 1 
"L4 (G0)n (dg; Qc 
e. E (AVGQ)n oan 
7 a Ga, ov? 
_ __ Va(cdq; q)o0 
(CVG D0 (dVG; Moo 


Hence, the proof of (16.2.4), and so that of Entry 16.1.4 as well, is complete. 


Proof of Entry 16.1.5. If we set q = en 2k” es ger" and’ d= be-2"*, 
and make the change of variable x = u+™m, then we find from (16.1.7) that 
it suffices to show that 


Hed = f a V(—c4; d)o0(—d4; de 


ge (EGER: GN nn (de /ge hea (cdq; q)20 


(16.2.5) 
Applying the q-binomial theorem (16.1.1) twice, inverting the order of sum- 
mation and integration, applying the g-binomial theorem (16.1.2), and then 
lastly invoking the qg-binomial theorem (16.1.1) for a fourth time, we find that 


as ae Cc ee m/2 


ie en +2ik(n—m)u ga, 
n=0 m=0 q (GOn(G Dm qm ae 
ee m/2 


= aS yo a eee 


n=0 m=0 (GDn(GDm 
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cdg n(n+1)/2+m(m+1)/2—mn 


EE 
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(45 @)n (45 1m 
t1)/2 2% (dg yng Die 


eran 
7 FE ae X& (45 9)m 
a aus Cc nanln n+1)/2 


(Gn 


— St—dare). YS 
= Wek 1; doo) (G39)n 


Co 


= Vii(—da:d)ao YE De (edgy 


<4 (Gn 


V™(—Cq; 4) 00(—4d; 4) 0 
(cdq; Q) oo 


Thus, (16.2.5) has been proved, and the proof of Entry 16.1.5 is complete. 


(—dq'~"; q) 0 


P.I. Pastro [205] has given different proofs of Entries 16.1.4 and 16.1.5. 
Moreover, he has found sets of orthogonal polynomials related to these two 
integrals. His orthogonal polynomials are q-analogues of the Laguerre polyno- 
mials. 


17 


Modular Equations in Ramanujan’s Lost 
Notebook 


17.1 Introduction 


Ramanujan recorded several hundred modular equations in his three note- 
books [227]; no other mathematician has ever discovered nearly so many. 
Complete proofs for all the modular equations in Ramanujan’s three note- 
books can be found in Berndt’s books [61], [62], [63]. In particular, Chapters 
19-21 in Ramanujan’s second notebook are almost exclusively devoted to 
modular equations. Ramanujan used modular equations to evaluate class in- 
variants, certain q-continued fractions including the Rogers-Ramanujan con- 
tinued fraction, theta functions, and certain other quotients and products of 
theta functions and eta functions [63]. 

In his lost notebook, and in a few fragments published with the lost note- 
book [228], Ramanujan organized some of his modular equations by type, 
rather than by degree as he did in his second notebook. These lists cover the 
most important kinds of modular equations. Although many of these modular 
equations are found in his notebooks [227], some are not. The purpose of this 
chapter is to provide a list and discussion of all these modular equations and 
to give proofs for those not found elsewhere in Ramanujan’s notebooks. 

Each modular equation is equivalent to a certain theta-function identity, 
but a theta-function identity may not have an equivalent modular equation. 
Ramanujan’s lost notebook contains many new and beautiful theta-function 
identities (not equivalent to modular equations), which will not be discussed 
in this chapter. However, many can be found in Chapter 1 of this volume and 
in our second volume [37]. 

In the next section we examine the modular equations on page 55 of the 
lost notebook. These have been called P-Q modular equations [62, p. 204], or 
eta-function identities, or modular equations of Schlafli type [221]. These are 
among the most elegant and beautiful modular equations found by Ramanu- 
jan, and they have been most useful in the applications mentioned above. 

In Section 17.3, we examine a fragment on pages 350-352 of [228] con- 
taining six groups of modular equations. These include modular equations 
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associated with the names of A.M. Legendre, H. Schroter, and R. Russell. 
The last of the six sets contains Ramanujan’s beautiful formulas for multipli- 
ers. 

The brief Section 17.4 is devoted to a fragment found on page 349 of [228]. 

Before proceeding further, we provide some definitions in preparation for 
defining a modular equation, as Ramanujan would have understood it. 

The complete elliptic integral of the first kind associated with the modulus 
k,0<k <1, is defined by 


n/2 fa 
0 1 — k? sin“ 0 


The complementary modulus k’ is defined by k’ := V1 — k?; set K’ := K(k’). 
If g = exp(—7K"'/K), then one of the central theorems in the theory of elliptic 
functions asserts that [61, p. 101, Entry 6] 


g?(q) = —K(k) = 2Fi($, 35158"), (17.1.1) 


where vy denotes the classical theta function defined by 


ega= >> a’, 
j=—0o 
2F (5,431; k?) denotes the ordinary hypergeometric function, and where the 
last equality in (17.1.1) follows from expanding the integrand in a binomial 
series and integrating termwise. It is (17.1.1) upon which all of Ramanujan’s 
modular equations ultimately rests. 

Let K, K’, L, and L’ denote complete elliptic integrals of the first kind 
associated with the moduli k, k’, @, and @ := V1 -— ?, respectively, where 
0<k,€ <1. Suppose that 

kK’ Lt 

OoRe = 

for some positive integer n. A relation between k and ¢ induced by (17.1.2) is 

called a modular equation of degree n. In fact, modular equations are always 

algebraic equations. After Ramanujan, set a = k? and 6 = @?. In the sequel, 

we shall frequently say that @ has degree n over a. Lastly, the multiplier m 
is defined by 


(17.1.2) 


K 
m=. 


L 


At the end of Section 17.3, we shall state several formulas for multipliers 

in terms of a and (@. These can be regarded as transformations of elliptic 

integrals, or, by (17.1.1), transformations for hypergeometric functions. 
Most of the content of this chapter was originally published in [65]. 


17.2 Eta-Function Identities 375 


17.2 Eta-Function Identities 


After Ramanujan, define, for g = exp(277z), 


Co 


F(-a) = 4n(2) = (Gao = S> (-DkgtG DP, 


k=—0o 


where 7(z) denotes the Dedekind eta function, |g] < 1, and the last equality 
is Euler’s pentagonal number theorem. 

There are four sets of modular equations on page 55 of [228]. For the first 
set, Ramanujan puts 


J 


aa a v= Sa (17.2.1) 


The first set comprises five identities. 


Entry 17.2.1 (p. 55). For n = 2 in (17.2.1), the functions u and v satisfy 
the modular equation of degree 5 


eG) De 


Entry 17.2.1 is identical to Entry 53 in Chapter 25 of Part IV [62, p. 206]. 


Entry 17.2.2 (p. 55). [fn = 3 in (17.2.1), then the functions u and v satisfy 
the modular equation of degree 15 


cy?+ (2) =-{(2)"-@)}-9{ +P 


Entry 17.2.2 is the same as Entry 63 of Chapter 25 of Part IV [62, p. 223). 


Entry 17.2.3 (p. 55). [fn = 4 in (17.2.1), then the functions u and v satisfy 
the modular equation of degree 5 


y+ (ZY =(%)+2)-8{() +2) 
sa(te2)ea/(Ee2). area) 


Proof. Let ( have degree 5 over a, and let m denote the multiplier of degree 
5. From Entries 12(ii) and 12(iv) in Chapter 17 of [61, p. 124], 


1/6 1/24 1/24 1/6 
eV) Ma) BORER S) GG) 


respectively. Recall the definition [61, p. 284, equation (13.3)] 
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p = (m3 — 2m? + 5m)'/? (17.2.4) 


and the representations [61, p. 286, equation (13.12)| 


a\ 1/4 2m + p Lagi 2m — p 
a) ame Oe eg) eee 


Thus, from (17.2.3) and (17.2.5), 


au fl-a V8 7a ee 2m—p |m(m—1)_ /2n—p 
“= (7-5) (5) — Vim(m-1)\ 2mn+p  V%m+p' 


(17.2.6) 


Hence, after a modicum of elementary algebra, 


Vv 4m 


fy25 (17.2.7) 


Vv U /Am? — p2- 


Next, by (17.2.3) and (17.2.5), 


fete By ay ee (4m? — p?)5/2 
(aan (T=5) (8) = 


and so 


(17.2.8) 


5 \° (4m? — p?)8/?  125m?(m — 1)5 
~~ m?(m—1)5 (4m? — p?)5/2 * 


Hence, by (17.2.7), (17.2.8), and (17.2.4), 


+3) (oS) ) 

Boreas am) 
(—m3 + 6m? — 5m)? + 125m4(m — 1)'° 
( m?(m — 1)>(—m3 + 6m? — 5m)3 ) 
( 
( 


(m — 1)°(m — 5)° + 125(m — in) 
(m— 1)®(m—5)? 
(m — 5)° — 125(m — in) 
(m — 1)°(m—5)° 


Next, by (17.2.6) and (17.2.4), 


u\3 v\3 2m — p oe 2m-+ p ve 
(2) + (2)°= (Base) 
v u 2m-+ p 2m — p 
16m? +12mp? _— 4m(3m? — 2m? + 15m) 
(4m? — p?)3/2 — (—m3 + 6m? — 5m)3/2 ° 


(17.2.9) 


(17.2.10) 
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Hence, combining (17.2.7) and (17.2.10), with the use of (17.2.4), we find that 


(2 : 2) (Ge) | (:)’) ss 16(3m* — 2m? + 15m) (17.2.1) 


vu v u (—m? + 6m — 5)? 


Next, by (17.2.6) and (17.2.4), 


u\d ON? 64m> + 160m? p? + 20mp* 
( ) oi ( ) a (4m? — p?)5/2 
m3(20m* + 80m + 24m? + 400m + 500) 


= , 17.2.12 
(—m3 + 6m? — 5m)5/2 ( ) 


Hence, (17.2.7) and (17.2.12), with the aid of (17.2.4), yield 


UV U 


UV U U 


(20m! Bie 2 ) 
(“ 5) ((2)° (:)’) _ 4m 20m* + 80m? + 24m? + 400m + 500 


| : (—m? + 6m —5)3 


(17.2.13) 
Hence, multiplying (17.2.2) by u/u+v/u, we find that by (17.2.13), (17.2.11), 
(17.2.7), and (17.2.4), the new right side of (17.2.2) can be written in the form 


16m(5m*4 + 20m? + 6m? + 100m + 125) 
(—m? + 6m — 5)3 
128m(3m? — 2m? + 15m) 64m 


+4. (17.2.14 
(—m? + 6m — 5)? —m? +6m—5 oo ) 


In view of (17.2.2), combining (17.2.9) and (17.2.14), we find that it suffices 
to prove that 
m(m — 5)° — 125(m — 1)® = — 4m(5m4 + 20m + 6m? + 100m + 125) 
— 32m(3m? — 2m + 15)(m? — 6m +5) 
— 16m(m? — 6m + 5)? + (m? — 6m +5). 


This last equality is easily verified via Mathematica, and this completes the 
proof. 


Entry 17.2.4 (p. 55). [fn =5 in (17.2.1), then the functions u and v satisfy 
the modular equation of degree 25 


BN? 5 v\3 
24 ( — —})+15=(-). 172 
(uv) + (=) +5(w+ >) +15 (“) (17.2.15) 
Proof. In [61, p. 268, equation (11.8)], we proved that 
6 Pie) 5 4 3 2 
ve = SS = (uv)? + 5(uv)* + 15(uv)? + 25(uv)* + 25uv, 


gee) 
where we have replaced q by q° in the cited formulation. Dividing the equality 
above by (uv)? and rearranging the terms, we easily deduce (17.2.15). 
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Entry 17.2.5 (p. 55). [fn = 7 in (17.2.1), the functions u and v obey the 
modular equation of degree 35 


(wy? + (2) =f)" 2) -1f A+) 
{(2)' (2)'b414(2+2). (17.2.16) 


Proof. We will use the theory of modular forms and employ the theory de- 
veloped by Berndt and L.-C. Zhang in [62, pp. 237-239]. 

Let q = exp(2iz), where Im z > 0, and recall that f(—q) = q7/?4n(z), 
where 7 denotes the Dedekind eta function. In the notation of [62, p. 237], 


uv = Rs7(z) and v/u = S5,7(z). 
By Lemmas 68.1 and 68.2 in [62, pp. 237, 238], we deduce that 
R3 ,(z), S5,7(2) € {I(35), 0, is 


where {Io(n),0,1} is the space of modular forms on I(n) of weight 0 and 
multiplier system identically equal to 1. 

From (62, p. 239], if r/s denotes a cusp with (r,s) = 1, then for any pair 
of positive integers m,n, 
(mn, s)? 


(17.2.17) 


d ( ; “) = 5) 
ord ( 7(mnz) vm 
where (a,b) denotes the greatest common divisor of a and b. A complete set 
of inequivalent cusps for (35) is {0, 00, z, t}. Using (17.2.17) repeatedly, we 
compose the following table summarizing the information that we need about 


the orders of certain functions at these cusps. We have abbreviated the left 
and right sides of (17.2.16) by £(17.2.16) and R(17.2.16), respectively. 
cusp/order u v uu u/v L(17.2.16) R(17.2.16) 
0 T T a T + + 
30 210 T05 35 35 35 
T T T Z T —4 —z 
5 6 42 21 7 7 7 
T T 7 a T —a —z 
7 30 30 15 5 5 5 


If F(z) denotes the difference of the left and right sides of (17.2.16), and 
if }>- denotes the sum over a complete set of inequivalent cusps for I(35), 
then, by the valence formula [62, p. 239], 


0= 5 ord(F;¢) > ord(F; 00) - # - $- $ = ord(F;00) — 2. (17.2.18) 
¢ 
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Thus, if we can show that F(z) = O(q?) as ¢ > 0 (z > ioo), then we will 
have obtained a contradiction to (17.2.18), unless F(z) = 0, which is what we 
want to prove. In fact, using Mathematica, we find that 


re ee 
L(17.2.16) = ao att 16q? +--+ = R(17.2.16). 


This then completes the proof of (17.2.16). 


In the second set of eta-function identities, Ramanujan sets 


_A7l/d ~ art 5 
w= BS ae and v2 = tee ee (17.2.19) 
genta") a Co a 
It is not clear why Ramanujan did not write u and v for u? and v?, respectively. 
There are just two modular equations in the second set. 


Entry 17.2.6 (p. 55). For n = 2 in (17.2.19), the functions u and v satisfy 
the modular equation of degree 25 


w+ 2 =(*)+(2) 2(=+"). (17.2.20) 


U U U 


Proof. We rewrite Entry 58 of Chapter 25 in [62, pp. 212-213] in Ramanujan’s 
notation (17.2.19). Thus, since P = u? and Q = v”, we find that 


6 6 4 4 
uv? + = (=) +(5) {(2) + (=) 3 (17.2.21) 
u2v v u v u 
In (17.2.20), observe that for sufficiently small and positive q, each side is 


positive. It thus suffices to show that the squares of both sides of (17.2.20) 
are equal, i.e., after slight simplification, we want to prove that 


2.2 25 u\® v\8 u\? v\2 
Waa Ge) a) a) a) 
uv v u v u 
Uv u\3 v\3 
4(=+-)) (=) +(=) >. (17.2.22) 
vou v u 
In comparing (17.2.21) with (17.2.22), we see that it remains to prove that 
uy 4 v\4 U2 v\2 Uv uy? v\3 
eG a eG ae)? aly 
v u v u vw v u 
Since the last equality is trivial, the proof is complete. 


Entry 17.2.7 (p. 55). If n = 3 in (17.2.19), the functions u and v satisfy 
the modular equation of degree 75 


25 Uv 5 
+3 (= + ~) uu + — 
u2v2 vu uv 


uzu2 a6 
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Proof. From Schoeneberg’s book [237, p. 102], if o.. denotes the number of 
inequivalent cusps of Io(V), then 


d|N 


where y denotes Euler’s y—-function, and (a,b) denotes the greatest common 


divisor of a and b. If N = 75, then oq = 12, and a complete set of inequivalent 
clan at Tot ee ty a a 

cusps is given by {0,00, 3,5; 791 157 307 35» 307 45? Bo? BOF 
Set U(q) = u(q’) and V(q) = v(q’). In the notation of [62, pp. 237-238}, 


U?V? = Ros 3(z) = and =—s—- V?/U? = So5,3(2), 
where g = exp(2ziz). By Lemmas 68.1 and 68.2 in [62, pp. 237-238], 
Ro5,3(z), $25,3(2) € {10(75, 0, 1)}. 


Letting L(17.2.23) and L(17.2.23) denote the left and right sides, respectively, 


of (17.2.23) and using (17.2.17), we compose the following table for orders of 
cusps: 
cusp/order u* v? uv u/v L(17.2.23) R(17.2.23) 
0 T T z T + =e 
25 75 75 75 75 75 
T T 3 2 T _- f= 
3 25 25 25 25 25 25 
5 0 0 0 0 0 0 
0 0 0 0 0 0 0 
ie 0 0 0 0 0 0 
a 0 0 0 0 0 0 
T 1 I 2 I 4 4 
25 3 3 3 3 3 
a0 0 0 0 0 0 0 
a. 0 0 0 0 0 
25 1 I 2 Z aa 4 
50 3 3 3 3 3 
a0 0 0 0 0 0 0 


If F(z) denotes the difference of the left and right sides of (17.2.23), and 
if > ¢ denotes the sum over a complete set of inequivalent cusps, then, by the 
valence formula and the tables above, 


0= 5 ord(F;¢) > ord(F;00o) - 4- $-$-$=-3S. — (17.2.24) 
¢ 
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Thus, if we can show that F(z) = O(q?) as q tends to 0, or z tends to iov, 
then we will have shown a contradiction to (17.2.24) unless F(z) = 0, which 
is what we want to prove. In fact, using Mathematica, we find that 

2 1 


1 
L(17.2.23) = = + 
( ) gee ge. ae 


2 
+ 5 + 14q + 149? + 449° + --- = R(17.2.23). 
q 


This then completes the proof. 


The third set of eta-function identities comprises five modular equations. 
For these, Ramanujan sets 


f(-9) Ges) 
mye g@—)/24 f (—gr) and ue q?(n—1)/24 f(_ gS”) . (17.2.25) 


Entry 17.2.8 (p. 55). For n = 2 in (17.2.25), the functions u and v satisfy 
the modular equation of degree 5 


(wv)? + ay = (2) 23 Gy (17.2.26) 


Proof. We prove that (17.2.26) is equivalent to Entry 13(xiv) in Chapter 19 
of [61, p. 282]. To that end, first set 


___ f@ ii ___ f@) 
~ FFP) ~ GPF (—gI9) 
If we replace q by —q in (17.2.26), we then find that (17.2.26) is equivalent to 
the identity 
9 \2 v\3 u\3 
UV) —-|(—) =(= Tee 172.27, 
wwr-(ay) (a) +(v)-—_araan 


We now apply Entries 12(i) and 12(iii) in Chapter 17 of [61, p. 124] to deduce 
that 


=r 


UV =2"8faB(1—aj(1—A)y""* and = fc - a) 


where 3 has degree 5 over a. Thus, (17.2.27) is equivalent to the modular 
equation of degree 5 


92/3 
(esl —al= A) 


24/8 {af(1 — a)(1- B)}/” 


7 aa a)". (172.28) 


But with 
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_Rwirs 
P:={16a8(1—a)(1-A)}/ and Qu= Cre >) . 


(17.2.28) may be rewritten in the form 
2 1 
Spe 
P O +Q, 


which is Entry 13(xiv) in Chapter 19 of [61, p. 282]. 


Entry 17.2.9 (p. 55). With n = 3 in (17.2.25), the functions u and v satisfy 
the modular equation of degree 15 


Entry 17.2.9 is identical to Entry 62 in Chapter 25 of [62, p. 221]. 


Entry 17.2.10 (p. 55). With n = 4 in (17.2.25), the functions u and v 
satisfy the modular equation of degree 5 


4\? 3 3 
wer) OH 
ww u v 
Proof. By Entries 12(ii) and 12(iv) in Chapter 17 of [61, p. 124], 


Uwi= fra = a(t)" 


5(=+"). (17.2.29) 


U U 


and 


_ fd) _ gfi-B\'* 
= yea = ¥2(—G*) 


where ( has degree 5 over a. It follows that 
25 (d=all-—\ u_ (p—a)\"" 
uv = 2 ( ar and i hed 8) .  (17.2.30) 


Thus, using (17.2.30), we see that in order to prove (17.2.29) it suffices to 
prove the fifth degree modular equation 


(==) 0 tm) "= (S=8)" 
3/8 1/8 1/8 
Caza) ~*(sr=a) ~*Cca=a) » orm 


Recall that p is defined by (17.2.4). From [61, pp. 285-286, equations 
(13.10), (13.11)], we find that 
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aa ora 


where m is the multiplier of degree 5. Also, from [61, p. 286, eq. (13.12)], 
a(1 — £) me 2m-+ p ue 
Bl—a)) ~\3m—p) © 

Thus, (17.2.31) may be recast in the form 


(p—3m+5)(o—m?+3m)\'? _ ( (p+ 3m —5)(p +m? — 3m) \ 
Co te) Seaeeee), 


_ (2m+p ce am — p\3/? : am + p\¥? : om — p\¥? 
~ \Im— p ' Lam +p 2m —p 2n+p , 


or 


4 {(p—3m+5)(p— m? + 3m) + (p + 38m — 5)(p + m? — 3m)} 
(F — (Bm — BPP — (mn? — 3m)? P 
(2m + p)? + (2m — p)3 20m 


~ (4m? — p?)3/2 (4m? — p2)1/2" (17.2.32) 


Expanding all the numerators above, employing (17.2.4), putting the right 
side under one denominator, and omitting a goodly amount of elementary 
algebra, we find that (17.2.32) reduces to the equation 


1 
(m3 — 11m? + 35m — 25)!/2(—m3 + 7m? — 11m + 5)!/2 
1 


= 17.2.33 
(—m? + 6m — 5)3/2 ( ) 


However, (17.2.33) is easily established by factoring all the polynomials in it, 
and so this completes the proof. 


Entry 17.2.11 (p. 55). With n = 5, the functions u and v in (17.2.25) 
satisfy the modular equation of degree 25 


Baye 5 3 
(wv)? + (=) +5 (w+ ) ee = (=) 
wu ww u 
Entry 17.2.11 is identical to Entry 17.2.4 above. 


Entry 17.2.12 (p. 55). With n = 7, the functions u and v in (17.2.25) 
satisfy the modular equation of degree 35 
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Entry 17.2.12 is the same as Entry 71 in Chapter 25 of [62, p. 236]. 
The fourth and last set of eta-function identities contains two modular 
equations featuring 
Loe) 


f = 
0 = Te) /24 F(—g) and =v (9) (17.2.34) 


=~ qon—1)/24 f(— qin) 


Entry 17.2.13 (p. 55). With n = 2 in (17.2.34), the two functions u and v 
satisfy the modular equation of degree 5 


5 é ) 2 (=) 2 
Uv = . 
Ww u v 
Entry 17.2.13 is identical to Entry 54 of Chapter 25 of [62, p. 207]. 


Entry 17.2.14 (p. 55). With n = 3 in (17.2.34), the functions u and v 
satisfy the modular equation of degree 15 


(uw)? ( 5 ): _ Gy ee) | 2). Ge 
wu u v u v 

Entry 17.2.14 is identical to Entry 64 in Chapter 25 of [62, p. 226]. 

Perhaps put in other forms, the modular equations we have been consid- 
ering so far in this chapter are called Schlafli modular equations, or modu- 
lar equations of Schlafli type. For a completely different approach, using the 
Atkin—Lehner involution, to deriving modular equations of the type considered 
in this section, see a paper by H.H. Chan and M.L. Lang [116]. 

In her doctoral dissertation, J. Yi [297] derived a plethora of new eta- 
function identities and made several applications of them to the values of 
continued fractions and theta functions. Further new modular equations in- 
volving only the Dedekind eta function have been found by N.D. Baruah [50], 
[51], [52], [53], [54], Baruah and N. Saikia [55], M.S. Mahadeva Naika [189], 
[190], C. Adiga, T. Kim, and Mahadeva Naika [3], Adiga, Mahadeva Naika, 
and K. Shivashankara [6], H.S. Madhusudhan, Mahadeva Naika, and K.R. Va- 
suki [188], and S. Bhargava, Adiga, and Mahadeva Naika [94], [95]. 


17.3 Summary of Modular Equations of Six Kinds 


We reproduce Ramanujan’s summary of several of his modular equations 
found in a fragment on pages 350-352 of [228]. The modular equations are 
grouped into six types. It is interesting that in contrast to his work in the 
notebooks [227] and lost notebook [228], Ramanujan used the more standard 
notations of k and @ to denote the moduli. Since most of the modular equations 
in this section have been given elsewhere by Ramanujan, so that readers may 
more easily compare the results stated here with Ramanujan’s other work, we 
have put all the modular equations in Ramanujan’s original notation. 
There are three modular equations in the first set. 
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Entry 17.3.1 (p. 350). If 3 has degree 2 over a, then 


(1—V1—a)(1— V/8) = 2V/A(1 — a). 
Entry 17.3.2 (p. 350). If 3 has degree 4 over a, then 

(1— W1—a)(1— 78) = 24/61 — a). 
Entry 17.3.3 (p. 350). Jf 3 has degree 8 over a, then 

(1— T= aj — YB) = 24/281 —a). 


After some elementary algebraic manipulation, it is easily seen that Entry 
17.3.1 is equivalent to part of equation (24.12) in Chapter 18 of [61, p. 213] 
and that Entry 17.3.2 is equivalent to (24.22) in Chapter 18 [61, p. 215). 
Entry 17.3.3 is the equation just before Entry 24(vi) in [61, p. 217]. Unfortu- 
nately, Berndt erroneously claimed (61, pp. 216-217] that two of Ramanujan’s 
modular equations with degrees 8 and 16 are incorrect. It was Berndt, not 
Ramanujan, who was incorrect, and his work was corrected in [63]. Modular 
equations of degree 2” can be obtained from classical theta-function identities 
by iterating modular equations of degree 2"~1. However, the complexity of 
these modular equations increases rapidly with n. 

There are three sets of modular equations in the second and third groups 
as well. 


Entry 17.3.4 (p. 350). If m denotes the multiplier of degree 2 and 3 has 
degree 2 over a, then 


1,2 1+ Jf 1+ 8 


TE iSe- 1ed=a) 


Entry 17.3.5 (p. 350). If m denotes the multiplier of degree 4 and 3 has 
degree 4 over a, then 


; 14+V768 — 14+¥V8 


a Paioe. Daa, 
Entry 17.3.6 (p. 350). If m denotes the multiplier of degree 16 and ( has 
degree 16 over a, then 
1+ YB 


14+VYl-a 


The two equalities of Entry 17.3.4 are given in (24.17), as part of Entry 
24(ii) in Chapter 18 of [61, p. 214]. The two equalities of Entry 17.3.5 are 
given in (24.20), as part of Entry 24(iii) in Chapter 18 in [61, p. 215]. Lastly, 
Entry 17.3.6 is given in the middle of page 216 of [61] and is part of Entry 
24(iv) of Chapter 18 in [61, p. 216]. 


vii = 
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Entry 17.3.7 (p. 350). If m is the multiplier of degree 2 and @ has degree 
2 over a, then 


(a) m/l—a+V/6=1, 
(b) 2 fat vI-a=1, 
(0) eerie eae 
(a) *VB+(-a)=1. 


Parts (a) and (c) are parts of Entry 24(ii) in Chapter 18 of [61, p. 214, 
eqs. (24.15), (24.16)]. The equation in part (b) is the reciprocal of that of (a), 
and the equation in part (d) is the reciprocal of that of (c). (For the definition 
of the reciprocal of a modular equation, see [61, p. 216, Entry 24(v)].) 


Entry 17.3.8 (p. 350). If m is the multiplier of degree 4 and 3 has degree 
4 over a, then 


(a) VmV1—a+ VB =1, 
(b) sa B+ Via =1, 
(c) mV¥l—a+V/6=1, 
(d) * Yp+Vi-a=1. 


Parts (a) and (c) are parts of Entry 24(iii) in Chapter 18 of [61, pp. 214, 
215, eqs. (24.18), (24.19)]. The modular equations in parts (b) and (d) are the 
reciprocals of those in parts (a) and (c), respectively. 


Entry 17.3.9 (p. 350). If m is the multiplier of degree 8 and @ has degree 
8 over a, then 


(a) Vm¥V1—a+ 7/6 =1, 
(b) 2/2 a+ YTma=1. 


Part (a) is the same as equation (24.24) on page 216 of [61], while the 
equation of part (b) is the reciprocal of part (a). 

Ramanujan records four modular equations in his fourth set. The first, 
due to Legendre, is historically the first modular equation of a degree that is 
not a power of two. As was emphasized in [61, Chapters 19, 20], H. Schroter 
derived several modular equations of this sort. Many modular equations of 
this kind also were derived by R. Russell, but his methods are not completely 
rigorous. Russell’s method has been put on a firm foundation by H.H. Chan 
and W.-C. Liaw [117]. 
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Entry 17.3.10 (p. 350). Jf @ has degree 3 over a, then 
{a9}"/4 + {(1—a)(1— p)}/* = 1. 

Entry 17.3.10 is also Entry 5(ii) of Chapter 19 in [61, p. 230]. 
Entry 17.3.11 (p. 350). If @ has degree 7 over a, then 


{a3}"/8 + {(1—a)(1— Bp = 1. 


Entry 17.3.11 is identical to part of Entry 19(i) of Chapter 19 in [61, 
p. 314]. 


Entry 17.3.12 (p. 350). If 3 has degree 15 over a, then 

(a)8 ({(1 + Vay(1+ VB)}Y4 + {1 - vay — V/A) }/*) 
+ {(1—a)(1— 8) ({0 + VI-a)(. + VI— 8) 4 
{(1- VI=a)(1- V1—B)}"4) = v2. 


Entry 17.3.12 is identical to Entry 20(vi) in Chapter 20 of [61, p. 384]. 
Entry 17.3.13 (p. 350). If @ has degree 31 over a, then 


(aa)!/92 (ca + Vay + VByUs 


x lt {os}/4 + (1 - Vay — VB) }/4 

+{(1.—- Va) — VAP yi + fasy/4 + {+ Va)(1 + vay") 
+(0-aa-ay({a . VI=ay(it Via} 

x J1+{-a(1— BPA 4 {1 — vial - VI-A}/4 
+{.-vi=a)- VI-py}* 

x v1 +{(1-a)(1—-6)}}44+{14+ Vl-a)(1+Jf1- ay) = 23/4 


Entry 17.3.13 is the same as Entry 22(i) in Chapter 20 of [61, p. 439]. 

The fifth set in this fragment contains seven results. These results are 
similar to modular equations of Russell type. However, Ramanujan focuses on 
the algebraic expression 


‘E + Jab + /@—a)t — 8) 
‘ 


which has not been prominent in the work of any other mathematician on 
modular equations. In the next section, we will see how useful this expression 
becomes in simplifying modular equations. 
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Entry 17.3.14 (p. 351). If 3 has degree 7 over a, then 


i 1+ Vas +/U—a)0 — 8) 
2 


= {as}? + {(1 —a)(1— 8) }"/° — {aB(1 — a)(1 — B)}*. 


By combining both parts of Entry 19(i) in Chapter 19 of [61, p. 314], we 
easily deduce Entry 17.3.14. 

Ramanujan claimed that the modular equation of Entry 17.3.14 also holds 
for n = 3. At first, this is somewhat puzzling, since modular equations have 
been defined for only integral n. However, Ramanujan evidently had in mind 
modular equations of degree 15, where, in general, there are four moduli of 
degrees 1, 3, 5, and 15. Thus, Ramanujan asserted that the moduli of degrees 
3 and 5 satisfy the modular equation above. In the proof below, we depend 
heavily on the parametrizations used in [61, pp. 385-387] to establish many 
modular equations of degree 15. 


Entry 17.3.15 (p. 351). Ifa and 3 have degrees 3 and 5, respectively, then 


i: + Vas+ Ja) —B) 
2 


= {aB}'/8 + {(1—a)(1 — B)}/8 — {aB(1 — a)(1— B)}*/8. (17.3.1) 


Proof. Using the notation in [61, p. 385], but with 6 and + there replaced by 
a and @ here, we set 


B:={oB}/® and B':={(1—a)(1-p)}”. 


Thus, (17.3.1) takes the form 


1 Bt BY 
(es =B+B'— BB’. (17.3.2) 


Also define [61, p. 385; p. 386, equation (11.4)] 


Ly one eae (17.3.3) 
2325 


1+ M—M? 
2 17.3.4 
p i (17.3.4) 


Then [61, p. 386, equation (11.3)] 
B=3(M —p) and Bl =3(M+p). (17.3.5) 


Also [61, middle of p. 387], 
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14+B4+B* 14M+3M?- M3 
af i : 17.3.6 
2 4M ( ) 


On the other hand, by (17.3.5) and (17.3.4), 


B+ B'— BB'=M — }(M? — p’) 
1+ M-—M? 
= M- 4M? 4 = 
4M 
1+M+3M?— M3 
es 5 . (17.3.7) 


Comparing (17.3.6) and (17.3.7), we complete the proof of (17.3.2) and so also 
of Entry 17.3.15. 


Entry 17.3.16 (p. 351). If @ has degree 15 over a, then 
V D7. ee (ea eae) 
2 


= {aB}'/* + {(1—a)(1 — B)}/8 + {ap(1 — a)(1— B)}*/8. (17.3.8) 


Proof. The proof is similar to that above, and again we rely heavily on the 
notation and calculations from [61]. Set, as in [61, p. 385], but with 6 there 
replaced by ( here, 


A={aps}/® and A’ = {(1-a)(1— 8) }/*. 


Thus, (17.3.8) takes the form 


4 14 
eee =A+ A+ AA’, (17.3.9) 
With [61, p. 386] 

A=1(M"'—p and A’=i(M~'+p), 17.3.10 
2 2 


where M and p are defined by (17.3.3) and (17.3.4), respectively, we find that 
(61, near the bottom of p. 386] 


1+ A*+ A” 1+3M — M?+ M3 
ene Seer a, (17.3.11) 
2 4M? 


On the other hand, by using (17.3.10), (17.3.4), and a calculation similar to 
that in (17.3.7), we find that 


143M — M?2+4+ M3 
4M2 ‘ 


Comparing (17.3.11) and (17.3.12), we see that we have established (17.3.9), 
and the proof is complete. 


A+A’+ AA’ = 


(17.3.12) 
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Entry 17.3.17 (p. 351). If @ has degree 23 over a, then 


Vi + VaB+ /@—a)t 8) 
2 


= 4 (1+ fop}/* + {(1-a)(1 - B)}/4) + 24/9 {a8(1 — a)(1 — BH. 
(17.3.13) 


Entry 17.3.17 is identical to Entry 15(ii) in Chapter 20 of [61, p. 411]. In 
fact, Ramanujan’s formulation in the lost notebook is erroneous, since the last 
term on the right side of (17.3.13) was replaced by 


27/3 fa8(1 — a)(1 — )}*/°. 
Entry 17.3.18 (p. 351). If @ has degree 31 over a, then 


1+ VoB+ /(1—a)(1 — B) 1 1 
i 5 = 1+ {a@}'/4 + {(1—a)(1— )}1/4 


={agP={(l=ad =p)" {os t-te". 
Entry 17.3.18 is the same as Entry 22(iii) in Chapter 20 of [61, p. 439]. 
Entry 17.3.19 (p. 351). If @ has degree 47 over a, then 


i: t Vo 4 a OTP 3 (14 fap}/4 + {1-01 - 8)}*) 


1/24 
+ (xg08(1 - a)(1- 8))'™* (14 {ab} + {(1- a)(1- B)}Y*). 
Entry 17.3.19 is the same as Entry 23(i) in Chapter 20 of [61, p. 444]. 
Entry 17.3.20 (p. 351). If @ has degree 71 over a, then 


(fonda Oa ICL PD 1 + fas} + {1 ay(t— ay" 


— faB8}/® — {1 - a)(1 - B)}Y* + faB(1 - a) - Ay} /* 
+ 27/9{a8(1 — a)(1 — 8)}/# ({aB}/* + {1 a)(1— 8) }/8 -1). 


Entry 17.3.20 is identical to Entry 23(ii) of Chapter 20 in [61, p. 444]. 

The sixth and last group of modular equations in this fragment contains 
seven pairs of formulas for moduli. Formulas of this sort seem to have orig- 
inated with Ramanujan, and Ramanujan’s methods for deriving these equa- 
tions are unknown. From the definition of a modular equation, a formula for 
a modulus yields a transformation between two hypergeometric functions. It 
appears likely that such formulas are, in fact, special cases of more general 
transformation formulas for hypergeometric functions involving one or more 
parameters. It would be worthwhile to investigate such possibilities. 
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Entry 17.3.21 (p. 


pea 
es 
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351). If @ and the multiplier m have degree 3, then 


OX = V3 l-a a(l-—a 
m VB L=~ B(1 — B) 
Entry 17.3.22 (p. 351). If 3 and the multiplier m have degree 5, then 
1/4 / / 
= (0) (2)"-@2)" 
ray l-a a(1— a) , 
5 a\ 4 1—a\“4 a(1— a) ie 
a) eer Cree) 


is 
1/3 


"(9)" G=)"- 
: 


-(5) +3) -( 


=B) -9( 2-8 
=H) -9(50=3 


) 


Entries 17.3.21, 17.3.22, and 17.3.23 are the same as Entries 5(vii), 13(xii), 
61, pp. 230, 281-282, 314]. 


and 19(v), respectively, in Chapter 19 of 


Entry 17.3.24 (p. 351). If 8 and the multiplier m have degree 9, then 


-(2) +G)"-6 
ho a l-a a 


y"- 


3) 


1/6 
1/6 


13 aA Loa\'F a 
i) +55) (5 


yr-a(g 


ie 
ie 
jie 
1— 


) 
a) 
3) 


Entry 17.3.26 (p. 352). If @ and the multiplier m have degree 17, then 
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a 8 in 1-B oe B(1 — B) 1/4 
a l-a a(1 — a) 
p(.— 8) ""* 
— 2 | —————— 1 
a(1— a) 
ane ey | (; =3y is e = 
m p “NIB B(1 — 8) 
= 1/8 1/8 
-*(sa=a) jr+(s) +( 
pL —p) p 
Entries 17.3.24, 17.3.25, and 17.3.26 are, respectively, Entries 3(x), (xi), 


Entries 8(iii), (iv), and Entries 12(iii), (iv) in Chapter 20 of [61, pp. 352, 376, 
397-398]. 


Entry 17.3.27 (p. 352). If @ and the multiplier m have degree 25, then 
1/8 1/8 1/8 1/12 
Na) eg) aaa) aaee) 
a l-a a(1— a) a(1 
( ) ar 
) 


5 a\i/8 i=e\'" ai=ay\ roy 
wa =(5) + (G3) (Sas) (saa) : 


Entry 17.3.27 is identical to Entries 15(i), (ii) in Chapter 19 of [61, p. 291]. 


f 
a™~ 
21a 
NS 
= 
ioe) 
of 


—-a 


17.4 A Fragment on Page 349 


By introducing a new parameter, @, Ramanujan found simpler forms for some 
old modular equations and found some new ones as well. Each degree n sat- 
isfies the congruence n = 7 (mod 16). Set 


P =1-{ap}¥*— {(1-a)(l — A), 
ai ene CEE 
2 
—{op}'/* — {(1 — a)(1 — B)}P/* + {aA(d — a)(1 — B)}*, 
R = 4{af(1—a)(1— py}. 


Entry 17.4.1 (p. 349). If @ has degree 7 and P, Q, and R are defined by 
(17.4.1), then 


Q (17.4.1) 


PS OSU 
Both equations above are in Entry 19(i) of Chapter 19 of [61, p. 314]. 


Entry 17.4.2 (p. 349). If G has degree 23 and P, Q, and R are defined by 
(17.4.1), then 
jee Oe Si 
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The equality P = R'/3 is Entry 15(i) in Chapter 20 of (61, p. 411], while 
the equality P? = Q, after some elementary manipulation, can be shown to 
be equivalent to Entry 15(ii) in Chapter 20 of [61, p. 411]. 


Entry 17.4.3 (p. 349). If P, Q, and R are defined by (17.4.1) and n = 39, 
then 


Q(P? - Q) = PR. 


Entry 17.4.4 (p. 349). If P, Q, and R are defined by (17.4.1) and n = 55, 
then 
Q(P? — Q)? = RP? — R). 


Entry 17.4.5 (p. 349). If 3 has degree 71 and P, Q, and R are defined by 
(17.4.1), then 
P?—Q= PR. 


Entry 17.4.5 is identical to Entry 23(ii) in Chapter 20 of [61, p. 444]. 


Entry 17.4.6 (p. 349). If P, Q, and R are defined by (17.4.1) and n = 119, 
then 
(P? — Q)? = QRY?(P— RY°). 


At this moment, our only proofs of Entries 17.4.3, 17.4.4, and 17.4.6 re- 
quire the theory of modular forms. We are grateful to Song Heng Chan for 
constructing these proofs. Since they are similar to other proofs in this chapter 
dependent on the theory of modular forms, we do not give them here. 

Ramanujan also listed the numbers 103 and 167, but he did not give mod- 
ular equations for these degrees. 

At the top of page 349, Ramanujan wrote n = 15 (mod 16), and then listed 
the numbers 15, 31,47, 79, 95,143,191, each indeed satisfying the given con- 
gruence. Perhaps, for these degrees Ramanujan had derived modular equations 
of a certain unknown type but did not record them. 
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Fragments on Lambert Series 


18.1 Introduction 


In a fragment published with his lost notebook [228, pp. 353-355], Ramanu- 
jan provided a list of twenty identities involving Lambert series and products 
or quotients of theta functions. These are immediately followed by another 
fragment on pages 356 and 357 with an almost identical list of twenty-one 
Lambert series identities. Most of these can be found in Ramanujan’s second 
notebook [227], [61], but some are not. Several have arithmetical interpreta- 
tions. These were not recorded by Ramanujan in his notebooks, but they are 
mentioned, although not explicitly stated, in the second of these fragments. 
Therefore, the purpose of this chapter is to discuss each of these Lambert 
series identities as well as to provide the arithmetical corollaries to which Ra- 
manujan alluded. Several are related to the number of representations of an 
integer as a sum of squares or as a sum of triangular numbers. One of the 
most interesting identities yields a formula for the number of ways an integer 
can be represented as a sum of six triangular numbers. This formula is due 
to Jacobi [166], but outside of its appearance in H.J.S. Smith’s Report on the 
Theory of Numbers [252, p. 306, formula (6)], we have been unable to find it 
elsewhere in the literature until very recently; see papers by V.G. Kaé and 
M. Wakimoto [170] in 1994 and K. Ono, S. Robins, and P.T. Wahl [203] in 
1995. 

Let rx, (m) denote the number of ways the positive integer n can be repre- 
sented as a sum of k squares, with representations arising from different signs 
and from different orders being regarded as distinct. By convention, r;,(0) = 1. 
Also, let t,(m) denote the number of ways a positive integer n can be repre- 
sented by a sum of & triangular numbers, with different orders regarded as 
distinct representations, and with t,(0) defined to be 1. Recall Ramanujan’s 
definitions of the theta functions y(q) and 7(q), 


CO 


6 lo) 
e@):= So g™ and f(g) = DU grerV", 
n=0 


n=—Co 
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and the generating functions for r,(n) and t,(n), 


g'(g = Sore(njq” and —(q) = YS te(n)q”, 
n=0 n=0 
where |q| < 1. We shall also need Ramanujan’s definition 
f(i-d= So nrgrere?, gl <1. 


The most complete bibliography of formulas for sums of an even number 
of squares can be found in S.C. Milne’s paper [200]. In our citations, we have 
focused on papers establishing formulas for r2,(n) that have appeared since 
the publication of [200]. 

Lambert series identities may be derived by a variety of methods. We 
do not know how Ramanujan proceeded, but it seems likely that he used 
the results in Sections 33 and 34 in Chapter 16 of his second notebook [61, 
pp. 52-61] and his ;~, summation formula [61, pp. 32-34]. A. Cauchy [108], 
(109, pp. 55-64] and others have employed contour integration. Systematic 
derivations of large classes of Lambert series identities have been carried out 
by L.-C. Shen [243], [244]. 

The numberings below are those given by Ramanujan in the two fragments. 
Apparently, the first fragment is a rough draft of a section that he planned 
to put in a paper, while the second fragment seems to be a final draft of a 
section of a proposed paper. 


18.2 Entries from the Two Fragments 


Entry 18.2.1 (formula (3.12), p. 356). 
4 — nq” 
yp°(q)=1+8 a 
(a) irre: 


Entry 18.2.1 is the same as Entry 8(ii) in Chapter 17 of Ramanujan’s 
second notebook [61, p. 114]. It is well known and easy to prove that Entry 
18.2.1 is equivalent to a formula of Jacobi [166] for r4(n), namely, 


ra(n) =85—d. (18.2.1) 
d\n 
4 fd 
A very short proof of this formula can be found in [63, p. 377]. 
Entry 18.2.2 (formula (1.13), p. 353; formula (3.13), p. 356). 


q 2 ee) (-1)"(2n-+ Legere : oo n2q 
gg) =1 pe 1— gent 16>) 
n=0 
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Entry 18.2.2 is equivalent to another theorem of Jacobi [166], 


(n) =4 (1 “{(3) -# 
: 

d|n 

d odd 


An especially elegant and elementary proof of this classical formula has been 
given by S.H. Chan [119]. 


Entry 18.2.3 (formula (1.14), p. 353; formula (3.14), p. 356). 


ieee Sait 
8g) =14+1 ee, 
q) + ee n 


q) 


Entry 18.2.3 was given by Ramanujan as Example (i) in Section 17 of 
Chapter 17 in his second notebook [61, p. 139]. Entry 18.2.3 is also equivalent 
to Jacobi’s famous formula [166] 


rg(n) = 16(-1)” 90(-1)%a’. (18.2.2) 


dln 


Elegant elementary proofs of (18.2.1) and (18.2.2) have been given by 
J.-F. Lin [178], and by B. Spearman and K.S. Williams [256] and Williams 
[295]. 

Many authors, including Ramanujan [224], have discovered formulas for 
ror(n) for certain values of k. For very comprehensive lists of references to the 
classical literature on r2;(n), see the papers [199], [200] by Milne, in which he 
develops general methods for deriving infinite families of formulas for r2z(n). 
Kaé and Wakimoto [170], Ono [202], and D. Zagier [300] have also found infi- 
nite families of formulas for r2,(n). H.H. Chan and K.S. Chua [114] discovered 
an elegant formula for r32(7). 


Entry 18.2.4 (formula (3.21), p. 356). 


We have replaced q by q* in Ramanujan’s formulation. 
It is easy to show that Entry 18.2.4 is equivalent to the representation 


2/42) _ q" 
vd) = iy ge 


which is Example (iv) in Section 17 of Chapter 17 of Ramanujan’s second 
notebook [61, p. 139]. 
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Let d;(n) denote the number of positive divisors of the positive integer 
n that are congruent to 7 modulo 4. Then Entry 18.2.4 is equivalent to the 
arithmetical assertion 


Entry 18.2.4 can be easily derived from the fundamental identity 
8qv"(q") = 9°(q) — 9*(-4) 


of Jacobi [166], found as Entry 25(v) of Chapter 16 in Ramanujan’s second 
notebook [61, p. 40], and from a well-known Lambert series representation for 
y?(q), [61, p. 114, Entry 8(v)]. Therefore, (18.2.3) also follows from Jacobi’s 
well known theorem 


ro(n) = 4(di(n) — d3(n)) . 
Entry 18.2.5 (formula (3.22), p. 356). 
4 — (2n + Lg?rt? 
que(q") = > [ogee 
n=0 


This is Example (iii) in Section 17 of Chapter 17 in Ramanujan’s sec- 
ond notebook [61, p. 139]. Arithmetically, Entry 18.2.5 is equivalent to the 
beautiful theorem, due to Legendre [175, p. 133], 


ta(n) = o(2n + 1), 


where a(n) denotes the sum of all positive divisors of n. Proofs of Entry 18.2.5 
have also been given by Cauchy [108, p. 572], [109, p. 64] and Plana [207, 
p. 147]. Jacobi [166] claimed that Bouniakowsky first proved Entry 18.2.5, 
but he did not give a reference. 


Entry 18.2.6 (formula (3.23), p. 356). 
1 Of (2n + 1)?q2?rt+/2 ed ee 2 qg(an+1)/2 
g3/ 2b 
we) = By ee 


Since the only known proofs of Entry 18.2.6 after Jacobi are nonclassical— 
in particular, the proof of Kaé and Wakimoto [170] employs Lie algebras, and 
that of Ono, Robins, and Wahl [203] utilizes modular forms—we give here a 
proof in the spirit of Ramanujan. Furthermore, Entry 18.2.6 was not given by 
Ramanujan in his notebooks. 

Recall Ramanujan’s notation [61, p. 101] 


ee = oe oe 
r=k, Z= oli Casas lit) 


and 


18.2 Entries from the Two Fragments 399 


where k, 0 < k < 1, denotes the modulus and 2F; denotes the ordinary 


hypergeometric function. 

We need only the second formula in Lemma 18.2.1 below, but our proof 
yields at once a sequence of results of this sort, and so, in the spirit of Entries 
13-17 of Chapter 17, we give the first five formulas of this type. 


Lemma 18.2.1. With x, y, and z defined above, 


= ("ak 
Do Sinh{B@n iy ae" 

— (-1)"(2n4+1? — Ad -2)Vve 

dX sinh{4(2n + l)y} 2 4 

SS (-1)"(2n4+1)4 — 25(1- 62 +52?) Vz 

Do Sinh{ Fan +1)y} 2 

3 (—1)"(2n + 1)6 _ (1-2) — 462 + 612") Ya 

pom sinh{$(2n +1)y} 2 

> (-1)"(2n4+1)8 — 2%(1—2)(1 —411@ +: 17312? — 138523) /e 
& sinh{$(2n+ Ly} 2 


Proof. The Jacobian elliptic function cd(zt) has the Maclaurin series expan- 


sion 


cd(zt) = 1+ (#—- 1) = + (1 — 62 4 522) 
ay (2t)® 
+(x —1)(1 — 462 4+ 61z Sar (18.2.4) 
+(x —1)(-14 4112 — 17312? + 13852 ay (2#)" at) ap rey 


8! 


which we generated with Mathematica. On the other hand, if g = exp(—y) 
(292, p. 511], 


lage ele See +1)t 


Die gent 


)" cos(2n + 1)t 
=a ae = +1)y} 


‘ene ae 


=F = 4 sinh{ 5 oe +1) Mee ae 
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2 BEd! (SS rent vy \ 9, 
7 nee (23)! (> sinh{4(2n + a) (18.2.5) 


n=0 


Equating coefficients of t?”, 0 < m < 4, in (18.2.4) and (18.2.5), we derive 
the five equalities of Lemma 18.2.1. 


Proof of Entry 18.2.6. By Entry 11(iii) in Chapter 17 of Ramanujan’s sec- 
ond notebook [61, p. 123], 


g3/24)8(q2) = er ee (18.2.6) 


On the other hand, by Entry 16(x) in Chapter 17 of Ramanujan’s second 
notebook [61, p. 134] and by Lemma 18.2.1 above, 


1 <= (2n+ 1)2q(2n+1)/2 Hee (—1)"(2n+ 1)2q2@n+b/2 
16 a, 1+ q2r+1 16 o 1 — q2nti 


1 ss (2n+1)? 1 > (—1)"(2n + 1)? 
cosh{5(2n+ 1)y} 32 iow sinh{$(2n + 1)y} 
= Aeve-qe(l—-2)Vve= Aen?!” (18.2.7) 


Comparing (18.2.6) and (18.2.7), we see that we have completed the proof. 


n=0 


Entry 18.2.6 has a beautiful arithmetical interpretation, which we now 
give. 


Corollary 18.2.1. 
re ee x Poe See 
6 8 : 
d|(4n+3) d|(4n+3) 
d=3 (mod 4) d=1 (mod 4) 


Proof. From Entry 18.2.6, 


1 (Qn + 1)2g@rt+b/4 
3/4,/,6 = 
PI(Q) = TE dX Tp gt (18.2.8) 


1 (—1)" (Qn + 1)2g@"tD/4 
» 1 — g@n+1)/2 


= — > S\(-1)7 (an + 1)2q@etDQi+1)/4 


See S> (AD (2n + 1)2q@rt@ie0/4, 
16 


We divide each double sum on the far right side of (18.2.8) into four cases 
according to the parities of n and j. The series with n and j of the same 
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parity cancel. The corresponding sums in the remaining two cases are equal. 
We thus find that 


g!4y9(q) = = s ( se, e) yn 
m=0 d|m 


= > ( ye) 


d|m 


Equating coefficients of g” on both sides above, we complete the proof. 
q & 


The formulations of Corollary 18.2.1 by Kaé and Wakimoto [170, p. 444 
and Ono, Robins, and Wahl [203, p. 81] are slightly different. 

The reader can easily see that several of the formulas so far presented 
in this chapter can be grouped into pairs of very similar formulas. This is 
not accidental; each can be derived from the other. An excellent explanation 
of this observation has been given by H.H. Chan [113]. In his proofs, Chan 
utilized the Hecke correspondence between Dirichlet series and Fourier ex- 
pansions of modular forms. In an unpublished manuscript, Yu Yang Liu [179] 
has continued along the lines of Chan and has shown that Entries 18.2.2 and 
18.2.6 are equivalent. In his proof, the transformation formulas for y and w 
are needed; the functional equations of the Riemann zeta function and the 
Dirichlet L-function )>°_)(—1)"(2n + 1)~*, Re s > 0, are also used. 


Entry 18.2.7 (formula (3.24), p. 356). 


co nq 
n=1 


Entry 18.2.7 is identical to Example (ii) in Section 17 of Chapter 17 in 
Ramanujan’s second notebook [61, p. 139]. We let the reader show as an 
exercise that Entry 18.2.7 is equivalent to the elegant arithmetical formulation 


tg(n) = eas 


d|(n+1 
d odd 


Entry 18.2.7 and its arithmetical equivalent are due to Legendre [175, p. 133]. 

After the seven entries above, in the second fragment, Ramanujan writes, 
“These are of course well known formulae for the number of representations 
of a number as the sum of 2, 4, 6, and 8 squares or triangular numbers. 
There are also various other arithmetical problems in which the partition 
method gives the actual value. I shall quote a few examples and reserve the 
discussion of these to another paper.” (This “another paper” was apparently 
never written.) Possibly the foregoing seven equalities were intended to be 
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put in the paper [224], [226, pp. 179-199], for in this paper Ramanujan offers 
a general approach for deriving formulas for r2;(n) and t2;,(n). However, he 
does not explicitly work out the details for any given case. It would seem 
worthwhile to more fully develop the details omitted by Ramanujan in this 
paper. 

For systematic derivations of several formulas for t,(n), see the papers 
by Kaé and Wakimoto [170], Ono, Robins, and Wahl [203], Milne [200], and 
Z.-G. Liu [180]. 

For the next four entries, let 


aa. yoo een, 


m,n=—oo 


In fact, Ramanujan uses the notation S instead of a(q), which is the notation 
introduced by J.M. and P.B. Borwein [100] for one of their “cubic” theta 
functions. The function a(q) plays a central role in Ramanujan’s theory of 
elliptic functions to the alternative cubic base [66], [63, Chapter 33]. 


Entry 18.2.8 (formula (1.81), p. 355; formula (3.31), p. 356). If (2) 
denotes the Legendre symbol, then 


a(q) = 1 +65 (5) mee 
n=1 


Entry 18.2.8 is identical to equation (2.6) in Chapter 33 of [63, p. 93]. If 
r(n) denotes the number of representations of the positive integer n by the 
quadratic form j? + jk + k? and if dm.3(n) (m = 1,2) denotes the number of 
positive divisors of n of the form 3¢+ m, then Entry 18.2.8 implies that 


r(n) = 6 (di,3(m) — do,3(n)), 


which is due to P.G.L. Dirichlet [133]. For further historical references to Entry 
18.2.8 and this arithmetical identity, see the book by Berndt and Rankin [81, 
p. 199]. 


Entry 18.2.9 (formula (1.82), p. 355; formula (3.32), p. 356). If vo 
denotes the principal character modulo 3, then 


DP ES on. — nq” 
Entry 18.2.9 is contained in Entry 3(i) of Chapter 21 of Ramanujan’s 
second notebook [61, p. 460]. See also [63, p. 100, Corollary 2.11]. 


Entry 18.2.10 (formula (1.83), p. 355; formula (3.33), p. 356). Jf (2) 
denotes the Legendre symbol, then 


O28. 2n 22 2m 

Shon n\ nigr | n*q 

a®(q)=1-95 Gree oD mea (18.2.9) 
n=1 


n=1 
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Proof. By Theorem 8.7 in Chapter 33 of [63, p. 143], 


v3 


27 =27 = 7a° 18.2.10 
Du a aa 57% (q) = za"(q), ( ) 


where x is the square root of the modulus in Ramanujan’s cubic theory of 
elliptic functions. Furthermore, by Lemma 14.2.5 in Chapter 14, 


b3(q) = fea =1-9) (5 ee 
where b(q) is another of the cubic theta functions (see [66, Section 2] or [63, 
p. 93]). By Corollary 3.2 of Chapter 33 in [63, p. 102], 
b3(q) = (1 — x)a3(q). (18.2.12) 
Thus, by (18.2.10)—(18.2.12), the right side of (18.2.9) is equal to 
(1 — 2)a*(q) + 2a*(q) = a°(q), 


as claimed by Ramanujan in (18.2.9). 


(18.2.11) 


Entry 18.2.11 (formula (1.84), p. 355; formula (3.34), p. 356). We 


have 
oe (3n)3q3” 
8 se, 


Entry 18.2.11 is contained in Entry 3(i) of Chapter 21 in Ramanujan’s 
second notebook [61, p. 460]. 

Note that Entries 18.2.9-18.2.11 yield formulas for the numbers of ways 
a positive integer n can be represented as a sum of 2, 3, and 4 numbers, 
respectively, of the form 77+ jk+k?. For a comprehensive list of such formulas, 
see a paper by G.A. Lomadze [181]. 


Entry 18.2.12 (formula (1.71), p. 354). If (2) denotes the Legendre sym- 
bol, then 


ep ee 
( 
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By carefully examining the coefficients of g”/(1—q”) above modulo 28, we see 
that (18.2.13) is in agreement with Entry 17(ii) in Chapter 19 of the second 
notebook [61, p. 302]. This completes the proof. 


Entry 18.2.13 (formula (1.72), p. 355). If (2) denotes the Legendre sym- 


bol, then 
oO In—-1 2n-1 
waa’) = Yo ( ~ )- a 


n=1 q 


Entry 18.2.13 is identical to Entry 17(i) in Chapter 19 in Ramanujan’s 
second notebook [61, p. 302]. 
The next two entries involve an analogue of a(q), namely, 


Co 


2 2 
T(q) = S- a” +mn+2n : 


m,n=—oo 


Entry 18.2.14 (formula (1.91), p. 355; formula (3.41), p. 357). If (3) 
denotes the Legendre symbol, then 


T(q)=14+25- (=) i (18.2.14) 


Proof. For each even integer n, set n = 27. Then 
m? +mn + 2n? =m? +mn+ fn? + in? = (m4 9)? + 77”. 
For each odd integer n, set n = 27 + 1. Then 


m? +mn+ 2n? =m? + mnt in? + In? 
=(m+j+o) +7043) 
=(m+j)\(m+74+1)+ 77 +1) +2. 


Thus, 
T(q)= S- gitar HTP 4 ye gt I (m+5+V+TIG+Y +2 
M,j=—0o m,j=—-CO 
ae S- gr tT? 4 S- gmt) +75G+1)+2 
m,j=—oO m,j=—-CO 
= 9(a)y(q") + 40°09?) d(q"). (18.2.15) 


Using Entries 18.2.12 and 18.2.13 in (18.2.15), we deduce that 


2n—-1 


a TI g” uf ad q 
T(q)=1 2G) 1 — (—q)” I > ( 7 ) 1— g2nr-l 
lee) i q” 
oe PN reer 


by the same argument that we used in (18.2.13). This completes the proof. 
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Entry 18.2.14 has an elegant arithmetic interpretation. Let dj,2,4(n) and 
d3,5,6(n) denote the numbers of divisors of the positive integer n that are 
congruent to either 1, 2, or 4 (mod7) and to either 3, 5, or 6 (mod7), re- 
spectively. Then, if r(m) denotes the number of representations of n by the 
quadratic form j? + jk + 2k?, 


r(n) = 2 (di2,4(n) — d35,6(n)) , 
which is originally due to Dirichlet [133]. 


Entry 18.2.15 (formula (1.92), p. 355; formula (3.42), p. 357). If T(q) 
is defined by (18.2.14) and if yo(n) denotes the principal character modulo 7, 
then 


T’(q)=1+ 45° Xo) Tn 
n=1 
Entry 18.2.15 is contained in Entry 5(i) of Chapter 21 in Ramanujan’s 
second notebook (61, p. 467]. Entry 18.2.15 yields a formula for the number 


of representations of a positive integer n as a sum of two numbers of the form 
gi t+ jk + 2k. 


Entry 18.2.16 (formula (1.21), p. 353; formula (3.51), p. 357). If 
(2) denotes the Legendre symbol, then 


g?(-q) _ Sn) qr 
y(—q3) => (5) 1+q" 


Entry 18.2.16 is identical to Entry 4(iv) in Chapter 19 in Ramanujan’s 
second notebook [61, p. 227]. 


Entry 18.2.17 (formula (1.22), p. 353; formula (3.52), p. 357). If (2) 
denotes the Legendre symbol, then 


PG), s(n qr 
oa DC eens 


Entry 18.2.17 is due to Ramanujan in his notebooks [227]; see Entry 35 in 
Chapter 36 of [63, p. 375]. 


Entry 18.2.18 (formula (1.31), p. 353; formula (3.61), p. 357). We 
have 


3 i 6n+1 6n+5 
w (q) eric 35> q q 
w(q3) ber 1 — grt 1 — gnt5 


Entry 18.2.18 is the same as Entry 4(iii) in Chapter 19 of Ramanujan’s 
second notebook [61, p. 226]. 
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Entry 18.2.19 (formula (1.32), p. 353; formula (3.62), p. 357). If (2) 
denotes the Legendre symbol, then 


Entry 18.2.19 can also be found in Ramanujan’s notebooks; see Entry 34 
in Chapter 36 of [63, p. 374]. 


Entry 18.2.20 (formula (1.41), pp. 353-354; formula (3.71), p. 357). 
If (4) denotes the Legendre symbol, then 


Foam 9G) 9S G) oe 


Entry 18.2.21 (formula (1.42), p. 354; formula (3.72), p. 357). If 
(3) denotes the Legendre symbol, then 


3n 


3(_ 9 ee zi Be 
ere er. a ge 


Proof of Entries 18.2.20 and 18.2.21. Recall from Lemma 5.1, (2.8), and 
(2.9) of Chapter 33 in [63, pp. 109, 93-94] that the cubic theta functions 
b(q) and c(q) have the representations 


3(_ 
b(q) = pee = 5 {3a(q*) — a(g)} (18.2.16) 
and 
c(q) = ag Ae) = a {a(q'/?) _ ag}, (18.2.17) 


respectively. If we now use Entry 18.2.8 in (18.2.16), we easily complete the 
proof of Entry 18.2.20. After replacing g by q® in (18.2.17) and employing 
Entry 18.2.8, we easily deduce Entry 18.2.21. 


Entry 18.2.22 (formula (1.51), p. 354; formula (3.81), p. 357). If (2) 
denotes the Legendre symbol, then 


a 
ea ra = i ( Fer 


Entry 18.2.22 can be found as Entry 9 in Chapter 19 of Ramanujan’s 
second notebook [61, p. 257]. 
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Entry 18.2.23 (formula (1.52), p. 354; formula (3.82), p. 357). If (2) 
denotes the Legendre symbol, then 


5 5 ise n 
gies ©) _ 5 (2) os 
Ta). ee 84 dg) 

Entry 18.2.23 is a very famous result of Ramanujan that leads to the cel- 
ebrated Ramanujan congruence p(5n + 4) = 0 (mod 5) for the partition func- 
tion p(n). A very natural proof of Entry 18.2.23 has been given by H.H. Chan 
[111]. References to several other proofs may be found in the third printing of 
Ramanujan’s Collected Papers [226]. 


Entry 18.2.24 (formula (1.61), p. 354). If (4) denotes the Legendre sym- 


bol, then e 
9(q)ye(a") = ra es = 


Entry 18.2.24 is the same as Entry 3(ii) in Chapter 19 of the second note- 
book [61, p. 223]. 

M.S. Mahadeva Naika and H.S. Madhusudhan [192] have found a common 
generalization for Entries 18.2.4, 18.2.8, 18.2.16-18.2.19, and 18.2.24. 


Entry 18.2.25 (formula (1.62), p. 354). If xo(n) denotes the principal 
character modulo 3, then 


g2(a)e"(q?) = 144d xo(n) 
= 1— (—q) 
Proof. Using the elementary identity 


n nr 


nq ng 
l+q?  1l—@q 1— qr 


twice in the second equality below, we find that 


co nq” - of (6n a Dy qe" t? ©2 (6n en Agents 
2X0) op > 1 — gont2 ee 1 — g6r+4 


6n +1 6n+1 ed 6n +5 6n+5 
Mog ce )q ise ja 


+4 76n+1 + g6n+5 
n=0 1 q n=0 1 q 
_ ee) 2)qo"t2_  (6n + 4)qo"t6 
= Ds gee eo ae = > 1 — gont4 
n=0 n=0 q 
> (6n + 1)gt1 3 (12n + 2)ql2n*? 
— 76n+1 — ql2n+2 
n=0 1 q n=0 1 q 
3 (6n + 5)go*5 s (12n + 10)qi2r+10 
per 1-— g6t5 one 1-— qi2n+10 ; 


408 18 Fragments on Lambert Series 


It is now easy to see from the latter formula that the proposed formula in 
Entry 18.2.25 is equivalent to that of Entry 3(iv) of Chapter 19 in Ramanujan’s 
second notebook [61, p. 223]. 


A systematic approach, via the theory of modular forms, for generating 
certain types of Lambert series identities has been given by O. Kolberg [173]. 

The arithmetic identities described in this chapter have been placed in the 
much more general context of convolutions of character sums and the values 
of Hecke L-series by V.A. Bykovsky [106]. 
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